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1. Introduction

1.1. Rational homotopy type

Homotopy theory is the study of topological spaces up to homotopy equivalences. Typical
examples of homotopy type invariants of a space X are the homology groups H, (X, Z)
and the homotopy groups 7, (X). The question whether one can reconstruct the homo-
topy type of a space from homological data goes back to the beginnings of Algebraic
Topology. Poincaré realized that homology is not enough: for a path-connected space X,
the first homology group, H; (X, Z), only records the abelianization of the fundamental
group, 71 (X). Even for simply-connected spaces, homology by itself fails to detect maps
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such as the Hopf map, S°> — S2. On the other hand, if one considers the de Rham alge-
bra of differential forms, one can reconstitute in a purely algebraic fashion all the higher
homotopy groups of S", modulo torsion.

As founded by Quillen [119] and Sullivan [137], rational homotopy theory is the study
of rational homotopy types of spaces. Instead of considering the groups H,(X,Z) and
7, (X), one considers the rational homology groups H, (X, Q) and the rational homotopy
groups 7, (X) ® Q. These objects are Q-vector spaces, and hence the torsion information
is lost, yet this is compensated by the fact that computations are easier in this setting.

1.2. Models for spaces and groups

In his seminal paper, [137], Sullivan attached in a functorial way to every space X a com-
mutative differential graded algebra over Q, denoted Ay (X). This cpGa is constructed
from piecewise polynomial rational forms and is weakly equivalent (through pGas) with
the cochain algebra (C*(X,Q), d) so that, under the resulting identification of graded alge-
bras, H*(Ap (X)) = H*(X,Q), the induced homomorphisms in cohomology correspond.
We say that two cpGas A and B are weakly equivalent (written A ~ B) if there is a zig-
zag of cpGa maps inducing isomorphisms in cohomology and connecting A to B. If those
maps only induce isomorphisms in degree at most g (for some g > 0) and monomorphisms
in degree g + 1, we say A and B are g-equivalent (written A ~, B)
Letk be a coefficient field of characteristic 0. We say that ak-cpGa (A, d) is a model for
a space X if A = Ay (X) ®qg k, and likewise for a g-model. For instance, if X is a smooth
manifold, de Rham’s algebra 7, (X) is a model for X over R, leading to the following
basic principle in rational homotopy theory: “The manner in which a closed form which
is zero in cohomology actually becomes exact contains geometric information,” cf. [37].
Given a connected cpGa A, Sullivan constructed a minimal model for it, p: M(A) —
A, where p is a quasi-isomorphism and M(A) is a cpGa obtained by iterated Hirsch
extensions, starting from k, so that its differential is decomposable. These properties
uniquely characterize the minimal model of A (up to isomorphism). The g-minimal mod-
els M, (A) are similarly defined for all ¢ > 0; they are generated by elements of degrees at
most ¢, and the structural morphisms p, : My (A) — A are only g-quasi-isomorphisms.
A minimal model for a connected space X, denoted M(X), is a minimal model for
the Sullivan algebra Ap_ (X). The isomorphism type of M(X) is uniquely defined by the
rational homotopy type of X. The g-minimal models M, (X) are defined analogously;
moreover, if G is a finitely generated group, we set M;(G) = M;(K(G, 1)). When X is a
nilpotent CW-complex with finite Betti numbers, Sullivan [137] showed that 7, (X) ® Q =
(V™Y forall n > 2, where V = €, V"* and M(X) = (AV,d) is a minimal model for X
over Q.

1.3. Formality

As formulated in [137], [37], the notion of formality plays a central role in rational homo-
topy theory. We say that a path-connected space X is formal if its Sullivan algebra, Ay (X),
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is weakly equivalent to its cohomology algebra, H* (X, Q), endowed with the zero differ-
ential. The notion of g-formality (for some g > 0) is defined accordingly. In general, partial
formality is a much weaker property than (full) formality; nevertheless, if H=9?(X;Q) =
0, then X is g-formal if and only if X is formal, see [91]. One may also talk about (g-)
formality over a field k, but it turns out that all these formality notions are independent of
the choice of the coeflicient field, as long as char(k) = 0.

Various conditions on the connectivity of the space or the structure of its cohomology
algebra guarantee formality. For instance, if X is a k-connected CW-complex (k > 1) of
dimension n and n < 3k + 1, then X is formal, cf. [124]; moreover, if X is a closed manifold
of dimension #n, the conclusion remains valid for n < 4k + 2, cf. [99] Also, if H*(X, Q) is
the quotient of a free cca by an ideal generated by a regular sequence, then X is formal,
cf. [137].

A classical obstruction to formality is provided by the Massey products (of order 3
and higher): If a space X is formal, then all Massey products in the cohomology algebra
H*(X,Q) vanish—in fact, vanish uniformly. Furthermore, if X is g-formal, for some g > 1,
then all Massey products in H<9*!(X, Q) vanish.

A simply-connected space (or, more generally, a nilpotent space) X is formal if its
rational homotopy type is determined by H*(X, Q). In the general case, the weaker 1-
formality property allows one to reconstruct the rational pro-unipotent completion of the
fundamental group, solely from the cup products of degree 1 cohomology classes. Formal
spaces lend themselves to various algebraic computations that provide valuable homotopy
information. For instance, a result of Papadima—Yuzvinsky [115], which is valid for all
formal spaces X, states: The Bousfield—Kan completion Q. X is aspherical if and only if
H*(X,Q) is a Koszul algebra.

1.4. Finiteness in cpca models

A recurring theme in topology is to determine the geometric and homological finiteness
properties of spaces and groups. A prototypical such problem is to determine whether a
path-connected space X is homotopy equivalent to a CW-complex with finite g-skeleton,
for some 1 < g < oo, in which case we say X is g-finite. Another question is to decide
whether a group G is finitely generated, and if so, whether it admits a finite presentation;
more generally, whether it has a classifying space K (G, 1) with finite g-skeleton.

A fruitful approach to this type of question is to compare the finiteness properties
of the spaces or groups under consideration to the corresponding finiteness properties
of algebraic models for such spaces and groups. By analogy with the aforementioned
topological notion, we say that a k-cpGa A is g-finite if it is connected (i.e., A =k - 1)
and dim A’ < oo fori < g.

A natural question then is: When does a g-finite space X admit a g-finite g-model
(A, d)? A necessary criterion is given in [113]: If a space X does admit such a model, then
dim H (M, (X)) < oo, forall i < g + 1. For instance, if G = F,,/F}/ is the free metabelian
group of rank n > 2 then b,(M;(G)) = oo, and so G admits no 1-finite 1-model. Other
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finiteness criteria, based on the nature of the cohomology jump loci (see [113], [128]), are
discussed below.

1.5. Malcev and holonomy Lie algebras

In his landmark paper on rational homotopy theory, Quillen [119] defined the Malcev
Lie algebra, m(G), of a finitely generated group G as the (complete, filtered) Lie algebra
of primitive elements in the /-adic completion of the group algebra Q[G], where [ is
the augmentation ideal. The associated graded Lie algebra with respect to this filtration,
gr(m(G)), is isomorphic to gr(G, Q) the rational graded Lie algebra associated to the
lower central series filtration of G, cf. [118].

As shown by Sullivan [137] (see also [30], [66]), the Lie algebra dual to M;(G) is
isomorphic to the Malcev Lie algebra m(G). It follows that G is 1-formal if and only
if m(G) is the LCS completion of a finitely generated, quadratic Lie algebra. A weaker
condition was given in [132]: we say that G is filtered formal if m(G) is the completion of
gr(G, Q) with respect to its LCS filtration. As shown in [133], this condition is equivalent
to the existence of a Taylor expansion, G — gr(Q[G]).

Now suppose G has a 1-finite 1-model (A, d) over Q. Building on a classical construc-
tion of K.-T. Chen [31], the holonomy Lie algebra §)( A) was defined in [92] as the quotient
of the free Lie algebra on the dual vector space A; = (A')Y by the ideal generated by the
image of the map (d + )", where d: A' — A? is the differential and u: A' A A! — A?
is the multiplication map. Then, as shown in [13], [113] (generalizing a result from [16]),
the Malcev Lie algebra m(G) is isomorphic to the LCS completion of §(A). Moreover,
the following complete finiteness criterion in degree 1 was given in [113]: A finitely gen-
erated group G admits a 1-finite 1-model if and only if m(G) is the LCS completion of a
finitely presented Lie algebra.

1.6. Cohomology jump loci

The cohomology jump loci of a space X are of two basic types: the characteristic varieties,
‘”Vlf (X), defined in terms of homology with coefficients in rank one local systems, and the
resonance varieties, R} (X) or R; (A), constructed from information encoded in either the
cohomology ring H*(X,C), or in a cpGa model A for X.

The characteristic varieties and the related Alexander invariants of spaces and groups
have their origin in the study of the Alexander polynomials of knots and links. The basic
topological idea in defining these invariants is to take the homology of the maximal abelian
cover of a connected CW-complex X and view it as a module over the group ring of
H{(X,Z). One then studies the support loci of these modules, or, alternatively, the jump
loci ‘V,f (X), viewed as subsets of the character group Char(X) = Hom(m;(X), C*).

The formality and finiteness properties of a space and its algebraic models put strong
constraints on the geometric structure of the cohomology jump loci. To start with, let X
be a g-finite space, for some g > 1. Then the tangent cone at the trivial character 1 to the
variety V/ (X) is included in R} (X), forall i < ¢ and k > 0, see [86].
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Now suppose X admits a g-finite g-model A; then TCy (V/ (X)) = R} (A), foralli < g,
see [40]. Moreover, as a consequence of [42], [40], all irreducible components of these
resonance varieties are rationally defined linear subspaces of H'(A) = H' (X, C), and, by
[25], all the components of ‘”V]f (X) passing through 1 are algebraic subtori of Char(X).
Finally, suppose X is g-formal. Then, fori < g, all the components of R} (X) are rationally
defined linear subspaces of H! (X, C).

1.7. Models for Kihler manifolds and smooth algebraic varieties

One of the foundational papers of rational homotopy theory is the one by Deligne, Grif-
fiths, Morgan, and Sullivan [37], where the authors use Hodge theory and the dd“-lemma
to establish the formality of all compact Kéhler manifolds, and thus, of all smooth, com-
plex algebraic projective varieties.

In [100], Morgan constructed a finite-dimensional model for any smooth, complex,
quasi-projective variety X by using a normal crossings divisors compactification X. This
model was refined by Dupont in [45], by allowing those divisors to intersect like hyper-
planes in a hyperplane arrangement. These models are not always formal, but still retain
good partial formality properties; for instance, if X is the complement of a hypersurface
in CP", then X is 1-formal, but not formal, in general.

The structure of the characteristic varieties of compact Kéhler manifolds and smooth,
quasi-projective varieties was determined in [28], [12], [65], [123], [3], [24]: If X is such a
space, then each variety ‘V,f(X ) is a finite union of torsion-translated subtori of Char(X).
The key to understanding the degree-1 cohomology jump loci is the (finite) set E(X) of
holomorphic, surjective maps f: X — Z for which the generic fiber is connected and
the target is a smooth curve ¥ with y(X) < 0, up to reparametrization at the target. As
an application of these techniques, we obtained in [113] the following result. Let X be a
smooth quasi-projective variety with b;(X) > 0, and let A be a Dupont model for X; then
71 (X) surjects onto a free, non-cyclic free group if and only if 7{% (A) # {0}.

1.8. Models for compact Lie group actions

Let M be a compact, connected, smooth manifold that supports an almost free action by
a compact, connected Lie group K. Under a partial formality assumption on the orbit
space M /K and a regularity assumption on the characteristic classes of the action, we
constructed in [113] an algebraic model for M with commensurate finiteness and partial
formality properties. The existence of such a model has various implications on the struc-
ture of the cohomology jump loci of M and of the representation varieties of 7 (M).

In many ways, Sasakian geometry is an odd-dimensional analog of Kéhler geometry.
More explicitly, every compact Sasakian manifold M admits an almost-free circle action
with orbit space a Kidhler orbifold. Furthermore, the Euler class of the action coincides
with the Kihler class of the base, h € HZ(M / st Q), and this class satisfies the Hard Lef-
schetz property. As shown by Tievsky in [141], every Sasakian manifold M as above has
a rationally defined, finite-dimensional model over R of the form (H*(N,R) ® A(?), d),
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where the differential d vanishes on H*(N, R) and sends ¢ to /. Using this model, it is
shown in [113] that compact Sasakian manifolds of dimension 2n + 1 are (n — 1)-formal,
and that their fundamental groups are filtered-formal.

1.9. Models for closed 3-manifolds

With a few exceptions (such as rational homology spheres, knot complements, or Seifert
manifolds), the rational homotopy theory of 3-dimensional manifolds is very difficult to
handle. Part of the reason is that not only 3-manifolds may fail to be formal, and even fail
to have a 1-finite 1-model. Nevertheless, much is known about the Alexander polynomial,
Apr, of a closed, orientable 3-manifold M. and the way this polynomial relates to the
cohomology jump loci of M, see [43], [61], [127], [128]. In turn, these invariants inform
on the formality and finiteness properties of M.

For instance, we showed in [128] the following: If b, (M) is even and positive, and
if Aps # 0, then M is not 1-formal. On the other hand, if Ay # 0, yet Aps(1) =0 and
the tangent cone to the zero set of Ay is not a finite union of rationally defined linear
subspaces, then M admits no 1-finite 1-model.

When the 3-manifold M fibers over S', more can be said. For instance, if b (M) is
even, then, as shown in [109], M is not 1-formal. On the other hand, if M is 1-formal and
the algebraic monodromy has 1 as an eigenvalue, then, as shown in [110], there are an
even number of 1 X 1 Jordan blocks for this eigenvalue, and no higher size Jordan blocks.

1.10. Organization

The paper in divided in roughly five parts.

Part I (Sections 2, 3, 4) treats the general theory of (commutative) differential graded
algebras, formality and its variants, Massey products, descent properties, Hirsch exten-
sions, and Sullivan’s minimal models.

Part IT (Sections 5, 6, 7) deals with several of the Lie algebras that appear in this theory
(graded and filtered Lie algebras, Malcev Lie algebras, and holonomy Lie algebras) and
discusses some of their properties and interconnections.

Part IIT (Sections 8, 9, 10) contains the basics of rational homotopy theory, such
as completions, rationalizations, and algebraic models for spaces and groups, focussing
mostly on the formality and finiteness properties of such models.

Part IV (Sections 11, 12) brings into play the Alexander invariants and the cohomology
jump loci of spaces and suitable algebraic models, and connects the characteristic and
resonance varieties to various formality and finiteness properties.

Part V (Sections 13, 14, 15) applies these general theories in three particular contexts:
that of Kédhler manifolds and smooth, quasi-projective varieties; compact Lie group actions
on manifolds; and closed, orientable 3-manifolds.
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2. Differential graded algebras

2.1. Graded algebras

Throughout this work, k will denote a ground field of characteristic 0. Unless otherwise
specified, all tensor products will be over k.

A graded k-vector space is a vector space A over k, together with a direct sum decom-
position, A = €, ., A", into vector subspaces. An element a € A™ is said to be homoge-
neous; we write |a| = n for its degree, and put @ = (-1)1%la.

A graded algebra over k is a graded k-vector space, A* = P, ., A", equipped with an
associative multiplication map, -: A x A — A, making A into a k-algebra with unit 1 € A°
such that |a - b| = |a| + |b| for all homogenous elements a, b € A. A graded algebra A is said
to be graded-commutative (for short, a cGa), if a - b = (=1)141?1p . 4 for all homogeneous
a,b € A. A morphism between two graded algebras is a k-linear map ¢: A — B that
preserves gradings and satisfies ¢(a - b) = ¢(a) - ¢(b) forall a, b € A.

A graded k-algebra A is of finite-type (or, locally finite) if all the graded pieces A" are
finite-dimensional. We say that A is g-finite (for some integer g > 0) if dimy A" < co for
n < g, and we say that A is finite-dimensional (as a k-vector space) if dimy A < co. Finally,
we say that A is connected if A° is the k-span of the unit 1 (and thus A° = k).

The most basic example of a k-cca is the free commutative graded algebra on a graded
k-vector space V*; denoted by AV, this (connected) algebra is the tensor product of the
symmetric algebra on V'°" with the exterior algebra on V44,

2.2. Differential graded algebras

The next notion, which plays a key role in the theory described here, unifies the concept
of a graded algebra with that of a cochain complex.

Definition 2.1. A differential graded algebra (for short, a pGa) over a field k is a graded
k-algebra, A*, equipped with a differential d: A — A of degree 1 satisfying the graded
Leibniz rule: d(ab) = d(a) - b+ a - d(b) for all homogeneous a, b € A.

Viewing (A, d) as a cochain complex, we write Z"(A) = ker(d: A" — A™!) for the
space of n-cocycles and B*(A) =im(d: A"~! — A™) for the space of n-coboundaries, and
we let H'(A) = Z"(A)/B" (A) be the n-th cohomology group of (A, d). The direct sum of
those vector spaces, H*(A) = 5 isoH i(A), inherits the structure of a graded algebra from
A. When H*(A) is of finite-type, we denote by b,,(A) = dimy H"(A) the Betti numbers of
A. Given an n-cocyle a, we denote by [a] € H"(A) its cohomology class.

A commutative differential graded algebra (for short, a cpGa) is a pGa A = (A%, d) for
which the underlying graded algebra is graded-commutative. In this case, the cohomology
algebra H*(A) inherits the structure of a cGa.

If A is a connected DGa, then the differential d: A® — A! vanishes; indeed, d(l) =
d(1-1)=d(1)-1+1-d(1), and so d(1) = 0, since char(k) = 0. Therefore, H'(A) =k
and the cohomology algebra H*(A) is also connected.
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2.3. Weak equivalences

A morphism between two DGas is a k-linear map, ¢: A — B, which preserves gradings,
multiplicative structures, and differentials; in other words, ¢ is a map of graded k-algebras
which is also a map of cochain complexes. Such a map induces a morphism, ¢*: H*(A) —
H*(B), between the respective cohomology algebras. We say that ¢ is a quasi-isomor-
phism if ¢* is an isomorphism.

A weak equivalence between two DGAS, A and B, is a finite sequence of quasi-isomor-
phisms (going either way) connecting A to B; for instance,

@1 P2

Ay > e 4 Ap-i — B. 2.1

A<

Note that a weak equivalence induces a well-defined isomorphism H*(A) = H*(B). If a
weak equivalence between A and B exists, the two DGAs are said to be weakly equivalent,
written A =~ B. Evidently, =~ is an equivalence relation among DGAs.

An analogous notion holds in the category of commutative pGgas. Namely, if A and B
are two CcDGAs, we say that A =~ B is there is a zig-zag of quasi-isomorphisms as in (2.1)
that go through cpcas A;. The following theorem resolves a long-standing question, by
showing that weak equivalence among cpaas holds even if one allows the zig-zags from
(2.1) to go through pGas.

Theorem 2.2 ([26]). Let A and B be two k-cpcas. Then A ~ B as pGas ifand only if A ~ B
as CDGAS.

All these concepts have partial analogues. Fix an integer g > 0. We say that a pGa (or
cpGA) morphism ¢: A — B is a g-quasi-isomorphism if ¢* is an isomorphism in degrees
up to ¢ and a monomorphism in degree g + 1. A g-equivalence between two DGAS (or
cpGas), A and B, is a zig-zag of g-quasi-isomorphisms of DGAs (or cDGAs) connecting
A to B. If such a zig-zag exists, we say that A and B are g-equivalent and write this as
A =, B. Again, =, is an equivalence relation among either pGas or cpGas. We do not
know whether Theorem 2.2 holds with = replaced by ~, for arbitrary ¢, but we expect it
does.

Clearly, if A ~ B, then A ~, Bforall¢g > 0,and if A ~;, B, then A ~, Bforalln < g.
Moreover, if A is of finite-type and A =~ B, then B is also of finite-type and b,,(A) = b, (B)
for all n > 0. Likewise, if A is g-finite and A =, B, then B is also g-finite and b, (A) =
b, (B) for all n < g. The next lemma shows that every g-finite cpga may be replaced (up
to g-equivalence) by a finite-dimensional one, whose graded pieces vanish above degree
q+1.

Lemma 2.3 ([113]). Let A be a g-finite cpca. There is then a natural g-equivalence,
A =, Alq], where Alq] is a finite-dimensional cpca with A[q]" = 0 foralli > q + 1.
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The construction of A[g] is done in two steps: first one replaces A by its truncation,
A=A/ATH =P A, and then one defines a sub-cpca A[g] C A by setting

i<g+1
A[q]:@AiEB(qu+ Z A"-AJ'). (2.2)
i<q i,j<q
i+j=g+1

An analogous result holds for pGas.

2.4. Homotopies and equivalences

Let A be ak-pGa, and let A(#, dt) be the free k-pDGa generated by elements 7 in degree O
and u in degree 1, and differential d given by d(#) = u and d(u) = 0. For each s € k, let
evs: A(z, dt) — k be the pGa map sending 7 to s and dr to 0. This map induces another
DGA map,

Evy = id®evs: AQ A(t,dt) — A@k = A. 2.3)

Two DGA maps, ¢g, ¢1: A — B, are said to be homotopic if there is a DGa map, ®: A —
B® A\ (t,dt), such that Evg o® = ¢, for s =0, 1. It is readily seen that homotopic bGa maps
induce the same map in cohomology.

We say that two DGA morphisms, ¢: A — B and ¢’: A’ — B’, are weakly equivalent
(written ¢ =~ ¢’) if there are two zig-zags of weak equivalences of pGas, and DGA maps

@1, ..., pe—1 such that the following diagram commutes, up to homotopy:
Al B A

lw e L

lw’ 2.4)
v v v,
B4<— B, — - < B, , —— B

The notion of g-equivalence (written ¢ ~, ¢’) is defined similarly, and so are the analo-
gous notions in the cpGa category.

2.5. Poincaré duality

Let A be a finite-dimensional, commutative graded algebra over a field k of characteristic
0. We say that A is a Poincaré duality algebra of dimension n (for short, an n-ppa) if
A’ =0 for i > n and A" =k, while the bilinear forms A’ ® A" — A" =k given by
the product are non-degenerate, for all 0 < i < n (in particular, A is connected). If M is
a closed, connected, orientable, n-dimensional manifold, then, by Poincaré duality, the
cohomology algebra A = H*(M, k) is an n-ppa.

Now let A = (A*, d) be a cpga. We say that A is a Poincaré duality differential graded
algebra of dimension n (for short, an n-pp-cpGa) if the underlying algebra A is an n-ppa,
and, moreover, H"(A) =k, or, equivalently, dA™ 1 =0,

Clearly, if A is an n-ppa, then (A, 0) is an n-pp-cbGa. Hasegawa showed in [69] that
the minimal model for the classifying space of a finitely-generated nilpotent group is a
PD-cDGA. Noteworthy is the following result of Lambrechts and Stanley [83]
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Theorem 2.4 ([83]). Let (A, d) be a cpca such that H' (A) = 0 and H*(A) is an n-ppa.
Then A is weakly equivalent to an n-pp-cDGA.

3. Formality

3.1. Formal pcas

In this section, we cover the notion of formality. Introduced in [37], [137] and further
developed in [68], [100], [66], [139], [108], [91], [122], [132], and many other works, this
notion plays a central role in rational homotopy theory.

Definition 3.1 ([37], [137]). A pGaA (A, d4) is said to be formal if it is weakly equivalent
to (H*(A), 0), its cohomology algebra endowed with the zero differential.

Note that A is formal if and only if it is weakly equivalent to some pGa B with zero
differential, since, in that case, we necessarily have (B,0) =~ (H*(A),0). In like manner, we
say that a cpGa (A, dy) is formal if (A, da) =~ (H*(A), 0) via a weak equivalence through
CDGAS.

Example 3.2. Let A = A(ay, az, b) be the free cca on generators ap, a; in degree n and
b in degree 2n — 1, equipped with the differential d given by da; = 0 and db = aa;. If
n > 2, the cdga (A, d) is not formal, since H*(A) is generated by the elements u; = [a;],
and so any weak equivalence from (A, d) to (H*(A),0) would need to take the non-zero
element b to 0, by degree reasons.

Formality is preserved under weak equivalences; that is, if A ~ B, then A is formal
if and only if B is formal. Moreover, as shown by Halperin and Stasheff in [68], a cpga
(A, d) with H*(A) of finite-type is formal if and only if the identity map of H*(A) can be
realized by a weak equivalence between (A, d) and (H*(A),0).

The next result, originally proved directly by Salehi in [122], now follows at once from
Theorem 2.2.

Corollary 3.3 ([122]). Let A be a k-cpca. Then A is formal as a pca if and only if A is
formal as a cpGa.

3.2. Intrinsic formality

We now present two variants of formality, the first being a rigid type of formality and the
second formality up to a degree.

A strong form of formality was introduced by Sullivan in [137], and developed in [68],
[50], and [88]. We say that a k-cga H is intrinsically formal if any k-pGa (A, d) whose
cohomology is isomorphic to H must be formal, that is, (A, d) =~ (H,0). A similar notion
holds for cpGas; by Theorem 2.2, if H is intrinsically formal in the category of DGas, it is
also instrinsically formal in the category of cpgas. Plainly, if A is a DGA or a cpGa such
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that H*(A) is intrinsically formal, then A is formal. The following results of Sullivan and
Halperin—Stasheft provide large classes of intrinsically formal cGas.

Theorem 3.4 ([137]). Let H be the quotient of a finitely generated, free cca by an ideal
generated by a regular sequence, that is, a sequence r1, . . .,y of homogeneous elements
in H such that r; is not a zero-divisor in H/(ry, ..., ri-1), for each i < n. Then H is
intrinsically formal.

Algebras of the form H = AV/(ry,...,r,) as above are sometimes called hyperformal,
see [50], [88]. In particular, exterior algebras and polynomial algebras are hyperformal,
and thus intrinsically formal.

Theorem 3.5 ([68]). Let H be a connected cca such that H = 0 for 1 < i < k and for
i >3k + 1. Then H is intrinsically formal.

3.3. Partial formality

The notion of formality can also be relaxed, as follows. Fix an integer g > 0. We say that
aDGA (or a cpGA) A is g-formal if (A,da) =4 (H*(A),0) as DGas (or cpGas). We do not
know whether the analog of Corollary 3.3 holds in this context, but we expect it does,

Clearly, if A is formal, then A is g-formal, for all g > 0, and if A is g-formal, then it is
n-formal for every n < g. It is readily seen that connected pGas are O-formal. Moreover, if
A ~, B, then A is g-formal if and only if B is g-formal.

Example 3.6. Let A= A(ay,...,az,,b) be the exterior algebra on specified generators in
degree 1, equipped with the differential d given by da; =0and db =aja> +- - - + azg_1a24.
It follows from [91, Remark 5.4] that the cdga (A, d) is (¢ — 1)-formal but not g-formal.

We refer to Micinic [91] for a more thorough discussion of partial formality and
related notions (see also [108], [132]).

3.4. Field extensions and formality

As is well-known, a finite-type, rationally defined cpGa is formal if and only it is formal
over any field of characteristic 0. This foundational result was proved independently and
in various degrees of generality by Sullivan [137], Neisendorfer and Miller [101], and
Halperin and Stasheff [68]. We conclude this section with a discussion of this topic and
some recent generalizations from [132] to partially formal cpgas.

Given a pGA (A, d) over a field k of characteristic 0 and a field extension k C K, we
let (A ® K, d ® idk) be the cpca over K obtained by extending scalars.

Theorem 3.7 ([68]). Let (A, da) and (B, dg) be two cpcas over k whose cohomology
algebras are connected and of finite type. Suppose there is an isomorphism of graded
algebras, f: H*(A) — H*(B), and suppose f ® idg: H (A) ® K —» H*(B) ® K can be
realized by a weak equivalence between (A ® K, d ® idg) and (B K, dp ® idk). Then
f can be realized by a weak equivalence between (A, da) and (B, dp).
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This theorem has the following corollary. The result is stated without proof in [68,
Corollary 6.9]; a complete proof is provided in [132, Corollary 4.17]. Self-contained
proofs under some additional hypotheses were previously given in [137, Theorem 12.1]
and [101, Corollary 5.2].

Corollary 3.8 ([68]). Let A = (A, da) be a connected k-cpca with H*(A) of finite-type.
Then A is formal if and only if the K-cpca (A ® K, d4 ® idx) is formal.

These classical formality results were generalized in [132, Theorem 4.19], which
extends the descent-of-formality results of Sullivan, Neisendorfer—Miller, and Halperin—
Stasheft to the partially formal setting.

Theorem 3.9 ([132]). Let (A, da) be a cpca over k, and let k C K be a field extension.
Suppose H<4*1(A) is finite-dimensional and H*(A) = k. Then (A, d ) is q-formal if and
only if (AQ® K, ds ® idg) is g-formal.

3.5. Formality of pGa maps

The notion of formality may be extended from the objects to the morphisms of the pga
category, as follows.

Definition 3.10. A pca morphism ¢: A — B is said to be formal if there is a diagram of
the form (2.4) connecting ¢ to the induced homomorphism ¢*: H*(A) — H*(B) between
cohomology algebras (viewed as pGas with zero differentials). Likewise, ¢ is said to be
q-formal, for some g > 0, if ¢ =, ¢*.

Note that in the first case both A and B need to be formal pcas, while in the second
case both A and B need to be g-formal. Also note that if ¢ is formal and ¢ ~ ¢’, then ¢’
is also formal, and similarly for g-formality.

Completely analogous notions may be defined for cbga morphisms. although we do
not know whether a statement analogous to Theorem 2.2 holds in this context. Neverthe-
less, a descent of formality result analogous to Corollary 3.8 holds.

Theorem 3.11 ([137], [146]). Let ¢: A — B be a morphism between connected k-cpGas
with finite Betti numbers, and let k C K be a field extension. Then ¢ is formal if and only
fo®idg: AQK — B® Kis formal.

We do not know whether a statement in the spirit of Theorems 3.9 and 3.11 holds for
g-formal maps.

Example 3.12. Fix an even integer n > 2 and consider the cpga morphism ¢: (A, d) —
(B,0), where A = A(a, b), with |a| = n, |b| = 2n — 1, and differential given by d(a) =0
and d(b) = a*; B= A\(c) with |c| =2n — 1; and ¢ is given by ¢(a) = 0 and ¢(b) = c. Then
H*(A) = A\(u) with |a| = n, and the cbGa map ¥ : A — H*(A) given by /(a) = u and
¥ (b) =0 induces the identity in cohomology. Nevertheless, the map ¢*: H*(A) — H*(B)
is trivial, and so the morphism ¢, which is non-trivial, cannot be formal.
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3.6. Massey products

A well-known obstruction to formality is provided by the higher-order Massey products,
introduced by W.S. Massey in [95], and studied for instance in [78], [97], [116], [143],
[121], [6], and [117].

Let (A,d) be ak-pGa and letuy,. . .,u, be elements in H*(A); without loss of essential
generality, we may assume that n > 3 and each u; is homogeneous and of positive degree. A
defining system foruy, . .., u, is a collection of elements a; ; € A such thatda;_; ; =0 and
lai-1i]=u;forl <i<mnandda;j=3%,;;airar;for0<i<j<nand(i,j)#(0,n).
It is readily verified that the element

@ = Z 0.rlrn 3.1
O<r<n
is a cocycle, of degree || =2 —n + X\, |u;|. The n-fold Massey product (ui, ..., u,),

then, is the subset of H*(A) consisting of the cohomology classes [@] corresponding to
all possible defining systems for uy, . .., u,. We say that the Massey product is defined if
there is at least one such defining system, or, equivalently, (uy, ..., u,) # 0, in which case
the indeterminancy of the Massey product is the subset {u — v | u,v € {(uy,...,un)} C
H*(A). When a Massey product is defined, we say it vanishes if it contains the element 0;
otherwise, it is non-vanishing.

The simplest Massey triple products are as follows. Let u1, 42, u3 be elements in H'(A)
such that ujus = uouz = 0. We may then choose 1-cocycles ag 1, ai,2, a3 representing
ui, us, usz and 1-cochains aop and a3 such that dao,z = —dap,141,2 and dal,g =—-aipaz3,
The triple product {u1, u, u3) is then the subset of H>(A) consisting of the cohomology
classes —[ao,1a13 + ap2a2.3], for all such choices of defining systems. Due to the ambigu-
ity in the choices made, (u1, u3, u3) may be viewed as a coset of u; - H'(A) + H'(A) - u3
in H2(A).

Example 3.13. Let (A, d) be the cdga from Example 3.2 with n = 1; namely, A is the exte-
rior algebra on generators ay, as, b in degree 1 and differential given by da; = 0 and db =
ajas. Letting u; = [a;] € H'(A), we have that the triple Massey products (u1, u1, u2) =
{[a1b]} and (u1, uz, up) = {[bay]} are defined, have 0 indeterminacy, and are non-van-
ishing; in fact, the two cohomology classes generate H>(A). Therefore, A is not formal.

Massey products enjoy the following (partial) functoriality properties.

Proposition 3.14 ([78], [97]). Let ¢: A — B be a bGa morphism, and let ¢*: H*(A) —
H*(B) be the induced morphism in cohomology; then

@ (Ui, .. un)) S (@ (), ..., " (un)). (3.2)
Moreover, if ¢ is a quasi-isomorphism, then (3.2) holds as equality.

In particular, if (uy, ..., u,) is defined, then (p*(u1),..., ¢*(u,)) is also defined;
and if, in addition, {¢* (1), ..., ¢"(u,)) is non-vanishing, then {u1, ..., u,) is also non-
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vanishing. As another consequence, the following holds: if A ~ B, then all Massey prod-
ucts in H*(A) vanish if and only if all Massey products in H*(B) vanish.

Finally, if the map ¢: A — B is a g-quasi-isomorphism, for some g > 0, then (3.2)
holds as equality in degrees up to g + 1. Thus, if A =, B, then all Massey products in
H=9*1(A) vanish if and only if all Massey products in H=<*!(B) vanish.

3.7. Massey products and formality

The vanishing of Massey products provides a well-known obstruction to formality. An
analogous statement holds for partial formality. For completeness, we make a formal state-
ment and sketch the proof.

Proposition 3.15. Let (A, d) be a k-paa. If A formal, then all Massey products in H*(A)
vanish. Furthermore, if A is q-formal, for some q > 1, then all Massey products in HS4*'(A)
vanish.

Proof. First suppose d = 0, so that H*(A) = A. Let (uy, ..., u,) be a Massey product. We
may then choose a defining system with a;_;; = u; and all other a; ; = 0, which implies
that the cocycle a from (3.1) is equal to O; thus, {uy, ..., u,) vanishes.

Now suppose (A, d) is formal, that is, (A, d) = (B, 0). As we just saw, all Massey
products vanish in H*(B); hence, they must also vanish in H*(A). The case when (A, d)
is g-formal is treated completely analogously. |

In general, formality is stronger than the mere vanishing of all Massey products; in
fact, it is equivalent to the uniform vanishing of all such products. This phenomenon will
be illustrated in Theorem 10.9, where we shall see examples of non-formal cpcas for
which all Massey products vanish.

4. Minimal models

4.1. Hirsch extensions

Given a graded k-vector space V*, recall that AV denotes the free graded, graded-com-
mutative algebra generated by V. Choosing a homogeneous basis X = {x,} s for V, this
algebra may be identified with AX = ), A(xo), where A(x) is the exterior (respec-
tively, polynomial) algebra on a single generator x of odd (respectively, even) degree.
Now let A = (A", d4) be an arbitrary cpGa. A Hirsch extension A (of degree n) is an
inclusion, (A, ds) — (A ® AV,d), where V is a k-vector space concentrated in degree
n and the differential d sends V into A"*!. We say this is a finite Hirsch extension if V is
finite-dimensional. The next lemma follows straight from the definitions.

Lemma 4.1. Let a: (A,da) — (A ® AV,d) be the inclusion map of a Hirsch extension
of degree n + 1. Then « is an n-quasi-isomorphism.
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Now suppose V is an oddly-graded, finite-dimensional vector space, with homoge-
neous basis {t; € V"% }. Given a degree 1 linear map, 7: V* — Z**!(A), we define the cor-
responding Hirsch extension as the cpca (A ® AV, d) where the differential d extends
the differential on A, while dt; = 7(¢;).

Proposition 4.2 ([85]). The isomorphism type of the cpca (A ®; AV, d) depends only
on A and the homomorphism induced in cohomology, [t]: V* — H**'(A). Moreover,
[7] and [7] o g give isomorphic extensions, for any automorphism g of the graded vector
space V.

The above result is proved in [85, Lemmas II.2 and I1.3] in the case when all the
degrees m; are equal; the same argument works in the general case.

Proposition 4.3 ([114]). Let A = B ®, A\(t;) be a Hirsch extension with variables t; of
odd degree m;. If B is an n-pp-cDGa, then A is an m-pp-cpGa, where m = n+ Y, m;.

4.2. Minimal cpGas
The following key definition is due to Sullivan [137].

Definition 4.4 ([137]). A cpca A = (A*, d) is said to be minimal if the following condi-
tions are satisfied.

(1) A = AX is the free cca on positive-degree generators X = {x, } ey indexed by a
well-ordered set J

(2) dxq € N({xg | B < a}) forall a.
(3) dxq € N"X - \'X for all @, where A*X is the ideal generated by X.

Letting V* be the graded vector space generated by the set X, we may also write
A = (A\V,d). We say that A is g-minimal (for some g > 1) if A is minimal and V* = 0 for
all i > g, or, equivalently, deg(x,) < ¢ for all a.

Here is an alternative interpretation of this notion. The cpGa (A, d) is minimal if
A= 720 Aj, where Ag =k, each A; is a Hirsch extension of A;_;, and the differential
d is decomposable, i.e., dA C A* A A*, where A* = @nzl A", This yields an increasing,
exhausting filtration of A by the sub-pcas A;. The decomposability of the differential is
automatically satisfied if A is generated in degree 1.

The next lemma illustrates some of the usefulness of the notion of 1-minimality.

Lemma 4.5 ([39]). Let A be a 1-minimal cpca, and let p,: A — B be two homotopic
cpGa morphisms. Suppose dg = 0 and @' : A' — B! is surjective. Then ' : A — B! is
also surjective.

4.3. Minimal models

Let A be a cpga. We say that a cbpga M is a minimal model for A if M is a minimal
cpaGa and there exists a quasi-isomorphism p: M — A. Likewise, we say that a minimal
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cpca M is a g-minimal model for A if M is generated by elements of degree at most ¢,
and there exists a g-quasi-isomorphism p: M — A. A basic result in rational homotopy
theory is the following existence and uniqueness theorem, first proved for minimal models
by Sullivan [137], and for partial minimal models by Morgan [100].

Theorem 4.6 ([100], [137]). Let A be a k-cpca with HY(A) =k. Then A admits a minimal
model, M(A), unique up to isomorphism. Likewise, for each q > 0, there is a g-minimal
model, M, (A), unique up to isomorphism.

By construction, M(A) = (AV,d) and M, (A) = (A\V=4, d), for some graded vector
space V. It follows that the minimal model M(A) is isomorphic to a minimal model built
from the g-minimal model M, (A) by means of Hirsch extensions in degrees ¢ + 1 and
higher. Thus, in view of Lemma 4.1, M, (A) ~; M(A).

Applying Lemma 2.3, we obtain the following finiteness criterion for cpgas.

Proposition 4.7. Let A be a g-finite cpca. Then b;(My(A)) < oo foralli < g+ 1.

The minimal model comes with a structural quasi-isomorphism, p: M(A) — A. If
p’: M/(A) — A is another minimal model, there is an isomorphism ¢ : M(A) = M’(A)
such that p” oy =~ p. Furthermore, the minimal model is functorial: if ¢: A — B is a
morphism between two cpGas with connected homology, there is an induced morphism
of cpgas, M(p): M(A) — M(B), such that pg o M(¢p) =~ ¢ o p. Similar results hold
for the partial minimal models.

The above considerations imply the following: two cpGas with connected homology
are weakly isomorphic if and only if their minimal models are isomorphic. Alternatively,
if A and A’ are two cpGas with connected homology, then A ~ A’ if and only if there is a
minimal cpca M and a short zig-zag of quasi-isomorphisms,

Al m Ly g 4.1)
Analogous results hold for g-minimal models.

4.4. Minimality and formality

In [37], Deligne, Griffiths, Morgan, and Sullivan gave a very practical interpretation of
formality in the context of minimal cpgas.

Theorem 4.8 ([37]). Let A = (AV,d) be a minimal cpca. Then A is formal if and only
if each subspace V' = A' NV decomposes as a direct sum, V' = N' & C!, where C' =
Z'(A) NV and any cocycle in the ideal of A generated by P N' is a coboundary.

As noted in [37], choosing complements N’ to C' with the specified property is
equivalent to choosing a cpGa-morphism (A, d) — (H*(A), 0) inducing the identity in
cohomology. Furthermore, the existence of splittings V/ = N* @ C* such that any cocycle
in the ideal generated by €P; N ! is a coboundary is one way of saying that one may make
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uniform choices of subspaces spanned by defining systems so that all the cocycles rep-
resenting Massey products are coboundaries—a stronger condition than saying that each
individual Massey product vanishes.

Work of Sullivan [137] and Morgan [100] shows that a cpGa (A, d) is formal if and
only of there exists a quasi-isomorphism ¢ : M(A) — (H*(A),0). Likewise, Micinic
showed in [91] that A is g-formal if and only if there exists a g-quasi-isomorphism i/, : M, (A) —
(H"(A),0). The following lemma provides a convenient criterion for partial formality.

Lemma 4.9 ([132]). Let A be ak-cpGa, and suppose that dimg H1*' (M, (A)) < co. Then
A is g-formal if and only if My (A) is q-formal.

Minimal models are also relevant when considering the formality of morphisms of
cpaas. Indeed, let ¢: A — B be a cpGa map; then ¢ is formal (in the sense of Definition
3.10) if and only if there is a diagram of the form

A <P Ma) A (H(4),0)

lsv lM(w) lw 4.2)

B <22 M(B) —£ (H*(B).0)

which commutes up to homotopy.
Analogous statements hold for g-formal maps, with the middle arrow replaced by the
morphism M (¢) : My (A) — My (B).

4.5. The dual of a 1-minimal cpca

Let A = (A%, d) be a minimal cpca over k, generated in degree 1. Following [100], [77],
[53], let us consider the filtration

k=A(0) c A(1) c A(2) c---cA:UA(z’), 4.3)

i>0

where A(1) is the subalgebra of A generated by the cocycles in A!, and A (i) fori > 1 is the
subalgebra of A generated by all elements x € A' such that dx € A(i — 1). Each inclusion
A(i — 1) c A(i) is a Hirsch extension of the form A(i) = A(i — 1) ® AV;, where

V; = ker (H*(A(i — 1)) — H*(A)). (4.4)

Taking degree 1 pieces in the filtration (4.3), we obtain the filtration k = A(0)! c A(1)! c
---c A, Clearly, A' is a 1-minimal cpGA.

Let us assume now that each of the aforementioned Hirsch extensions is finite, that is,
dim V; < oo for all i. Using the fact that d(V;) c A(i — 1), we infer that each dual vector
space €; = (A(i)")" acquires the structure of a k-Lie algebra by setting

(u", 0], w) = w” AvY, dw) “4.5)
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for u,v,w € A(i)'. Clearly, d(V;) =0, and thus £; = (V)" is an abelian Lie algebra. Using
the vector space decompositions

A = A -1D'eV;, and A =AG-D>@(A(-D'oV) e AV,  (4.6)

one easily sees that the canonical projection £; - £,_1, defined as the dual of the inclusion
map A(i — 1) < A(i), has kernel V;, and this kernel is central inside £;. Therefore, we
obtain a tower of finite-dimensional, nilpotent k-Lie algebras,

04— & 4— L 4— - 4— & &— . 4.7)

Let £ = £(A) be the inverse limit of this tower, equipped with the inverse limit fil-
tration. Then £ is a complete, filtered Lie algebra with the property that £/y;,1(2) = &;
for each i > 1. Conversely, from a tower as in (4.7), one can construct a sequence of
finite Hirsch extensions as in (4.3). Let A(i) = A(i — 1) ® AV; be one of the cpGas in
this sequence, with differential given by (4.5). Then A(i) coincides with the Chevalley—
Eilenberg complex C(£;) = (AL, d) associated to the finite-dimensional Lie algebra
£; = £(A(7)); that is, the cpGa whose underlying graded algebra is the exterior algebra
on the dual vector space £/, and whose differential is the extension by the graded Leibniz
rule of the dual of the signed Lie bracket on the algebra generators. By the definition of
Lie algebra cohomology, then,

H*(A(>i)) = H* (2.,K). (4.8)

The direct limit of the above sequence of Hirsch extensions, A = [J;59 A(@), is a
minimal k-cpca generated in degree 1. We obtain in this fashion an adjoint correspon-
dence that sends A to the pronilpotent Lie algebra £ = £(A) and conversely, sends a
pronilpotent Lie algebra £ to the minimal algebra A = A(L). Under this correspondence,
filtration-preserving cpGa morphisms A — B get sent to filtration-preserving Lie mor-
phisms £(B) — L(A), and the other way around.

4.6. Positive weights

Following Body, Mimura, Shiga, and Sullivan [20], Morgan [100], and Sullivan [137], we
say that a commutative graded algebra A* has positive weights if each graded piece admits

a vector space decomposition
Al=(Pate (4.9)

Q€

with A»® =0 for @ < 0, such that xy € A™/-@*8 for x € A»>® and y € A/-B. Furthermore, we
say that a cpca (A, d) has positive weights if the underlying cGa A* has positive weights,
and the differential is homogeneous with respect to those weights, that is, dx € A™H@ for
x € Abe,

Now let (A, d) be a minimal cpbGa generated in degree one, endowed with the canon-
ical filtration {A; };>0 constructed in (4.3), where each sub-cpcGa A; is given by a Hirsch
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extension of the form A;_; ® AV;. The underlying cca A possesses a natural set of posi-
tive weights, which we will refer to as the Hirsch weights: simply declare V; to have weight
i, and extend those weights to A multiplicatively. We say that the cpGa (A, d) has positive
Hirsch weights if the differential d is homogeneous with respect to those weights. If this
is the case, each sub-cpga A; also has positive Hirsch weights.

Lemma 4.10 ([132]). Let A be a minimal cpca generated in degree one, with dual Lie
algebra & = 8(A). Then A has positive Hirsch weights if and only if & = gr(8).

The next example (extracted from [132]) shows that the hypothesis of Lemma 4.10 is
more restrictive than the Lie algebra £ = £(A) being filtered-formal.

Example 4.11. Let g be the 5-dimensional Lie algebra with basis ey, . .., e5 and with Lie
brackets given by [eq, e2] = e3 — e4/2 — es, [e1,e3] = es, [e2,e3] = €5, and [e;,e;] =0,
otherwise. It is readily verified that g is filtered-formal, although the differential of the
I-minimal cbca A = Ag" is not homogeneous on the Hirsch weights.

If a minimal cpaGa is generated in degree 1 and has positive weights, but these weights
do not coincide with the Hirsch weights, then the dual Lie algebra need not be filtered-
formal. This phenomenon is illustrated in the next example, adapted from [34], [132].

Example 4.12. Let g be the nilpotent, 5-dimensional Lie algebra with non-zero Lie brack-
ets given by [e1, e3] = e4 and [ey, es] = [e2, 3] = es. The center of g is 1-dimensional,
generated by es, while the center of gr(g) is 2-dimensional, generated by e, and es. There-
fore, g # gr(g), and so g is not filtered-formal. The 1-minimal cpGa A = Ag" does have
positive weights, given by the index of the chosen basis, but A does not admit positive
Hirsch weights.

5. Lie algebras and filtered formality

5.1. Graded Lie algebras

Once again, let us fix a ground field k of characteristic 0. Let g be a Lie algebra over k;
that is, a k-vector space g endowed with an alternating bilinear operation, [, |: g X g — g,
that satisfies the Jacobi identity. We say that g is a graded Lie algebra if g decomposes
as g = €P;., 8, the Lie bracket is compatible with the grading, and the Lie identities
are satisfied with the appropriate signs. A morphism of graded Lie algebras is a k-linear
map ¢: g — b which preserves the Lie brackets and the degrees; in particular, ¢ induces
k-linear maps ¢;: g; — b; foralli > 1.

The most basic example of a graded Lie algebra is constructed as follows. Let V a
k-vector space. The tensor algebra 7' (V') has a natural Hopf algebra structure, with comul-
tiplication A and counit ¢ the algebra maps given by A(v) =v® 1+ 1 ® v and £(v) =0, for
v € V. The free Lie algebra on V is the set of primitive elements in the tensor algebra; that
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is, Lie(V) ={x e T(V) | A(x) =x ® 1 + 1 ® x}, with Lie bracket [x,y] =x® y -y ®x
and grading induced from 7'(V).

A Lie algebra g is said to be finitely generated if there is an epimorphism ¢: Lie(V) —
g for some finite-dimensional k-vector space V. If, moreover, the Lie ideal tr = ker(¢)
is finitely generated as a Lie algebra, then g is called finitely presented. Now suppose
all elements of V are assigned degree 1 in T(V). Then the inclusion ¢: Lie(V) — T(V)
identifies Lie; (V) with T1(V) = V. Furthermore, ¢ maps Lie;(V) to T>(V) =V ® V by
sending [v, w] to v ® w — w @ v for each v, w € V; we thus may identify Liey (V) = VAV
by sending [v, w] to v A w.

If g = Lie(V)/x, with V a (finite-dimensional) vector space concentrated in degree 1,
then we say g is (finitely) generated in degree 1. If, moreover, the Lie ideal r is homoge-
neous, then g is a graded Lie algebra. In particular, if g is finitely generated in degree 1
and the homogeneous ideal r is generated in degree 2, then we say g is a quadratic Lie
algebra.

5.2. Filtrations

A filtration ¥ on a Lie algebra g is a nested sequence of Lie ideals, g = F1(g) > 2(g) D

.. A well-known such filtration is the derived series, with terms %;(g) = ¢~ induc-
tively defined by g(¥ = g and g = [g(""D, g""D] for i > 1. Clearly, the derived series
is preserved by Lie algebra maps, and the quotient Lie algebras g/g”) are solvable. More-
over, if g is a graded Lie algebra, all these solvable quotients inherit a graded Lie algebra
structure.

The existence of a filtration ¥ on a Lie algebra g makes g into a topological vector
space, by defining a basis of open neighborhoods of an element x € g to be {x + Fx(g) } ken-
The fact that each basis neighborhood F(g) is a Lie subalgebra implies that the Lie
bracket map [, |: g X g — g is continuous; thus, g is, in fact, a topological Lie algebra. We
say that g is complete (respectively, separated) if the underlying topological vector space
enjoys those properties.

Every ideal a of g inherits a filtration, given by %% (a) = Fx(g) N a. Likewise, the
quotient Lie algebra, g/a, has a naturally induced filtration with terms ¥ (g) /% (a). Let-
ting a be the closure of a in the filtration topology, we have that a is a closed ideal of g.
Moreover, by the continuity of the Lie bracket, [a,T] = [a, t]. Finally, if g is complete (or
separated), then g/a is also complete (or separated).

For each j > k, there is a canonical projection, g/7;(g9) — ¢/%(g), compatible with
the projections from g to its quotient Lie algebras g/F%(g). The completion of the Lie
algebra g with respect to the filtration # is defined as the limit of this inverse system,
9= = lim a/Fr(g). Using the fact that (@) is an ideal of g, it is readily seen that g

isa Lle algebra with Lie bracket defined componentwise. Furthermore, 9 has a natural
inverse limit filtration, 7, whose terms 7% (g) are equal to Fe(g) = hm ﬁ(g)/ Fi(g).

Observe that ﬁ(g) = %(g), and so each term of the filtration Fis a closed Lie ideal
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of g. Furthermore, the Lie algebra g, endowed with this filtration, is both complete and
separated.

Let ¢: g — @ be the canonical map to the completion. Then ¢ is a morphism of Lie
algebras, preserving the respective filtrations. Clearly, ker(t) = (> Fx(g); hence, ¢ is
injective if and only if g is separated. Moreover, ¢ is surjective if and only if g is complete.

5.3. Filtered Lie algebras

A filtered Lie algebra (over the field k) is a Lie algebra g endowed with a decreasing
filtration ¥ = {F% (g) }x>1 by k-vector subspaces, satisfying the condition

[Fi(8), Fe(9)] € Frere(0) (5.1

for all k£, ¢ > 1. This condition implies that each subspace F(g) is a Lie ideal, and so, in
particular, ¥ is a Lie algebra filtration. Let

g7 (9) = Do F(8)/Frs1(8) (5.2)

be the corresponding associated graded vector space. Condition (5.1) implies that the Lie
bracket map on g descends toamap [, |: gr” (g) x gr’ (g) — gr” (g) which makes gr’ (g)
into a graded Lie algebra, with graded pieces given by the decomposition (5.2).

A morphism of filtered Lie algebras is a linear map ¢: g — b preserving Lie brackets
and the given filtrations, ¥ and G. Such a map induces morphisms between nilpotent quo-
tients, ¢ : 6/Fr+1(8) — b/Gr+1(h), and a morphism of associated graded Lie algebras,
gr(¢): gr’(g) — gré (D).

If g is a filtered Lie algebra with a multiplicative filtration ¥ as in (5.1), then its
completion, g, is again a filtered Lie algebra with the completed multiplicative filtration F.
By construction, the canonical map to the completion, t: g — g, is a morphism of filtered
Lie algebras. It is readily seen that the induced morphism, gr(¢): gr¥(g) — gr”(g), is an
isomorphism. Moreover, if g is both complete and separated, then the map ¢: g — § itself
is an isomorphism of filtered Lie algebras. More generally, if ¢: g — b is a morphism of
complete, separated, filtered Lie algebras, and gr(¢) is an isomorphism, then, as noted in
[132, Lemma 2.1], ¢ is also an isomorphism.

5.4. The degree completion

Every Lie algebra g comes equipped with a lower central series (LCS) filtration, {y, (§) }n>1-
This filtration is defined inductively by y; (g) = g and vy, (g) = [yn-1(g),g] forn > 2. This is
a multiplicative filtration, and if {¥#,(g) },>1 is another such filtration, then y, (g) C ¥, (g),
for all n > 1. Lie algebra morphisms preserve LCS filtrations, and the quotient Lie alge-
bras g/yn(g) are nilpotent. We shall write gr(g) for the associated graded Lie algebra and
g for the completion of g with respect to the LCS filtration. Furthermore, we shall take
¥n =, as the terms of the canonical filtration on g.
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Every graded Lie algebra, g = €P),., g;, has a canonical decreasing filtration induced
by the grading, % (8) = P,., 9:- M(;reover, if g is generated in degree 1, then this fil-
tration coincides with the LCS filtration. In particular, the associated graded Lie algebra
with respect to F coincides with g. In this case, the completion of g with respect to the
lower central series (or, degree) filtration is called the degree completion of g, and is sim-
ply denoted by g. It is readily seen that § = [];> 8;. Therefore, the morphism ¢: g — g is
injective, and induces an isomorphism between g and gr(g).

Lemma 5.1 ([132]). Suppose L is a free Lie algebra generated in degree 1 and risa
homogeneous ideal. Then the projection L - L/t induces an isomorphism L/ T L/r

5.5. Filtered-formality

We now consider in more detail the relationship between a filtered Lie algebra g and the
completion of its associated graded Lie algebra, gr(g), equipped with the inverse limit fil-
tration. Note that both Lie algebras share the same associated graded Lie algebra, namely,
gr(g). In general, though, g may fail to be isomorphic to gr(g). Of course, this happens
if g is not complete or separated, but it may happen even in the case when g is a (finite-
dimensional) nilpotent Lie algebra.

Definition 5.2 ([132]). A complete, separated, filtered Lie algebra g is filtered-formal
if there is a filtered Lie algebra isomorphism, g = gr(g), which induces the identity on
associated graded Lie algebras.

If g is a filtered-formal Lie algebra, there exists a graded Lie algebra f such that g is
isomorphic to B = [1;>1 bi. Conversely, if g = Bis the completion of a graded Lie algebra
h= @izl b;, then g is filtered-formal. Moreover, if ) has homogeneous presentation f) =
Lie(V)/r, with V finitely generated and concentrated in degree 1, then, by Lemma 5.1, the
complete, filtered Lie algebra g = [];- ; has presentation g = Iji\e(V) /x. Some sufficient
conditions for filtered formality are given in the following proposition.

Proposition 5.3 ([132]). Let g be a complete, separated, filtered Lie algebra. Suppose one
of the following two conditions is satisfied.
(1) There is a graded Lie algebra Yy and an isomorphism g = B preserving filtrations.
(2) The graded Lie algebra gr(g) is generated in degree 1 and there is a morphism of
filtered Lie algebras, ¢: ¢ — gr(g), such that gr, () is an isomorphism.
Then g is filtered-formal.

As shown in [132], filtered-formality enjoys a descent property, provided some mild
finiteness hypotheses are satisfied. As usual, all the ground fields will be of characteristic
0. First, let us record a straightforward lemma, which follows from the fact that completion
commutes with tensor products.

Lemma 5.4. Let g be a filtered-formal Lie algebra over a field k. If k c K is a field
extension, then the K-Lie algebra g ®x K is also filtered-formal.
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The next theorem generalizes a result of Cornulier [34]; its proof is based in part on
work of Enriquez [47] and Maassarani [90].

Theorem 5.5 ([132]). Let g be a complete, separated, filtered k-Lie algebra such that
gr(g) is finitely generated in degree 1, and letk C K be a field extension. Then g is filtered-
formal if and only if the K-Lie algebra g ®y K is filtered-formal.

6. Lower central series and Malcev Lie algebras

6.1. Lower central series

Let G be a group. Given subgroups Hi, H, < G, their commutator, [Hj, H;], is the sub-
group of G generated by all elements of the form [x,x] := x,x,x]'x;" with x; € H;. The
lower central series (LCS) of the group, {y,(G) }»>1, is defined inductively by y; (G) = G
and v,+1(G) = [v.(G), G]. This is an N-series, in the sense of Lazard [84], that is,
[¥2(G), Ym(G)] € [Ym+n(G)] forall m,n > 1.1t follows that each subgroup y, (G) is nor-
mal in G; moreover, each LCS quotient y,(G)/vu+1(G) lies in the center of G /y,+1(G),
and thus is an abelian group. For instance, y»(G) = [G, G] is the derived (or, commutator)
subgroup and G /y2(G) = Gy is the abelianization of G.

If y,(G) # 1 buty,4+1(G) =1, then G is said to be an n-step nilpotent group; in general,
though, the LCS filtration does not terminate. For each n > 2, the factor group G /v, (G)
is the maximal (n — 1)-step nilpotent quotient of G.

The direct sum of the LCS quotients, gr(G) = €B,,., gr,,(G), acquires the structure of
a graded Lie algebra over Z, called the associated graded Lie algebra of G. The addition
in gr(G) is induced from the group multiplication and the Lie bracket is induced from the
group commutator. For instance, if G = F, is a finitely generated free group of rank n > 1,
then gr(F,) = Lie(Z"), the free Lie algebra on n generators.

If k is a field of characteristic 0, then gr(G; k) = €p,,., gr,(G) ®z k is a graded Lie
algebra over k. We note that both the assignments G «»_gr(G) and G ~ gr(G; k) are
functorial.

6.2. Malcev completion

A group G is said to be rational (or, uniquely divisible) if the powermap G — G, g — g" is
a bijection, for every n > 1. The rational abelian groups are precisely the Q-vector spaces.
A natural way to rationalize an abelian group A isto mapitto A ®z Q viaa — a ® 1, with
this map being universal for homomorphisms of G into uniquely divisible abelian groups.

In work of Malcev [93], Lazard [84], and Hilton [71] (see also [22], [72], [74]), this
construction was extended to arbitrary nilpotent groups. The Malcev completion functor is
left adjoint to the embedding of the category of rational nilpotent groups into the category
of nilpotent groups. Thus, if N is a nilpotent group, its Malcev completion (or, rational-
ization) is a rational nilpotent group, denoted N ® Q, that comes endowed with a map
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k: N — N ® Q which is universal for homomorphisms of G into uniquely divisible nilpo-
tent groups. Moreover, the kernel of « is equal to Tors(N), the torsion subgroup of N, and
the induced map, «*: Hom(N ® Q, K) — Hom(N, K), is an isomorphism for all rational
nilpotent groups K. Malcev completion is an exact functor, which induces isomorphisms
H,.(N,Q) = H.(N ® Q,Z). The quotient N/Tors(N) is a torsion-free nilpotent group that
has the same rationalization as N. If N is finitely generated, then N ® Q is a nilpotent Lie
group defined over Q, with integral form N /Tors(N) and whose Lie algebra, Lie(N ® Q),
is nilpotent.

We now turn to an arbitrary group G. The succesive nilpotent quotients of G assemble
into a tower of the form

o — G/ya(G) — G/y3(G) — G/y2(G) — 1. (6.1)

Replacing in this tower each nilpotent quotient by its rationalization and taking the inverse
limit of this directed system, we obtain a prounipotent, filtered Lie group over Q,

G = lim (G/7:(G) @ Q), (62)

which is called the Malcev completion (or, the prounipotent completion) of the group G.
We denote by x: G — Gq the canonical homomorphism from G to its rational completion
and note that the assignment G ~» Gq is functorial.

The pronilpotent Lie algebra

m(G) =lim Lie(G/7,(G) & Q. (63)

is called the Malcev Lie algebra of G. This Lie algebra comes endowed with the inverse
limit filtration, which makes it a complete, separated, filtered Lie algebra over Q. As
before, the assignment G ~ m(G) is functorial. Moreover, if G is finitely generated, then
m(G) is a finitely generated Lie algebra.

6.3. Quillen’s construction

A different approach was taken by Quillen in [119, Appendix A]; we recall now his con-
struction of the Malcev completion and the Malcev Lie algebra, building on the treatment
from [104], [108], [96], [52], and [132].

A Malcev Lie algebra is a Lie algebra m over a field of characteristic 0, endowed
with a decreasing, complete vector space filtration ¥ = {#;};>; such that ¥ = m and
[Fi, Fj] C Fisj, for all i, j, and with the property that the associated graded Lie algebra,
gr(m) = €, Fi/Fi+1, is generated in degree 1. For example, the completion g of a Lie
algebra g with respect to the lower central series filtration {y;(g)};>1, endowed with the
canonical completion filtration, is a Malcev Lie algebra.

Given a group G, the group algebra Q[G] has a natural Hopf algebra structure, with
comultiplication map A: Q[G] — Q[G] ® Q[G] given by A(g) = g ® g, and counit the
augmentation map €: Q[G] — Q given by &£(g) = 1. An element x € Q[G] is said to
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be group-like if A(x) = x ® x and primitive if A(x) = x ® 1 + 1 ® x; under the inclusion
G — QJG], the set of all group-like elements gets identified with G. Let I = ker(&) be
the augmentation ideal of, and let

QlGl = {%HQ[G]/I’ 6.4)
be the completion of Q[G] with  respect to the filtration by the powers of this ideal. Define
the completed tensor product Q[ 1® Q[G] as the completion of Q[G] ® Q[G] with
respect to the natural tensor product filtration. Applymg the /-adic completlon functor to
the map A yields a comultiplication map, A: Q[G] — Q[G] ® Q[G] which makes Q[G]
into a complete Hopf algebra. As shown by Quillen, there is a natural, filtration-preserving
isomorphism,

m(G) = Prim (Q[G]), (6.5)

between the Malcev Lie algebra of G and the Lie algebra of primitive elements in (@\G],
with Lie bracket given by [x, y] = xy — yx.

The set of all primitive elements in gr(Q[G]) forms a graded Lie algebra, which is
isomorphic to gr(G) ® Q. An important connection between the Malcev Lie algebra and
the associated graded Lie algebra of G was discovered by Quillen, who showed in [118]
that there is a natural isomorphism of graded Lie algebras,

gr(m(G)) = gr(G: Q). (6.6)

The Malcev completion Gg may be identified with the set consisting of all group-
like elements in the Hopf algebra @‘[_G\] This is a group which comes endowed with a
complete, separated filtration, whose n-th term is Gg N (1 + ﬁ’). As explained in [96],
there is a one-to-one, filtration-preserving correspondence between primitive elements
and group-like elements of QT[E] via the exponential and logarithmic maps,

R exp— R
Gocl+1 1 > m(G). 6.7)
T——log
Passing to associated graded objects and using (6.6), we find that gr(Gg) = gr(G; Q); in
particular, H;(Gq) = Hi1(G, Q).

6.4. Multiplicative expansions and Taylor expansions

Let G be a group. Givenamap f: G — R, where R is aring, we will denote by f: Q[G] —
R its linear extension to the group algebra. A (multiplicative) expansion of G is a map

E: G — gr(Q[G]) (6.8)

such that the linear extension £ : Q[G] — gr(Q[G]) is a filtration-preserving algebra mor-
phism with the property that gr(E) = id. Alternatively, a map as in (6.8) is an expansion
if it is a (multiplicative) monoid map and the following property holds: If f € I* \ 1*+!,
then E (f) starts with [ f] € I¥/I**1; thatis, E(f) = (0,...,0, [f], % *,...).
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Definition 6.1 ([8], [133]). Anexpansion E: G — gr(Q[G)) is called a Taylor expansion
if it sends each element of G to a group-like element of gr(Q[G]); that is, A(E(g)) =
E(g)®E(g), forall g € G.

It is shown in [133] that a Taylor expansion E: G — gr(Q[G]) induces a filtration-pre-
serving isomorphism of complete Hopf algebras, E: Q[G] — gr(Q[G]), such that gr(E)
is the identity on gr(Q[G]). Conversely, a filtration-preserving isomorphism of complete

Hopf algebras, ¢ : Q[G] — &r(Q[G]), induces a Taylor expansion E : G — gr(Q[G]).
These facts may be summarized as follows.

Theorem 6.2 ([133]). The assignment E ~» E establishes a one-to-one correspondence
between Taylor expansions G — gr(Q[G]) and filtration-preserving isomorphisms of

complete Hopf algebras Q[G| — gr(Q[G]) for which the associated graded morphism
is the identity on gr(Q[G]).

This theorem generalizes a result of Massuyeau, from finitely generated free groups
to arbitrary finitely generated groups. As a corollary, we obtain the following criterion for
the existence of a Taylor expansion.

Corollary 6.3 ([133]). A finitely generated group G has a Taylor expansion if and only if
there is an isomorphism of filtered Hopf algebras, Q[G] = gr(Q[G])).

Now suppose G admits a finite presentation of the form G = F/R. Starting from a
Taylor expansion for the finitely generated free group F, one may find a presentation for
the Malcev Lie algebra m(G; k), using the approach of Papadima [103] and Massuyeau
[96]. This is summarized in the following theorem.

Theorem 6.4 ([96], [103]). Let G be a group with generators xi, . .., x, and relators
ri,...,rm andlet E be a Taylor expansion of the free group F = (x|, . ..,xy). There exists
then a unique filtered Lie algebra isomorphism

m(G) = Lie(Q")/ (W),

where (W) denotes the closed ideal of the completed free Lie algebra I:E:(Q") generated
by the subset {log(E(r1)),...,10g(E(rm))}.

6.5. Filtered formality

Following [132], we say that a group G is filtered formal if its Malcev Lie algebra is filtered
formal, that is, m(G) is isomorphic (as a filtered Lie algebra) to the degree completion of
its associated graded Lie algebra, gr(m(G)). In view of (6.6), this condition is equivalent
to m(G) = gr(G; Q). It follows from Lemma 5.1 that G is filtered formal if and only if
m(G) admits a homogeneous presentation.

For instance, if G = F,,, then m(F,) = I:E:(Q”), and so F), is filtered formal. Moreover,
if G is a torsion-free, 2-step nilpotent group for which Gy, is torsion-free (e.g., if G =
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F,/y3(F,) with n > 2), then G is filtered-formal. On the other hand, there are torsion-
free, 3-step nilpotent groups that are not filtered formal; see [132].

As the next theorem shows, the Taylor expansions of a finitely generated group G
are closely related to the isomorphisms between the Malcev Lie algebra and the LCS
completion of the associated graded Lie algebra of G.

Theorem 6.5 ([133]). There is a one-to-one correspondence between Taylor expansions
G — gr(Q[G)) and filtration-preserving Lie algebra isomorphisms m(G) — gr(G; Q)
inducing the identity on gr(G; Q).

Using this theorem, we obtain an alternate interpretation of filtered-formality.

Corollary 6.6 ([133]). A finitely generated group G is filtered-formal if and only if G has
a Taylor expansion.

6.6. The RTFN property and Taylor expansions

A group G is said to be residually torsion-free nilpotent (for short, RTFN) if for any
g € G, g # 1, there exists a torsion-free nilpotent group Q and an epimorphismy: G — Q
such that ¢(g) # 1. The property of being residually torsion-free nilpotent is inherited by
subgroups and is preserved under direct products and free products.

The RTFN property may be expressed in terms of the rational lower central series of
G, whose terms are given by

Y2(G)={g € G| g™ € yn(G), for some m € N}. (6.9)

The group G is RTEN if and only if the intersection of its rational lower central series,
Yo (G) = M1 Y2(G), is the trivial subgroup. We refer to [129] for alternate definitions
and more properties of this N-series.

As is well known, a group G is residually torsion-free nilpotent if and only if the
group-algebra Q[G] is residually nilpotent, that is, (1,5 I"* = {0}, where I is the augmen-
tation ideal. Therefore, if G is finitely generated, the RTFN condition is equivalent to the
injectivity of the canonical map to the prounipotent completion, k: G — G, where recall
G is the set of group-like elements in (QT[\G]

If G is residually nilpotent and gr,, (G) is torsion-free for all n > 1, then G is residually
torsion-free nilpotent. Residually torsion-free nilpotent implies residually nilpotent, which
in turn, implies residually finite. Examples of residually torsion-free nilpotent groups
include torsion-free nilpotent groups, free groups, and surface groups.

Proposition 6.7 ([133]). A finitely generated group G has an injective Taylor expansion
if and only if G is residually torsion-free nilpotent and filtered-formal.
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7. Holonomy Lie algebras

7.1. The holonomy Lie algebra of a cpca

Let A = (A%, d) be a 1-finite k-cDGa, that is, a cpGa over a field k of characteristic 0 with
AY =k and dimy A! < . Writing A; = Hom(A?, k) for the k-duals of the graded pieces,
we let 4V : Ay — A A A; be the k-dual of the multiplication map u: A' A A1 — A2
and we let d: Ay — A, be the dual of the differential d: A! — AZ. We shall denote by
Lie(A1) the free Lie algebra on the k-vector space A;, and we will identify Lie; (A1) = A;
and Liez(Al) =A| NA;.

Definition 7.1 ([92]). The holonomy Lie algebra of a 1-finite cpca A = (A", d) is the
quotient of Lie(A;) by the ideal generated by the image of the map 4 = d" + ",

H(A) = Lie(A)/(im(d4)). (7.1)

Clearly, this construction is functorial. Indeed, let ¢: A — B is a morphism of cpgas
as above, and write ¢; = (¢')": B; — A;. Then the induced map, Lie(¢;): Lie(B;) —
Lie(A}), factors through a morphism of Lie algebras, h(¢): h(B) — h(A). Observe that
the Lie algebra h(A) depends only on the sub-cpcak - 1 ® A! @ (d(A") + u(A' A A)) of
the truncation A=<2. Therefore, h(A) is finitely presented.

In general, though, the ideal generated by im(d4) is not homogeneous, and so the Lie
algebra h(A) does not inherit a grading from Lie(A;).

Example 7.2. Let A = A\(aj, az, as) be the exterior algebra on generators a; in degree
1, endowed with the differential d given by da| = dar = 0 and dasz = a; A a;. Identify
Lie(A;) with the free Lie algebra on dual generators x1, x5, x3. Then the ideal (im(d4)) is
generated by x3 + [x1,x2], [x1,x3], and [x2, x3], and thus is not homogeneous.

In the above example, h(A) still admits the structure of a graded Lie algebra, with x;
and x; in degree 1, and x3 in degree 2. Nevertheless, using a construction from [132], we
may define a minimal, finite cpGa A for which h(A) does not admit any grading compati-
ble with the lower central series filtration.

Example 7.3. Let A = A(ay,...,as), with |a;| = 1 and differential d given by day =
ay Nas,das=aj A as+as A az, and da; =0, otherwise. Then, as shown in [ 132, Example
10.5], H(A) is not isomorphic to gr(h(A)), its associated graded Lie algebra with respect
to the LCS filtration.

7.2. The holonomy Lie algebra of a cca

Now suppose d = 0, so that A is a graded, graded-commutative, 1-finite k-algebra. Then
H(A) =Lie(A;)/{im(u")) is the classical holonomy Lie algebra introduced by K.T. Chen
in [31] and further studied in [77], [94], [104], [131], and [132]. Clearly, h(A) inherits
a natural grading from the free Lie algebra Lie(A;), which is compatible with the Lie



Formality and finiteness in rational homotopy theory 29

bracket. Consequently, h(A) is a finitely-presented, graded Lie algebra, with generators in
degree 1 and relations in degree 2; in other words, )(A) is a quadratic Lie algebra.

A graded, 1-finite k-algebra A may be realized as the quotient 7(V) /I, where T (V) is
the tensor algebra on a finite-dimensional k-vector space V by a homogeneous, two-sided
ideal 1. The algebra A is said to be quadratic if A' =V and the ideal I is generated in
degree 2, i.e., I = (I>), where > = I N (V®V).

Given a quadratic algebra A = T(V)/I, we identify V¥ ® V¥ = (V ® V)V, and define
the quadratic dual of A to be the algebra A' = T(V")/I*, where I* is the ideal of T(V")
generated by the vector subspace (I7)* = {@ € V¥ ® V" | a(I?) = 0}. Clearly, A’ is also
a quadratic algebra, and (A')' = A. For any graded algebra of the form A = T(V)/I, we
may define its quadrature closure as gA = T(V)/{I?).

For a Lie algebra g, we let U(g) be its universal enveloping algebra. This is the filtered,
associative algebra obtained as the quotient of the tensor algebra 7'(g) by the (two-sided)
ideal generated by all elements of the forma ® b — b ® a — [a, b] with a, b € g.

Proposition 7.4 ([115],[132]). Let A be a commutative graded k-algebra such that A=k
and dimy A' < co. Then U(H(A)) is a quadratic algebra, and U(H(A)) = (qA)".

Now suppose g is a finitely generated graded Lie algebra generated in degree 1. Then,
as shown in [132], there is a unique, functorially defined quadratic Lie algebra, qg, such
that U(qg) = qU(g). Therefore, by Proposition 7.4, we have that h((qU(g))') = qg.

Work of Lofwall [87] yields another interpretation of the universal enveloping algebra
of the holonomy Lie algebra.

Proposition 7.5 ([87]). Let [Extk(k, k)] = @izo Extg(k, k); be the linear strand in the
Yoneda algebra of A. Then U(H(A)) = [Extk(k, k)].

Applying the Poincaré-Birkhoff-Witt theorem, we infer that the graded ranks of h(A)

are given by
[ a—rmdment® =3 biiay, (72)

n>1 i>0

where b; ; (A) = dimg Ext%(k, k);.

7.3. The completion of the holonomy Lie algebra of a cca

Let A be a connected k-cGa. A 1-minimal model M;(A) for A may be constructed in a
“formal” way, following the approach outlined by Carlson and Toledo [27] (see also [132]).
For the construction of the full, bigraded minimal model of a cca we refer to Halperin and
Stasheff [68].

As in Section 4.5, start with the cpcas M(1) = (A(V}),0), where Vi = A!, and M (2) =
(A(Vi®V,),d), where V, = ker (/,l: AL AA S A2) and d: V, < V| A V] is the inclusion
map. Now define inductively a coga M (i) as the Hirsch extension M(i — 1) ® A(V;),
where the k-vector space V; fits into the short exact sequence

0 — V; —> H*(M(i - 1)) —> im(u) —> 0, (7.3)
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while the differential d includes V; into Vi A V;_; € M(i — 1). Setting M, (A) equal to
U;i»1 M(i), the subalgebras { M(i)};»>; constitute the canonical filtration (4.3) of M;(A)
and the differential d preserves the Hirsch weights on M;(A). For these reasons, we say
that M (A) is the canonical 1-minimal model of A.

The next theorem relates £(M;(A)), the Lie algebra associated to M;(A) under the
adjoint correspondence from Section 4.5 to the degree completion of h(A), the holonomy
Lie algebra of A. A generalization will be given in Theorem 7.8.

Theorem 7.6 ([100], [94], [132]). If A is a 1-finite cGa, then (M (A)) and H(A) are
isomorphic as complete, filtered Lie algebras.

Corollary 7.7. If A is a 1-finite cca and M (A) = \ (€D, Vi) is the canonical 1-minimal
of A, then dimg h;(A) =dimV; foralli > 1.

7.4. Holonomy and flat connections

Given a k-cpGa (A, d) and a Lie algebra g, we let (A, g) be the set of g-valued flat
connections on A, that is, the set of all elements w € A' ® g satisfying the Maurer—Cartan
equation,

dw + %[w, w] =0. (7.4)

Suppose now that A is 1-finite. As shown in [92], the natural isomorphism A' ® g =
Hom(A, g) induces a natural identification,

F(A,g) —— Homyp;(b(A), g). (7.5)

Assuming further that g is finite-dimensional, we let C(g) = ( A g", d) be the Cheval-
ley—FEilenberg complex of g. This is the cpbca whose underlying graded algebra is the
exterior algebra on the dual k-vector space g¥, and whose differential is the extension by
the graded Leibnitz rule of the dual of the signed Lie bracket, d = —*, on the algebra gen-
erators, see e.g. [68], [52]. There is then a natural isomorphism Al ® g = Hom(g", Al),
which, by [40, Lemma 3.4], induces a natural identification,

77(A’ g) i) HOmCDGA(C(g)a A)- (7-6)

Now let C be the functor which associates to a finitely generated Lie algebra § the
direct limit of cpGas

C(b) = lim C(H/ya (D)) (7.7)

This functor sends finite-dimensional central Lie extensions to Hirsch extensions of cpGas.
It follows that C () is a 1-minimal cpGa.

Now let (A, d) be a 1-finite cpGa, with holonomy Lie algebra ) = h(A). By (7.5), the
identity map of f) may be identified with the ‘canonical’ flat connection,

w= Zx;.“ ®x; € F(A,h(A)), (7.8)
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where {x; } is a basis for A; and {x;} is the dual basis for A'. This gives rise to a compatible
family of flat connections, {w, € F (A,H/yn(H)) }n>1. Using the correspondence (7.6), we
obtain a compatible family of cpca maps, f,,: C(h/v,(h)) — A. Passing to the limit, we
arrive at a natural cpGga map, f: C (h(A)) — A. The next theorem recovers (in a self-
contained way) results from [16], [17], and [13].

Theorem 7.8 ([113]). If A is a 1-finite cpGa, then the classifying map f: 5(I)(A)) — A
is a 1-minimal model map for A.

Consequently, we have an isomorphism M (A) = c (b(A)).

7.5. The holonomy Lie algebra of a group

A construction due to K.-T. Chen [31] and further developed in the works mentioned in
Section 7.2 assigns to every finitely generated group G its holonomy Lie algebra, h(G; k),
which is defined as the holonomy Lie algebra of the cohomology algebra of G with coef-
ficients in a field k of characteristic O,

B(G;k) = h(H"(G.k)). (7.9)

By the discussion from Section 7.2, we have that h(G; k) = Lie(H; (G, k))/{u), where
uc: H'(G,k) A H'(G,k) — H?*(G,k) is the cup-product map in group cohomology and
ué is its k-dual. It is readily seen that the assignment G ~ h(G; k) is functorial.

The Lie algebra h(G; k) is a finitely presented, quadratic Lie algebra that depends
only on the cup-product map ug. Moreover, as noted in [131], the projection map G —»
G /yn(G) induces isomorphisms h(G; k) = §(G/y,(G);k) for all n > 3. Consequently,
the holonomy Lie algebra of G depends only on its second nilpotent quotient, G /y3(G).

An important feature of the holonomy Lie algebra is its relationship to the associated
graded Lie algebra, as detailed in the next theorem.

Theorem 7.9 ([94], [104], [131]). There exists a natural epimorphism of graded k-Lie
algebras, ®: H(G; k) » gr(G;k), which induces isomorphisms in degrees 1 and 2.

Following [131], [132], we say that a finitely generated group G is graded formal if the
map ®@: h(G; k) » gr(G;k) is an isomorphism. This condition is equivalent to gr(G;k)
being a quadratic Lie algebra. As shown in [132], if K < G is a retract of a graded formal
group G, then K is also graded formal.

The next result shows how to find a presentation for h(G; k), given a presentation for
gr(G; k).

Proposition 7.10 ([132]). Let V = H|(G; k). Suppose the associated graded Lie alge-
bra g = gr(G; k) has presentation Lie(V)/tr. Then the holonomy Lie algebra H(G;k)
has presentation Lie(V)/(x2), where ty = t N Liey (V). Furthermore, if A = U(g), then

bH(G:k) =H((qA)').
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8. Algebraic models for spaces

8.1. Rational homotopy equivalences

We start with a definition that goes back to the work of Quillen [119], Bousfield-Guggen-
heim [21], and Halperin—Stasheff [68]. A continuous map between two topological spaces,
f: X — Y, is said to be a rational quasi-isomorphism if the induced map in rational coho-
mology, f*: H*(Y,Q) —» H*(X,Q), is an isomorphism. A rational homotopy equivalence
between X and Y is a sequence of continuous maps (going either way) connecting the two
spaces via rational quasi-isomorphisms. We say that X and Y are rationally homotopy
equivalent (or, have the same rational homotopy type) if such a zig-zag of rational quasi-
isomorphisms exists, in which case we write X ~g Y. The purpose of rational homotopy
theory, then, is to classify topological spaces up to this equivalence relation.

One of the motivations of Sullivan’s work in this field was the idea that the rational
homotopy type of a simply connected manifold, together with suitable characteristic class
and integral data determines the diffeomorphism type up to finite ambiguity. For instance,
he showed in [137, Theorem 13.1] that closed, simply connected, smooth manifolds can
be classified up to finite ambiguity in terms of their rational homotopy type, rational Pon-
trjagin classes, bounds on torsion, and certain integral lattice invariants. This important
result was subsequently refined by Kreck and Triantafillou [79] (under some partial for-
mality assumptions) and Crowley and Nordstrom [35] (under some higher connectivity
assumptions).

8.2. Sullivan algebras of piecewise polynomial differential forms

Let (C*(X, k), d) be the singular cochain complex of a space X, with coefficients in a
field k of characteristic 0. This is, in fact, a differential graded algebra, with multiplication
given by the cup-product. By definition, the cohomology of this k-pGa is the cohomology
algebra H*(X,k); this is a cGa, although the cochain algebra itself is not a cpGa (except in
some very special situations). More generally, we say that a k-pGa (A, d4) is a bGa model
for X if it is weakly equivalent (through pGas) to (C*(X,k), d).

In his seminal paper [137], Sullivan associated in a functorial way to every space X
a rational, commutative pGA, denoted by (Ap (X), d). When X is a simplicial complex,
the elements of this cpGa may be viewed as compatible collections of forms on the sim-
plices of X, which are sums with rational coefficients of monomials in the barycentric
coordinates. Integration defines a chain map from A, (X) to C*(X, Q) which induces an
isomorphism in cohomology. In fact, Sullivan’s algebra (Ap (X), d) is weakly equivalent
(through pGas) with the cochain algebra (C*(X, Q), d); moreover, under the resulting
identification of graded algebras, H*(Ap (X)) = H* (X, Q), the induced homomorphisms
in cohomology correspond, see [52, Corollary 10.10].

We say that a k-cpGa (A, dy) is a model over k for the space X if A is weakly equiva-
lent (through cpGas) to Ay (X) ®q k; in particular, H* (A) = H*(X,k). In view of Theorem
2.2, we may also allow the weak equivalence to go through pGas in this definition. For
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instance, if X is a smooth manifold, then the de Rham algebra Qj, (X) of smooth forms
on X is a model of X over R, and if X is a simplicial complex, then a rational model for X
is As(X), the algebra of piecewise polynomial Q-forms on the simplices of X. We refer to
[52-54,139] for more details.

By the functoriality of the Sullivan algebra, a rational quasi-isomorphism f: X —
Y induces a quasi-isomorphism Ap (f): Ap (Y) — Ap(X); therefore, if X ~g ¥, then
Ap(X) = Ap (Y). Consequently, the weak isomorphism type of Ay (X) depends only on
the rational homotopy type of X. As another consequence, the existence of a finite model
for a space X is an invariant of rational homotopy type, and thus, of homotopy type.

Remark 8.1. In [137], Sullivan showed that there exist smooth manifolds whose rational
models are not weakly isomorphic, but which become weakly isomorphic when tensored
with R. Such failure of descent from real homotopy type to rational homotopy type may
even occur with models endowed with O-differentials.

8.3. Sullivan minimal models

A minimal model for a connected space X, denoted M(X), is a minimal model for the
Sullivan algebra Ap (X). By Theorem 4.6, this a minimal cpGga, which always exists and
is unique up to isomorphism. Sullivan’s minimal model comes equipped with a cpca map,
p: M(X) — Ap(X), which is a quasi-isomorphism. Moreover, if A =~ Ay (X) is a con-
nected rational cpga model for X, then there is a quasi-isomorphism M(X) — A which
corresponds to p via the chosen weak equivalence between A and Ap (X). By a previ-
ous remark, the isomorphism type of M(X) is uniquely defined by the rational homotopy
type of X. Itis an open question whether there exist spaces with weakly equivalent cochain
algebras but non-isomorphic minimal models, see [51].

All these notions have partial analogs. Fix an integer g > 1. A g-model over k for a
space X is ak-cpGa (A, d) which is g-equivalent to Ap (X) ®q k; in particular, H'(A) =
H'(X,k), forall i < q. A g-minimal model for X, denoted M, (X), is a g-minimal model
Ap (X); this cpGa comes equipped with a g-quasi-isomorphism,

Pg: Myg(X) — Ap(X). (8.1)

A map f: X — Y is said to be a g-rational homotopy equivalence if the induced map
in rational cohomology, f*: H*(Y,Q) — H*(X,Q), is an isomorphism in degrees up to
g and a monomorphism in degree g + 1. Clearly, such a map induces a g-equivalence,
Ap(f): Ap(Y) — Ap(X).

In this context, a basic question was raised in [113]: When does a g-finite space X
admit a g-finite g-model A? It follows from the above considerations that the existence of
a g-finite g-model for a space X is an invariant of g-rational homotopy type, and thus, of
g-homotopy type.
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8.4. Rational completion

In their foundational monograph [22], Bousfield and Kan associated to every space X
its rational completion, Qo X . This is a rational space (i.e., its homology groups in posi-
tive degrees are Q-vector spaces) which comes equipped with a structure map, kx: X —
Qo X, with the following property: Given a map f: X — Y, there is an induced map,
Qo f: QuX — QuY, such that Qu f o kx = ky o f. Moreover, the map f is a rational
homology equivalence if and only if the map Q. f is a weak homotopy equivalence.

A space X is called Q-good if the structure map kx : X — QX is a rational quasi-
isomorphism. It has been known for a long time that not all spaces enjoy this property.
Recently, Ivanov and Mikhailov [75] gave the first examples of finite CW-complexes that
are Q-bad: if X = \/" S! is a wedge of n > 2 circles, then H>(Qw X, Q) is non-zero (in fact,
it is uncountable), although of course H, (X, Q) = 0.

The main connection between Sullivan’s minimal model M(X) and Bousfield and
Kan’s rational completion QX is provided by the following theorem of Bousfield and
Guggenheim [23].

Theorem 8.2 ([23]). Let X be a connected space with finite Betti numbers, and let M(X) =
(AV.d) be a minimal model for X over Q. Then 1,(QwX) = (V") foralln > 2.

A connected space X is a said to be rationally aspherical (or, a rational K (7, 1) space)
if its rational completion is aspherical, i.e., 7, (QwX) = 0 for all n > 2. As an application
of the above theorem, we have the following immediate corollary.

Corollary 8.3 ([48], [115]). A connected space X is rationally aspherical if and only if
M(X) = M (X).

8.5. Nilpotent spaces

For simply-connected spaces and, more generally, for nilpotent spaces, rational homotopy
theory takes a more concrete and approachable form. A path-connected space X is said to
be nilpotent if the fundamental group G = 1 (X) is nilpotent and acts nilpotently on the
homotopy groups 7, (X) for all n > 1. For instance, all tori are nilpotent, but the Klein
bottle is not; moreover, a real projective space RP" is nilpotent if and only if » is odd.

If X is a nilpotent space, then, as shown in [22], X is Q-good. Moreover, 71 (Qc X) is
isomorphic to 71 (X) ® Q—the Malcev completion of the nilpotent group 71 (X)—while
T (QuX) = m,(X) ® Q forn > 2, all in a functorial way. In this context, we also have the
following rational analog of Whitehead’s theorem (see also [120]).

Theorem 8.4 ([22]). A pointed map f: X — Y between two nilpotent spaces is a rational
homotopy equivalence if and only if it induces isomorphisms f.: 1,(X) ® Q —» 71,(Y) ® Q
foralln > 1.

Assume now that X is a nilpotent CW-complex with finite Betti numbers. Sullivan
proved in [137] that the minimal model (over Q) of such a space is of the form M(X) =
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(AV,d), where V is a graded Q-vector space of finite type. Here are a few standard
examples.

Example 8.5. An odd-dimensional sphere has minimal model M(S>"*!) = (A(a),0),
with |a| = 2n + 1. On the other hand, an even-dimensional sphere has minimal model
M(S?) = (A\(a, b),da = b?), with da = 0, db = a?, and |a| = 2n. Finally, an Eilenberg—
MacLane space of type K(Z, n) has minimal model (A (), 0), with |a| = n.

If H>"(X) = 0 for some n > 0, we can say a bit more. Pick a vector space decom-
position, M™(X) = Z"(M(X)) ® C". Then the direct sum J = M>"*1(X) @ C" is an
acyclic differential graded ideal of M(X). By construction, A (X) is weakly isomorphic
to the coGga M(X)/J, which is finite-dimensional as a vector space. We summarize this
discussion, as follows.

Theorem 8.6 ([137]). Let X be a nilpotent CW-complex.
(1) If all the Betti numbers of X are finite, then X admits a q-finite qg-model, for all q.
2) If dim H.(X,Q) < oo, then X admits a model which is finite-dimensional over Q.

The main application of Sullivan’s theory of minimal models to the rational homotopy
of nilpotent spaces is given by the following theorem.

Theorem 8.7 ([137]). Let X be a connected, nilpotent CW-complex with finite Betti num-
bers, and let M(X) = (A\V,d) be a minimal model for X over Q. Then n,(X)® Q= (V")Y,
foralln > 2.

An alternative proof of this foundational result was given by Lehmann in [85]. A gen-
eralization was given by Bock [19], who relaxed the hypothesis that 7;(X) be nilpotent,
thereby proving a statement first mentioned by Halperin in [67].

Theorem 8.8 ([19]). Let X be a path-connected, triangulable space whose universal cov-
ering exists. Suppose m1(X) has a rationally aspherical classifying space and m,(X) is a
finitely generated nilpotent m (X)-module, for eachn > 2. If M(X) = (AV, d) is a minimal
model for X over Q, then ,(X) ® Q = (V")Y, foralln > 2.

Consider now the rational Hurewicz homomorphisms, hury : 7 (X) ® Q = Hy (X, Q).
If X is n-connected for some n > 1, the above theorem implies that hur is an isomorphism
for k < 2n, while ker(hury) is the Q-span of the Whitehead products for 2n + 1 < k <
3n+ 1, see [51]. For generalizations of Theorem 8.7 to rationally nilpotent spaces we refer
to [53].

8.6. Models for polyhedral products

We illustrate the general theory with a class of spaces particularly amenable to study
via rational homotopy methods. These spaces, variously known as polyhedral products,
(generalized) moment-angle complexes, or (generalized) Davis—Januszkiewicz spaces, are
constructed as follows (see for instance [38], [7] and references therein).
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Let K be a finite simplicial complex on vertex set [n] ={1,...,n}, andlet (X,X") be a
sequence (X1, X{), ..., (Xp, Xj,) of pairs of spaces. The polyhedral product Zg (X, X’) is
then the subspace of the cartesian product [}_, X; obtained as the union of all subspaces
of the form Z, (X, X’) = :1=1 Y;, where o runs through the simplices of K and ¥; = X; if
iecandY; =X/ ifi¢o.

Assume now that all spaces X;, X! are nilpotent CW-complexes of finite type. In [56],
Félix and Tanré describe the rational homotopy type of the corresponding polyhedral prod-
uct, as follows. Let A; and Al’. be connected, finite-type rational models for X; and Xl.’ , SO
that there are quasi-isomorphisms M(X;) — A; and M(X/) — A{. Suppose there are sur-
jective morphisms ¢; : A; -» A’ modeling the inclusions X/ < X;. For each simplex o~ on
[n],let I, = ?:1 E;, with E; = ker(y;) ifi e cand E; = A; ifi ¢ 0.

Theorem 8.9 ([56]). With asumptions as above, the polyhedral product Zg (X, X’) has
a connected, finite-type cpGa model of the form A(K) = (®7=1 A))/I(K), where [(K) is
the ideal 3, ;¢ 1. Moreover, if L C K is a subcomplex, then the inclusion Zp (X, X") —
Zk (X, X') is modelled by the projection A(K) - A(L).

Taking homology, this theorem recovers a result from [7]: the cohomology algebra
H*(Zk (X, X’),Q) is isomorphic to the quotient (®?:1 H*(X;,Q)/J(K), where J(K) is
the Stanley—Reisner ideal generated by all the monomials x, - --x;, withx; € H*(X;, Q)
for which the simplex o = (ji, ..., jr) isnotin K.

8.7. Configuration spaces

A construction due to Fadell and Neuwirth associates to a space X and a positive integer
n the space of ordered configurations of n points in X,

Conf(X,n) = {(x1,...,x,) € X" | x; # x; fori # j}. (8.2)

The most basic example is the configuration space of n ordered points in C; this is a
classifying space for P,, the pure braid group on n strings, whose cohomology ring was
computed by Arnol’d in the the late 1960s.

The E;-term of the Leray spectral sequence for the inclusion Conf(X,n) < X*" was
described in concrete terms by Cohen and Taylor [33]. If X is a smooth, complex projective
variety of dimension m, then Conf(X, n) is a smooth, quasi-projective variety; moreover,
as shown by Totaro in [142], the Cohen—Taylor spectral sequence collapses at the E,,41-
term, and the E,,-term is a cbGa model for the configuration space Conf(X, n). Other
rational models for configuration spaces of smooth projective varieties were constructed
by Fulton—MacPherson [62] and K¥iZ [80].

Now let M be a closed, simply-connected smooth manifold. Under the assumption
that b,(M) = 0, Lambrechts and Stanley [81] showed how to construct a rational model
for Conf(M, 2) out of a model for M; as a consequence, the rational homotopy type of
Conf(M,2) depends only on that of M. For configuration spaces of n points, Lambrechts
and Stanley [83] used Theorem 2.4 to associate to every rational model A for M a Q-



Formality and finiteness in rational homotopy theory 37

cpGA G A(n), which they conjectured to be a rational model for Conf(M, n). In [73],
Idrissi proved that G 4(n) ®qg R is a real model for the configuration space; thus, the real
homotopy type of M determines the real homotopy type of Conf(M, n), for all n.

8.8. Rationalization

To every space X, Sullivan [135], [137], [138] associated in a functorial way its ratio-
nalization, denoted Xq; we refer to [21], [53], [51], [120], and [74] for more details on
this construction. The rationalization of X may be viewed as a geometric realization of
the Sullivan minimal model, M(X), for the cpGa Ay (X). The space Xq comes equipped
with a structure map, h: X — Xg, which realizes the morphism p: M(X) — Ap (X).

Now suppose X is a connected, pointed CW-complex which is a nilpotent space; then,
as shown in [53], the space Xg is again nilpotent and the map # is a rational homotopy
equivalence. Moreover, if H*(X, Q) is of finite type, then the maps 4.: 7,(X) ® Q —
7, (Xq) are isomorphisms, for all n > 2. The nilpotency condition is crucial here. Indeed,
if X = RP?, then 7;(X) = Z, is nilpotent but does not act nilpotently on m5(X) = Z; we
also have that Xg = {*}, and so the map &..: m2(X) ® Q — m2(Xgq) is the zero map.

In general, the Bousfield—Kan completion and the Sullivan rationalization do not agree,
even for nilpotent spaces. Nevertheless, if X is nilpotent and H*(X, Q) is of finite type,
then Qe X = Xg, see [21].

When X is a CW-complex, a more concrete way to construct the rationalization Xq
is via Sullivan’s infinite telescopes, introduced in [135]. For instance, if n is odd, then
So =K (Q, n).

The constructions from Section 6 are related to the rationalizations of spaces, as
follows. Let X be a path-connected space with fundamental group 7;(X) = G. Then
IM(G; Q) = n1(Xg), the fundamental group of the rationalization of X.

8.9. Equivariant algebraic models

The study of the rational equivariant homotopy type of a space subject to the action of a
finite group goes back to the work of Triantafillou [144] on equivariant minimal models.
We summarize here some recent work from [113] on this subject.

Let ® be a finite group. The category ®-cpca (over k) has objects cpcas A endowed
with a compatible ®-action, while the morphisms are ®-equivariant cbga maps A — B.
Given a ®-cpGa A, we let A® be the sub-cpGa of elements fixed by ®@; there is then a
canonical cpga map A® — A. By definition, a g-equivalence A ~, Bin®-cpGa (1 < g <
00) is a zigzag of ®-equivariant g-equivalences in cpGA. It is readily seen that A ~, B in
®-cpca implies that A® ~, B® in cpca.

Now suppose @ acts freely on a space Y, and let X = Y/® be the orbit space. As
is well-known, every CW-complex X has the homotopy type of a simplicial complex K;
moreover, if X has finite g-skeleton, so does K. Fix such a triangulation of X, and lift
it to the cover Y. The corresponding simplicial Sullivan algebras are then related by the
equality As(X) = As(Y)®. Therefore, we have the following result.
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Proposition 8.10 ([113]). Let X be a CW-complex, and let Y — X be a finite regular
cover, with group of deck transformations ®. Let A be a ®-cpca over k.
(1) Suppose Ap.(Y) ®g k =4 A in ®-cpca, for some 1 < q < o0, Then Ap (X) ®g k =4
A® in cpca.

(2) If, moreover, A is g-finite, then A® is q-finite.
q q

As a consequence, if Y admits an equivariant g-finite g-model, then X admits a g-finite
g-model. The hypothesis from part ((1)) in the above proposition cannot be completely
dropped. Nevertheless, we have the following conjecture regarding algebraic models for
the orbit space X = Y /® constructed from ®-equivariant models for Y.

Conjecture 8.11 ([113]). Let X be a connected CW-complex, and let Y — X be a finite,
regular cover with deck group ®. Suppose that Y has finite Betti numbers. Let A be a ®-
cpGa, and assume that there is a zig-zag of quasi-isomorphisms connecting Ap (Y) ®q k
to A in cpGa, such that the induced isomorphism between H*(Y,k) and H*(A) is @-
equivariant. Then A® is a model for X.

8.10. On the Betti numbers of minimal models

We conclude this section with an obstruction to the existence of a g-finite cbga model A
for a space X, an obstruction expressed in terms of Betti numbers of the g-minimal model
My (X) associated to X.

Theorem 8.12 ([113]). Let X be a connected CW-space, and assume that one of the fol-
lowing conditions is satisfied.

(1) X is (g + 1)-finite.

(2) Aw(X) ®g k =, A, where A a g-finite cpGa overk; or,
Then b;(My(X)) < oo, foralli < g+ 1.

Proof. Recall from (8.1) that we have a g-quasi-isomorphism M, (X) — Ap.(X). In case
(1), the claim follows at once. In case (2), the discussion in Section 4.3 shows that M, (X)
is also a g-minimal model for A; thus, the claim follows from Proposition 4.7. ]

9. Algebraic models for groups

9.1. Malcev Lie algebras and 1-minimal models

Let G be a group, and let M;(G) be its 1-minimal model, as described in Section 6. By
definition, this is a minimal cpGa over Q, generated in degree 1. If G = 1 (X) is the funda-
mental group of a path-connected space X, then any classifying map X — K(G, 1) induces
an isomorphism between the corresponding 1-minimal models, M;(X) = M;(G). Con-
sequently, the existence of a 1-finite 1-model for a path-connected space X is equivalent
to the existence a 1-finite 1-model for its fundamental group, G = 71 (X).
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Assume now that G is a finitely generated group. There is then a natural duality
between the Malcev Lie algebra m(G), endowed with the inverse limit filtration given
by (6.3) and the 1-minimal model M;(G), endowed with the increasing filtration from
(4.3). Recall that the latter filtration, { M (7) };»0, starts with M(0) = Q. Since G is finitely
generated, the vector space V| := H!(G, Q) is finite-dimensional. Each sub-cpca M (i) is
then a Hirsch extension of the form M(i — 1) ® AV;, where V; = ker (H2(M(i -1)) —»
H*(M, (G))) is again finite-dimensional. Let £(G) = l(iLni £;(G) be the pronilpotent Lie
algebra functorially associated to the 1-minimal model M, (G) in the manner described in
Section 4.5. We then have the following basic correspondence between the aforementioned
Lie algebras.

Theorem 9.1 ([137], [30], [66]). There is a natural isomorphism between the towers of
nilpotent Lie algebras {m(G [y;(G))}i»o0 and {&;(G)};>0, which gives rise to a functorial
isomorphism of complete, filtered Lie algebras, m(G) = 2(G).

The functorial isomorphism m(G) = £(G), together with the dualization correspon-
dence M;(G) «» £(G) define adjoint functors between the category of Malcev Lie alge-
bras of finitely generated groups and the category of 1-minimal models of finitely gener-
ated groups. Using this isomorphism and the one from (6.6), we may identify gr, (G; Q)
with (V)Y forall n > 1.

9.2. Groups with 1-finite 1-models

The next theorem provides an effective way of computing the Malcev Lie algebra of a
group G, under a certain finiteness assumption.

Theorem 9.2 ([113]). Let G be a finitely generated group that admits a 1-finite 1-model A.
Then the Malcev Lie algebra m(G) is isomorphic to the LCS completion of the holonomy
Lie algebra h(A).

Proof. By our hypothesis and by the uniqueness of 1-minimal models, we have an isomor-
phism M;(G) = M;(A). By construction, the Lie algebra m(G) is filtered isomorphic to
the inverse limit of a tower of central extensions of finite-dimensional nilpotent Lie alge-
bras. By Theorem 9.1, the terms m(G/y;(G)) of this tower are obtained by dualizing the
canonical filtration of M;(G).

On the other hand, by Theorem 7.8, the cbca M (A) is isomorphic to 6(I)(A)), the
completion of the Chevalley—Eilenberg cochain functor applied to §(A). Furthermore, it is
shown in [113, Corollary 5.7] that the dual of the canonical filtration of C (H(A)) is a tower
of central extensions of finite-dimensional Lie algebras, whose terms are the nilpotent
quotients})(A) /vi(H(A)). Putting all these facts together yields the desired isomorphism,
m(G) = h(A). |

As an application, we have the following result, which gives a characterization of
groups G having a 1-finite 1-model in terms of their Malcev Lie algebras.
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Theorem 9.3 ([113]). A finitely generated group G admits a 1-finite 1-model if and only if
the Malcev Lie algebra m(G) is the lower central series completion of a finitely presented
Lie algebra over Q.

The above condition means that m(G) = L, for some finitely presented Lie algebra L
over Q, where L= EiLnn L/yn(L). By Theorem 9.2, if A is a 1-finite 1-model for G, we
may take L to be the holonomy Lie algebra h(A).

Finally, here is a finiteness obstruction for finitely generated groups, which follows at
once from Theorem 8.12.

Corollary 9.4 ([113]). Let G be a finitely generated group. Assume that either G is finitely
presented or G admits a 1-finite 1-model. Then by(M;(G)) < co.

9.3. Filtered formal groups

Recall from Section 6.5 that a finitely generated group G is said to be filtered formal if its
Malcev Lie algebra m(G) is isomorphic to the degree completion of its associated graded
Lie algebra. The next result connects certain finiteness properties of algebraic objects
associated to such a group G.

Proposition 9.5 ([113]). Let G be a finitely generated, filtered formal group, so that
m(G) = L, where L =1L/J is a graded Lie algebra over Q generated in degree 1 and
J is an ideal included in L=2. If bo(M,(G)) < oo, then dimg(J/[L, J]) < co.

Here is another characterization of filtered-formality, this time in terms of minimal
models.

Theorem 9.6 ([132]). A finitely generated group G is filtered-formal over Q if and only
if the canonical 1-minimal model M (G) is filtered-isomorphic to a 1-minimal model M
with positive Hirsch weights.

The notion of filtered formality over an arbitrary field k of characteristic O is defined
analogously. It follows from Theorem 5.5 that G is filtered-formal over k if and only it is
filtered-formal over Q. Another notable property of filtered formality is that it descends to
maximal solvable quotients. The next theorem develops a theme started in [104].

Theorem 9.7 ([132]). Let G be a finitely generated group. For each i > 2, the quotient
map q;: G - G /G induces a natural epimorphism of graded k-Lie algebras,

PO or(G;k)/er(G; k) —» gr(G/GD;k). ©.1)

Moreover, if G is filtered-formal, then ¥ is an isomorphism and the solvable quotient
G/GY is filtered-formal.

Taking G = Fy, it follows that each solvable quotient F}, / F,(,i) is a filtered formal group,
with associated graded Lie algebra equal toL,,/ Lfll), where L, = Lie(Q") denotes the free
Q-Lie algebra on n generators.
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9.4. Non-finiteness properties of certain metabelian groups

As an application of these techniques, we may construct a large class of metabelian groups
that do not have good finiteness properties, either at the level of presentation complexes,
or at the level of 1-models.

A finitely generated group G is said to be very large if it has a quotient a free group
F, of rank n greater or equal to 2. The group G is merely large if it has a finite-index
subgroup which is very large.

Theorem 9.8 ([113]). Let G be a metabelian group of the form G = /n"”’, where 7 is very
large. Then G is not finitely presentable and G does not admit a 1-finite 1-model.

Proof. By assumption, there is an epimorphism ¢: 7 - Fj,, for some n > 2. Since the
group F, is free, the map ¢ admits a splitting, and thus, the induced homomorphism on
maximal metabelian quotients, ¢: /n”” - F, /F,/, also has a splitting. By the homotopy
functoriality of the 1-minimal model construction from Theorem 7.8, the map ¢ induces
a cpGA map, ¢*: My (F,/F)’) — Mi(x/x""), which is a split injection up to homotopy.
Suppose now that 7/ admits a finite presentation, or a 1-finite 1-model. It then fol-
lows from Corollary 9.4 that b (M (7 /n"")) < co. Since the map @* is split injective (up to
homotopy), and since homology is a homotopy functor, we infer that bo (M (F,/F}))) <
oo. Hence, since F,/F,’ is filtered formal and L] C L22, Proposition 9.5 implies that the
Q-vector space L)' /[LL,,, L;/] is finite-dimensional. On the other hand, a computation with
Hall-Reutenauer bases done in [ 113, Proposition 3.2] shows that dimg(L;, /[L,,L;/]) = co.
This is a contradiction, and the proof is complete. |

10. Formality of spaces, maps, and groups

10.1. Formal spaces

A space X is said to be formal (over a field k of characteristic 0) if Sullivan’s algebra
Ap (X) ®qg k is formal, that is, it is weakly equivalent to the cohomology algebra H* (X, k),
equipped with the zero differential,

Ap (X) @g k = (H*(X,k),0). (10.1)

If X is formal (over Q), its rationalization Xg depends only on H*(X, Q).

The formality property behaves well with respect to field extensions of the form Q C k.
Indeed, Halperin and Stasheft’s Corollary 3.8 implies that a connected space X with finite
Betti numbers is formal over Q if and only if X is formal over k. This result was first stated
and proved by Sullivan [137], using different techniques, while an independent proof was
given by Neisendorfer and Miller [101] in the simply-connected case.

Formality is preserved under several standard operations on spaces. For instance, if X
and Y are formal, then so is the product X X Y and the wedge X V Y; moreover, a retract
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of a formal space is formal; see [52], [54] for details. In general, a finite cover of a formal
space need not be formal; nevertheless, Conjecture 8.1 1 holds in the formal case, and leads
to the following result.

Proposition 10.1 ([113]). Suppose @ is a finite group acting simplicially on a formal
simplicial complex Y with finite Betti numbers. Then the orbit space X =Y |® is again
formal.

The following result of Kreck and Triantafillou [79] fits into Sullivan’s “determined
up to finite ambiguit” philosophy.

Theorem 10.2 ([79]). Let H be a finitely generated graded commutative ring over Z.
Then there are only finitely many homotopy types of simply connected, formal, finite CW-
complexes with integral cohomology isomorphic to H.

10.2. Formality criteria

For nilpotent spaces, Sullivan gave a formality criterion in terms of lifting automorphisms
of the cohomology algebra to the minimal model.

Theorem 10.3 ([137]). Let X be a nilpotent CW-complex with finite Betti numbers. Then
X is formal if and only if every automorphism of H*(X, Q) can be realized by an auto-
morphism of M(X).

Roughly speaking, the more highly connected a space is, the more likely it is to be
formal. This was made precise by Stasheff in [124], as follows.

Theorem 10.4 ([124]). Let X be a k-connected CW-complex of dimension n; ifn <3k + 1,
then X is formal.

This is the best possible bound: attaching a cell e3¥*? to the wedge S**' v S¥*! via the
iterated Whitehead product [¢1, [¢1, ¢2]] yields a non-formal CW-complex.
A powerful formality criterion was given by Sullivan in [137].

Theorem 10.5 ([137]). If H*(X,k) is the quotient of a free cca by an ideal generated by a
regular sequence, then X is a formal space. Consequently, if H* (M, k) is a free cGa, then
X is formal.

This result provides a large supply of formal spaces, such as: rational cohomology
spheres and tori; compact connected Lie groups G, as well as their classifying spaces, BG;
homogeneous spaces of the form G /K, with rank G = rank K; and Eilenberg—MacLane
classifying spaces K (G, n) for discrete groups G, provided n > 2. In particular, if X is the
complement of a knotted sphere in §”, n > 3, then X is a formal space.

On the other hand, not all homogeneous spaces are formal. For instance, the quotient
spaces SU(pq)/(SU(p) x SU(q)) for p,q > 3; SO(n* — 1) /SU(n) forn > 3; Sp(5)/SU(5);
and SO(78)/ E¢ are known to be non-formal. Furthermore, K (G, 1) spaces need not be for-
mal. For instance, Hasegawa [69] showed that a classifying space for a torsion-free, finitely
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generated nilpotent group G is formal if and only if G is abelian. We refer to [54] for more
on these topics.

A connected space X is said to be intrinsically formal if any connected space whose
rational cohomology algebra is isomorphic to H*(X, Q) has the same rational homotopy
type as X; in other words, if there is a unique rational homotopy type whose rational
cohomology algebra is isomorphic to that of X.

Theorem 10.6 ([10], [68]). Let X be a connected space whose minimal model M(X) is
of finite type. If box (X) =0 forall k > 1, then X is intrinsically formal and has the rational
homotopy type of a wedge of odd spheres.

Although the spaces in the above theorem are intrinsically formal, they are typically
not hyperformal. For instance, the space X = §2K1~1 v §2k~1 fits into this framework, but
the cohomology algebra H*(X,k) is isomorphic to A (x,x2)/(x1x2), with |x;| = 2k; — 1,
which is not hyperformal if k| # k7, since in that case {x;x2} is not a regular sequence.

10.3. Formality properties of closed manifolds

As shown by Miller [99], the dimension bound from Theorem 10.4 can be relaxed for
closed manifolds, by using Poincaré duality.

Theorem 10.7 ([99]). Let M be a closed, k-connected manifold (k > 1) of dimension
n <4k +2. Then M is formal.

In particular, all simply-connected closed manifolds of dimension at most 6 are formal.
Again, this is best possible: as shown by Ferndndez and Mufoz in [58], there exist closed,
simply-connected, non-formal manifolds in each dimension n > 7. On the other hand, if M
is a closed, orientable, k-connected n-manifold with by (M) = 1, then the bound insuring
formality can be improved to n < 4k + 4, see Cavalcanti [29].

Formality also behaves well with respect to standard operations on manifolds. For
instance, Stasheff [124] proved the following: If M is a closed, simply-connected manifold
such that the punctured manifold M \ {x} is formal, then M is formal. Moreover, if M and
N are closed, orientable, formal manifolds, so is their connected sum, M#N; see [52].

It has been shown by Cavalcanti [29], and, in stronger form, by Crowley and Nordstrom
in [35], that a certain type of Hard Lefschetz property insures the intrinsic formality of
highly connected manifolds.

Theorem 10.8 ([35]). Let M be an (n — 1)-connected manifold of dimension 4n — 1. Sup-
pose b,(M) < 3 and there is a cohomology class u € H**"'(M, Q) such that the map
H"(M,Q) — H* ' (M,Q), v — uv is an isomorphism. Then M is intrinsically formal.

In the same paper, Crowley and Nordstrom construct infinitely many simply-con-
nected, non-formal manifolds all of whose Massey products vanish (the smallest dimen-
sion of such a manifold is 7). We summarize their results, as follows.
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Theorem 10.9 ([35]). Foreachk > 1, there is a non-formal, (2k — 1)-connected manifold
of dimension 8k — 1 and a (2k)-connected manifold of dimension 8k + 3 such that all
Massey products in the rational cohomology rings of these manifolds vanish.

In [37], Deligne, Griffiths, Morgan, and Sullivan showed that every compact Kihler
manifold M is formal. On the other hand, symplectic manifolds need not be formal: the
simplest example is the Kodaira—Thurston manifold, which is the product of the circle with
the 3-dimensional Heisenberg nilmanifold (see Example 10.14 below). This led Lupton
and Oprea [89] to raise the question whether compact, simply-connected symplectic mani-
folds are formal. The question was answered in the negative by Babenko and Taimanov [5],
[6], who used McDuff’s symplectic blow-ups to construct non-formal, simply-connected
symplectic manifolds in all even dimensions greater than 8; an 8-dimensional example was
subsequently constructed by Fernandez and Muifioz [60]. We refer to [57], [143], [121],
[82], and [54] for more on this subject.

10.4. Formal maps

A continuous map f: X — Y is said to be formal (over Q) if the induced morphism
between Sullivan models, Ap (f): Ap (Y) — Ap (X), is formal, in the sense of Definition
3.10. By the discussion from Section 4.4, this condition is equivalent to the existence of a
diagram of the form

An (V) <2 M(y) -2 (H*(Y,Q),0)

lAPL f) l/\/((f) lf* (10.2)

An(X) <2 M(X) 25 (H*(X,Q),0),

which commutes up to homotopy and in which the horizontal arrows are quasi-isomor-
phisms. When f is formal, the surjectivity of f* implies that of M(f).

One may define in a similar fashion formality of maps over an arbitrary field k of
characteristic 0. As shown by Vigué-Poirrier in [146], a map f: X — Y between two
nilpotent CW-complexes of finite type is formal over k if and only if it is formal over Q.
Moreover, as shown by Félix and Tanré [55], the cofiber of such a map is a formal space.

Example 10.10. Suppose f: M — N is a holomorphic map between two compact Kéhler
manifolds. Then, as shown in [37], f is a formal map over R.

In general, though, a map between two formal spaces need not be formal. A simple
example is provided by the Hopf map f: % — S2, for which f*: H*(5%,Q) — H*(5%,Q)
is the zero map, yet the induced morphism M (f): M(S?) — M(S?) is non-trivial.

The next result, due to Arkowitz [4], delineates a class of formal spaces X and Y for
which every map f: X — Y is formal.

Theorem 10.11 ([4]). Let X and Y be simply connected, formal, rational spaces, and let
[X, Y]t be the set of homotopy classes of formal maps from X to'Y .
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(1) The map [X,Y]s » Hom(H*(Y,Q), H*(X,Q)), f + f*is a bijection.

(2) Further assume that X andY are of finite type, b;(X) =0 fori >2n+1, andY is
n-connected. Then every map f: X — Y is formal.

10.5. Partial formality

Let g be a non-negative integer. A space X is said to be g-formal (over a field k of char-
acteristic 0) if its Sullivan algebra is g-formal, that is, (As.(X) ®g k, d) =, (H*(X,k),0).
Clearly, if X is formal, then X is g-formal for all ¢ > 0. Under some additional hypothesis,
this implication may be reversed.

Theorem 10.12 ([91]). Let X be a space such that H (X,k) = 0 for all i > q +2. Then X
is g-formal if and only if X is formal.

In particular, the notions of formality and ¢g-formality coincide for (g + 1)-dimensional
CW-complexes.

Example 10.13. Let V be a complex algebraic hypersurface in CP", with complement
X = CP" \ V. Work of Morgan [100] shows that X is 1-formal, though not formal, in
general. By Morse theory, X has the homotopy type of a finite CW-complex of dimension
n. Thus, if n = 2 (that is, V is a plane curve), Theorem 10.12 implies that X is formal.

Example 10.14. Let M = Gr/Gz be the 3-dimensional Heisenberg nilmanifold, where
Gr is the group of real, unipotent 3 X 3 matrices, and Gz = m1(M) is the subgroup
of integral matrices in Gr. This manifold has as a model the cpGa (A, d), where A =
A (a1, az, b) with generators in degree 1, and differential given by da; = 0 and db = a,a;.
As noted in Example 3.6, this cpGa is not 1-formal. Alternatively, the triple Massey prod-
uct ([a1], [a1], [a2]) = {[a1b]} is non-vanishing, with trivial indeterminacy. Therefore,
M is not 1-formal.

Partial formality enjoys a descent property analogous to that for full formality. Indeed,
Theorem 3.9 has the following immediate corollary.

Corollary 10.15 ([132]). Let X be a connected space such that b;(X) < co fori < g+ 1.
Then X is q-formal over Q if and only if X is q-formal over k.

We may also consider a partial formality notion for maps. A continuousmap f: X - Y
is said to be g-formal if the morphism Ap (f): Ap.(Y) — Ap (X) is g-equivalent to the
induced homomorphism in cohomology, f*: H*(Y,Q) —» H*(X,Q).

10.6. Koszul algebras and formality

Let A be a connected, locally finite k-cga. The trivial A-module k has a free, graded
A-resolution of the form

Byam Ly qgm Ly 4 s 50, (10.3)
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Such a resolution is minimal if all the nonzero entries of the matrices ¢; have positive
degrees. The algebra A is said to be a Koszul algebra if the minimal A-resolution of k
is linear, or, equivalently, Torf‘(k, k); =0 for all i # j. A necessary condition is that A
be expressed as the quotient A = E /I of an exterior algebra on generators in degree 1 by
an ideal I generated in degree 2. A sufficient condition is that the ideal I has a quadratic
Grobner basis. If A is a Koszul algebra, then the quadratic dual A' is also a Koszul algebra
and the following “Koszul duality” formula holds:

Hilb(A, 1) - Hilb(A', 1) = 1. (10.4)

The following theorem of Papadima and Yuzvinsky [115] relates certain properties of
the minimal model of a space X to the Koszulness of its cohomology algebra.

Theorem 10.16 ([115]). Let X be a connected space with finite Betti numbers.
(1) If M(X) = M(X), then the cohomology algebra H*(X, Q) is a Koszul algebra.
(2) If X is formal and H* (X, Q) is a Koszul algebra, then M(X) = M;(X).

Consequently, if X is formal, then X is rationally aspherical if and only if H*(X,Q) is a
Koszul algebra. When X is also a nilpotent space, Berglund [15] recovers this equivalence
(without assuming the cohomology algebra is generated in degree 1) and finds several
alternative conditions yielding the same class of spaces, which he calls Koszul spaces.

As an application of Theorem 10.16, we have the following formality criterion.

Corollary 10.17 ([105]). Let X be a connected, finite-type CW-complex, and suppose that
H*(X, Q) is a Koszul algebra. Then X is 1-formal if and only if X is formal.

Example 10.18. Let A be an arrangement of linear hyperplanes in C", with complement
X =C"\Upy eqa H. Work of Arnol’d and Brieskorn from the 1960s shows that X is formal.
Now suppose A is a fiber-type arrangement, or, equivalently, if its intersection lattice,
L(A), is supersolvable. Then X is aspherical and H*(X, Q) is a Koszul algebra. Theorem
10.16 implies that X is also rationally aspherical (this is a result first proved by Falk [48]
by other methods). It is an open question whether the converse is true: If X is rationally
aspherical, is A necessarily of fiber-type? Put differently: If H*(X, Q) is a Koszul algebra,
is L(A) necessarily supersolvable?

10.7. The 1-formality property for groups

A finitely generated group G is said to be 1-formal (over a field k of characteristic 0) if
there is a classifying space K(G, 1) which is 1-formal (over k). In view of the discussion
from Section 8.3, we see that a connected CW-complex X is 1-formal if and only if its
fundamental group, G = 71(X), is 1-formal.

Over Q, the 1-formality property of a group G depends only on its Malcev Lie alge-
bra, m(G), or its rationalization, Gq. This is a consequence of the following well-known
theorem, proved for instance in [27], [94], [132].
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Theorem 10.19. A finitely generated group G is 1-formal if and only if m(G) is isomor-
phic to the degree completion of a finitely generated, quadratic Lie algebra.

Let H(G) = h(G; Q) be the holonomy Lie algebra of G, as described in Section 7.5.
As shown in [104], the 1-formality of G is equivalent to m(G) = §(G).

Example 10.20. Let F,, be the free group of rank n > 1. We then have H,(F,, Q) = Q"
and H,(F,, Q) = 0; hence, ug = 0 and so h(F,,) = Lie(Q"), the free Lie algebra of rank
n. On the other hand, m(F,) = Lie(Q"), by Theorem 6.4. Therefore, F,, is 1-formal.

Example 10.21. Let X, be the Riemann surface of genus g > 1. The group G = m1(Z,)
is generated by x1, y1,...,Xg, yg, sSubject to the single relation [x1, y1] --- [xg,ye] = 1.1t
is readily checked that h(G, k) is the quotient of the free Lie algebra on x1, y1,...,Xg, yg
by the ideal generated by [x1, y1] +-- - + [xg, y¢]. A further computation using Theorem
6.4 shows that m(G) = B(G); thus, G is 1-formal.

The 1-formality property is preserved under finite free products and direct products of
finitely generated groups. The following lemma (which follows at once from the discussion
in Section 8.3) provides a useful 1-formality criterion.

Lemma 10.22. Let G a finitely generated group. Suppose there is a 1-formal group K and
a homomorphism ¢: G — K such that ¢*: H'(K,Q) — H'(G, Q) is an isomorphism and
©*: H'(K,Q) — H'(G, Q) is injective. Then G is also 1-formal.

Example 10.23. If G is a finitely generated group with b;(G) equal to O or 1, then G is
1-formal. Indeed, the claim is true for Ky = {1} (trivially) and for K| = Z (by Example
10.20). Moreover, if b1(G) =i € {0, 1}, we may define a homomorphism ¢: G — K;
satisfying the assumptions of Lemma 10.22. Therefore, the claim holds for G, too.

Here is another interpretation of the 1-formality notion. We say that a finitely gener-
ated group G is graded-formal (over k) if the associated graded Lie algebra gr(G; k) is
quadratic. It follows from Theorem 7.9 that G is graded-formal precisely when the canon-
ical surjection ®: gr(G;k) » h(G;k) is an isomorphism. As in Section 6.5, we say that
G is filtered-formal over k if m(G) ® k = gr(G; k). Putting things together, we obtain the
following result.

Proposition 10.24 ([132]). A finitely generated group G is 1-formal (over k) if and only
if G is graded-formal and filtered-formal (over k).

As a corollary, we deduce that 1-formality enjoys a descent property.

Corollary 10.25 ([132]). A finitely generated group G is 1-formal over k if and only if G
is 1-formal over Q.

Indeed, it is easily seen that graded-formality is independent of the choice of a field k of
characteristic 0. By Theorem 5.5, the same is true for filtered-formality, and the conclusion
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follows from Proposition 10.24. When G is finitely presented, we have that b2(G) < oo,
and the result also follows from Corollary 10.15.

As we saw in Example 10.20, the free group F}, has vanishing cup-product map ur,
and is 1-formal. Here is a partial converse.

Proposition 10.26 ([42]). Let G be a group admitting a finite presentation with only com-
mutator relators. If G is 1-formal and ug = 0, then G is a free group.

Example 10.27. Let G = Gz be the Heisenberg group from Example 10.14. Then G is
isomorphic to F,/y3(F2), and so it has a finite presentation with only commutator relators;
moreover, yg = 0, yet G is not a free group, since it is 2-step nilpotent. Therefore, we
conclude once again that G is not 1-formal.

10.8. Polyhedral products and right-angled Artin groups

We conclude this section with a discussion of the formality properties of polyhedral prod-
uct spaces and some related groups. Given a finite simplicial complex K, it is a subtle
question to decide whether the polyhedral products Zx (X, X’) from Section 8.6 are for-
mal, even when all the spaces X; and the subspaces X_ are formal. Theorem 8.9 (together
with a previous remark) yields a sufficient condition for this to happen.

Corollary 10.28 ([56]). Let X;, X] be nilpotent, finite-type CW-complexes. Assume that
the inclusion maps X! — X; are formal and induce epimorphisms in cohomology. Then
all polyhedral products Zx (X, X") are formal.

We specialize now to the case when X; = X and X/ = X’ for all i, and write Zg (X, X”)
for the corresponding polyhedral product. If X is nilpotent and formal, then the inclusion
* — X satisfies the hypothesis of Corollary 10.28, and thus Zg (X, *) is formal—a result
first proved in [102]. In particular, the Davis—Januszkiewicz spaces DJg = Zg (CP®, %)
and the toric complexes Tx = Zg (S, ) are all formal.

Letting I" be the 1-skeleton of K, it is readily seen that the fundamental group of Tx
is the right-angled Artin group Gr associated to the graph I'. Consequently, all right-
angled Artin groups are 1-formal—a result also proved in [105], using Theorems 6.4 and
10.19. Moreover, if the flag complex of I" is simply-connected, then, as shown in [106],
the Bestvina—Brady group associated to I is also 1-formal.

Finally, let us consider the moment-angle complexes Zx = Zg (D?, SY). In this sit-
uation, Corollary 10.28 no longer applies, since the inclusion-induced homomorphism
H'(D?,Q) — H'(S',Q) is not surjective. In fact, there are infinite families of simplicial
complexes K for which H*(Zk, Q) has non-vanishing Massey products, and thus Zg is
non-formal, see [9], [38], [64]. If K is an n-vertex triangulation of ™, then Zk is a closed
manifold of dimension 7 + m + 1. Asymptotically, almost all triangulations K of S? yield
non-formal moment-angle manifolds Zx, see [38].
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11. Alexander invariants and resonance varieties

11.1. A generalized Koszul complex

Given a finite-dimensional k-vector space V, we define the corresponding canonical ele-
ment to be tensor wy € VY ® V which corresponds to the identity automorphism of VY
under the tensor-hom adjunction (recall that ® = ®x). In concrete terms, if we pick a basis
{e1,...,e,} for V¥ and let {x1,...,x,} be the dual basis for V, then wy = Z;le e; ®x;.

Now let A = (A*, d) be a connected k-cpGa, and assume that the k-vector space
H'(A) is finite-dimensional. Since d(1) = 0 and A° = k, the differential d: A? — A!
vanishes; thus, we may identify H'(A) with Z'(A). Setting H,(A) = (H'(A))", we let
WA = WH,(4) € H'(A) ® H|(A) be the corresponding canonical element.

Let S =Sym(H;(A)) be the symmetric algebraon H|(A). The tensor product A ® S is
both a free S-module and a bigraded k-algebra, with product (¢ ® s)(a’ ® s’) = aa’ ® ss’.
It is also a k-cpga, with differential d ® idg. Left-multiplication by w4, viewed as an
element of Z'(A) ® H{(A), defines an endomorphism of A ® S of bidegree (1, 1). We
define an S-linear map, d4: A® S — A® S, by

da=wa+dQids . (11.1)
It is readily verified that 6124 = 0, and so the next result follows.
Proposition 11.1 ([130]). Let (A*,d) be a connected k-cpGa with dimy H' (A) < co. There
is then a cochain complex of free S-modules,
) A ol ot o
e APRS —— A RS — AT RS — -+, (11.2)
with differentials given by (11.1), such that (A* ® S, 6 4) is again a k-cpGa.
If we fix a k-basis {ey, ..., e,} for H'(A) and let {x,...,x,} be the dual basis for
Hi(A),thering S =Sym(H;(A)) may be identified with the polynomial ring k[x,. ..,x,],

viewed as the coordinate ring of the affine space H'!(A). The differentials in (11.1) are then
the S-linear maps given by

52(a®s)=Zeja®sxj+d(a)®s (11.3)
J=1

for all a € A" and s € S. If the cpGa A has zero differential, each map 62 is given by a
matrix whose entries are linear forms in the variables x1, ..., x,; in general, though, the
entries of § fA may also have non-zero constant terms.

11.2. The Alexander invariants of a cpca

The S-dual of the cochain complex (11.2) is the chain complex of free S-modules,

o8 s
(A, ®85,6%): -+ —> A28 —> A1®5 —> A)®S5=S, (11.4)
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where the maps 5;“ are the S-linear duals of the maps 52. By analogy with classical the
topological setting, we define the Alexander invariants of a cbGa (A*, d) as the homology
S-modules of this chain complex,

Bi(A) = Hi(A. ®S). (11.5)

If d = 0, then the differentials in (11.4) are homogeneous (of degree 1), and so the
S-modules B, (A) inherit a natural grading. For instance, if E = AV is the exterior algebra
on a finite-dimensional k-vector space V, with differential d = 0, then B;(E) = 0 for all
i > 1. In general, though, the Alexander invariants B;(A) do not have a natural grading.

An explicit finite presentation for the first Alexander invariant, B(A) = B;(A), was
given in [104, Theorem 6.2] in the the case when d = 0. This presentation is generalized
in [130], as follows.

Let (A, d) be a connected k-cpca with A! finite-dimensional. Set E = AH'(A) and
identify E' = H'(A) with Z' = ker (d: A" — A?). Let U' be its complementary k-vector
subspace, so that A! = E! @ U!, and write A; = (A")" and so forth for the k-dual vec-
tor spaces. Then U; may be identified with the image of the k-dual of the differential,
dY: Ay — Ay, and we have a direct sum decomposition, A} = E1 & U;. Let iy : Ay — U
be the projection onto the second summand.

Theorem 11.2 ([130]). The Alexander invariant of A, viewed as a module over the sym-
metric algebra S = Sym(E}), has presentation

( 63E : )
V ®ide dY ®id v
Hp®ids d) ®ids +8 \

(E30A4,)®S (B0 U))®S — B(A) — 0,  (11.6)

where 8 = (ry ® ids) o (wa — uE © wE)".

Finally, let I be the maximal ideal at O of the polynomial ring S. The powers of this
ideal define a descending filtration, {I"B(A)},>0, on the Alexander invariant of A. Let
gr(B(A)) be the associated graded S-module with respect to this filtration.

Proposition 11.3 ([130]). For each k > 1, there is an isomorphism of k-vector spaces,
g1 (B(4))" = Tory_ (A, k),

where on the right side A is viewed as a graded module over the exterior algebra & = )\ A'.

11.3. Resonance varieties

Let (A, d) be a connected cpGa. As noted previously, H'(A) = Z'(A). For every w €
H'(A), the operator d,, := d + w - is a differential on A. The resonance varieties ’R;'((A)
are defined, for all 7, k > 0, as the infinitesimal jump loci

R (A) ={w € H'(A) | dimH'(A,d,) > k}. (11.7)
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When the cpga A is g-finite, for some g > 1, these sets are Zariski closed subsets of the
affine space H'(A), foralli < g and k > 0.

Clearly, H'(A, 60) = H'(A); thus, the point 0 € H'(A) belongs to the variety R! (A)
if and only if H'(A) # 0. Moreover, 7€(1)(A) = {0}. When the differential of A is zero, the
resonance varieties R};(A) are homogeneous subsets of H!(A) = A'. In general, though,
the resonance varieties of a cbga are not homogeneous, as we shall see in Example 11.6.

The following lemma follows quickly from the definitions.

Lemma 11.4 ([92]). Let ¢: A — A’ be a cpGa morphism, and assume ¢ is an iso-
morphism up to degree q, and a monomorphism in degree q + 1, for some q > 0. Then
the induced isomorphism in cohomology, ¢*: H'(A") — H'(A), identifies ‘Rf( (A) with
R};(A’)for eachi < ¢, and sends RZH(A) into RZH(A’),for all k > 0.

Consequently, if A and A" are isomorphic cpaGas, then their resonance varieties are
ambiently isomorphic. As we shall see (also in Example 11.6), the conclusions of Lemma
11.4 do not always hold if we only assume that ¢: A — A’ is a g-quasi-isomorphism.

An alternative interpretation of the degree 1 resonance varieties is given by the follow-
ing theorem.

Theorem 11.5 ([130]). Let A be a connected cpGa with 0 < dim A' < co. Then, for all
k>1,
R, (A) = V(Ann (A\*(B(A)))), (11.8)

at least away from 0 € H' (A).

The next example (adapted from [92] and [126]) illustrates several of the points men-
tioned above.

Example 11.6. Let A be the exterior algebra over C on generators a, b in degree 1,
equipped with the differential given by da = 0 and db = b - a. Then H'(A) = C, generated
by a. Setting S = C[x], the chain complex (11.4) takes the form

o=( 2 =
s s 1)> g2 2= 0o (11.9)

It is readily seen that the Alexander invariant B(A) = H| (A, ® §) is isomorphic to S/(x —
1). Its support is equal to {1}, yet the resonance variety R{(A) is equal to {0, 1}; both
are non-homogeneous subvarieties of C. Finally, let A" be the sub-cpca generated by a.
Clearly, the inclusion map, ¢: A’ < A, induces an isomorphism in cohomology. Never-
theless, ﬁ%(A’) = {0}, and so the resonance varieties of A and A’ differ, although A and
A’ are quasi-isomorphic.

11.4. Resonance of tensor products and Hirsch extensions

The resonance varieties behave well with respect to some natural operations on CDGAS.
The next result details the behavior of the depth-1 resonance varieties with respect to
tensor products.
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Proposition 11.7 ([109], [112]). Let (A, d) and (A’,d’) be two connected, finite-type
cpaGas. Then, for all g > 0,

Ri(A®A) = U RY (A) x RI(A"). (11.10)
prq=i

A proof of this statement is given in [ 109, Proposition 13.1] under the assumption that
both differentials, d and d’, vanish (see also [112, Proposition 2]). The same approach
works in this wider generality.

We conclude this section with a result that shows how the resonance varieties behave
under a certain type of Hirsch extensions.

Proposition 11.8 ([114]). Let B be a connected, finite-type cpGa. Fix an element e € B>
with de = 0, and let A = (B ®, \(t),d) be the corresponding Hirsch extension.

(1) If [e] =0, then RE(A) = Ri™1(B) UR!(B), forall i.
(2) If [e] #0, then

(a) Ri(A) € RI'(B) URL(B), foralli and k.

(b) R (A) =R, (B), forall k.

12. Cohomology jump loci and finiteness properties

12.1. Characteristic varieties

Given a space X, the jump loci for cohomology with coefficients in rank 1 complex local
systems on X are powerful homotopy-type invariants, defined as follows.

We will assume that X is path-connected and its fundamental group, G = 7;(X), is
finitely generated. Let T := Hom(G, C*) be the group of C-valued multiplicative char-
acters on G. This is an abelian, complex algebraic group, whose identity 1 corresponds
to the trivial representation. The group T may be identified with the cohomology group
Char(X) := H'(X,C*). Its identity component, T%., is isomorphic to the complex alge-
braic torus (C*)?1X); the other connected components of T are copies of this torus,
indexed by the torsion subgroup of the finitely generated abelian group G, = H(X,Z).

The characteristic varieties of X in degree i > 0 and depth k > O are the sets

VI(X) = {p € Char(X) | dim H'(X,C,) > k}, (12.1)

where C,, is the rank 1 local system on X associated to a representation p: G — C*. In
other words, C, is the vector space C viewed as a module over the group algebra C[G] via
the action g - a = p(g)a,forg € G and a € C.

When the space X is g-finite, for some g > 1, the sets (Vk" (X) are Zariski closed subsets
of the character group, for all i < g and k > 0, see [111]. It is readily seen that the the sets
(Vkl (X) depend only on the group G = 71 (X).
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Now let G be a finitely generated group, and set (Vli(G) = ‘”Vlf (K(G, 1)). It is known
that the sets ‘”Vk1 (G) with k > 0 depend only on the maximal metabelian quotient G/G"’
(see e.g. [41]); more precisely, (Vkl (G) = (Vkl (G/G").

The characteristic varieties have several useful naturality properties. For instance, sup-
pose ¢: G —» Q is an epimorphism. Then the induced morphism on character groups,
¢*: Tg — Tg, is injective and sends ‘”Vk1 (Q) into (Vkl (G) for all £ > 0. Likewise, suppose
that H < G is a finite-index subgroup. Then the inclusion ¢: H — G induces a morphism
a*: Tg — Tp with finite kernel, which sends V, (G) to V/(H) for all i, k > 0.

For the free groups F,, of rank n > 2, we have that (Vkl (Fp)=(CH"fork <n-—1and
V]I(F,) = {1}. In general, though, the jump loci of a group can be arbitrarily complicated.

Example 12.1. Let f € Z[¢}', ..., 7%'] be an integral Laurent polynomial with f(1) = 0.
Then, as shown in [134], there is a finitely presented group G with G4, = Z" such that
(VII(G) coincides with the variety V(f) := {tr € (C*)" | f(¢) = 0}.

12.2. Algebraic models and cohomology jump loci

Work of Dimca and Papadima [40], generalizing previous work of Dimca, Papadima, and
Suciu [42], establishes a tight connection between the geometry of the characteristic vari-
eties of a space and that of resonance varieties of a model for it, around the origins of the
respective ambient spaces, provided certain finiteness conditions hold.

Let X be a path-connected space with b1(X) < co, and consider the analytic map
exp: H'(X,C) — H'(X,C*) induced by the coefficient homomorphism C — C*, 7 + eZ.
Let (A, d) be a cpca model for X, defined over C. Upon identifying H'(A) = H'(X,C),
we obtain an analytic map H'(A) — H'(X,C*), which takes 0 to 1.

Theorem 12.2 ([40]). Let X be a q-finite space, and suppose X admits a q-finite, g-model
A, for some q > 1. Then, the aforementioned map, H'(A) — H'(X,C"), induces a local
analytic isomorphism, H' (A — H' (X, C*) 1), which identifies the germ at 0 ofR}'c (A)
with the germ at 1 of 'V (X), foralli < q and all k > 0.

The work of Budur and Wang [25] builds on this theorem, providing a structural result
on the geometry of the characteristic varieties of spaces satisfying the hypothesis of the
above theorem. Putting together Theorem 12.2 and Corollary 12.9 yields their result, in
the slightly stronger form given in [113].

Theorem 12.3 ([25]). Suppose X is a g-finite space which admits a q-finite q-model.
Then all the irreducible components of(V,f(X) passing through 1 are algebraic subtori of
Char(X), foralli < g and k > 0.

12.3. Finiteness obstructions

The above theorem may be used to give examples of finite CW-complexes which do not
have 1-finite 1-models.



54 A. 1. Suciu

Example 12.4. Let f be an integral Laurent polynomial in #n > 2 variables, and assume
its zero set in (C*)" contains the origin 1, is irreducible but is not an algebraic subtorus;
for instance, take f (1) = X', t; — n. Letting G be a finitely presented group with (Vll (G)=
V(f) as in Example 12.1, we deduce from Theorem 12.3 that the finite presentation com-
plex of G admits no 1-finite 1-model.

On the other hand, as the next example shows, the existence of a 1-finite 1-model for a
finitely generated group does not necessarily imply that the group is finitely presented.

Example 12.5. Let Y be a finite, connected CW-complex which is non-simply connected
yethas b1 (Y) =0, and let G be the Bestvina—Brady group associated to a flag triangulation
of Y. It is proved in [107, §10] that G is finitely generated and 1-formal, but not finitely
presented.

As the next family of examples illustrates, the infinitesimal finiteness obstruction from
Theorem 8.12 may be stronger than the one from Theorem 12.3, even when g = 1.

Example 12.6. Consider the free metabelian group G = F,,/F,’ with n > 2. The free group
F, = m1(\/" S') admits a formal, finite CW-complex as classifying space; thus, Theorem
12.3 applies to F,. It follows that the characteristic varieties (V,f(G) = ‘V,f(Fn) satisfy
the conditions from Theorem 12.3 for i < 1 and k > 0. On the other hand, as we saw in
the proof of Theorem 9.8, we have that b, (M;(G)) = oo, and so the group G admits no
1-finite 1-model.

12.4. Tangent cones

Before proceeding, we review two constructions that provide approximations to a subva-
riety W of a complex algebraic torus (C*)". The first one is the classical tangent cone,
while the second one is the exponential tangent cone, a construction introduced in [42]
and further studied in [125], [40], and [134].

Let I be an ideal in the Laurent polynomial ring C[tlil, ..., 5] such that W = V(I).
Picking a finite generating set for /, and multiplying these generators with suitable mono-
mials if necessary, we see that W may also be defined by the ideal I N R in the polynomial
ring R = C[tq,...,1,]. Let J be the ideal in the polynomial ring S = C[xy, ..., x,] gener-
ated by the polynomials g(xi,...,x,) = f(x1+1,...,x, +1),forall f e INR.

The tangent cone of W at 1 € (C*)" is the algebraic subset TCy(W) C C" defined by
the ideal in(J) C S generated by the initial forms of all non-zero elements from J. The set
TC1(W) is a homogeneous subvariety of C", which depends only on the analytic germ of
W at the identity. In particular, TC{ (W) # 0 if and only if 1 € W.

Let exp: C" — (C*)" be the exponential map, given in coordinates by x; — e*i. The
exponential tangent cone at 1 to a subvariety W C (C*)" is the set

71(W) = {x € C" | exp(Ax) € W, forall 1 € C}. (12.2)
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It is readily seen that 71 commutes with finite unions and arbitrary intersections. Further-
more, 71 (W) only depends on W(y), the analytic germ of W at the identity; in particular,
71(W) # 0 if and only if 1 € W. The main property of this construction is encapsulated in
the following lemma.

Lemma 12.7 ([42], [125], [134]). The exponential tangent cone (W) of a subvariety
W C (C*)" is a finite union of rationally defined linear subspaces of the affine space C".

For instance, if W is an algebraic subtorus of (C*)", then 71(W) equals TCy(W), and
both coincide with T3 (W), the tangent space to W at the identity 1. More generally, there
is always an inclusion between the two types of tangent cones associated to an algebraic
subset W C (C*)", namely,

71 (W) € TC1(W). (12.3)

As we shall see, though, this inclusion is far from being an equality for arbitrary W.
For instance, the tangent cone TC; (W) may be a non-linear, irreducible subvariety of C",
or TCy(W) may be a linear space containing the exponential tangent cone 71(W) as a
union of proper linear subspaces.

12.5. The Exponential Ax-Lindemann theorem

In [25], Budur and Wang establish the following version of a classical result, due to Ax
and Lindemann.

Theorem 12.8 ([25]). Let V C C" and W C (C*)" be irreducible algebraic subvarieties.

(1) Suppose dimV = dim W and exp(V) € W. Then V is a translate of a linear sub-
space, and W is a translate of an algebraic subtorus.

(2) Suppose the exponential map exp: C" — (C*)" induces a local analytic isomor-
phism Vgy — Wyy. Then Wy is the germ of an algebraic subtorus.

A standard dimension argument shows the following: if W and W’ are irreducible alge-
braic subvarieties of (C*)" which contain 1 and whose germs at 1 are locally analytically
isomorphic, then W = W’. Using this fact, we obtain the following corollary to part ((2))
of the above theorem.

Corollary 12.9. Let V C C" and W € (C*)" be irreducible algebraic subvarieties. Sup-
pose the exponential map exp: C" — (C*)" induces a local analytic isomorphism Vg =
Wy. Then W is an algebraic subtorus and V is a rationally defined linear subspace.

12.6. Tangent cones and jump loci

Let X be a g-finite space. Its cohomology algebra, H*(X, C), is then g-finite; that is,
bi(X) < oo fori < q. Thus, the resonance varieties R;;(X) = ‘Ri (H*(X,C)) are homoge-
neous algebraic subsets of the affine space H' (X, C), foralli < g and k > 0.
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The following basic relationship between the characteristic and resonance varieties
was established by Libgober in [86] in the case when X is a finite CW-complex and i is
arbitrary; a similar proof works in the generality that we work in here.

Theorem 12.10 ([86]). Suppose X is a q-finite space. Then, for alli < q and k > 0,
TC1(V/(X)) € R.(X). (12.4)

Putting together these inclusions with those from (12.3), we obtain the following corol-
lary.

Corollary 12.11. Suppose X is a q-finite space. Then, for alli < q and k > 0,
1(VL(X)) € TC1(V{(X)) € Ri(X). (12.5)
A particular case of this corollary is worth mentioning separately.

Corollary 12.12. Let G be a finitely generated group. Then, for all k > 0,
1(VH(G)) € TC1(V(G)) € R(G).
Using now Theorems 12.2 and 12.3, we obtain the following “Tangent Cone formula.”

Theorem 12.13. Suppose X is a q-finite space which admits a q-finite g-model A. Then,
foralli < gandk >0,

(Vi (X)) = TCL(V{(X)) = R (A). (12.6)
This theorem, together with Theorem 9.3, yields the following corollary.

Corollary 12.14. Suppose G is a finitely generated group whose Malcev Lie algebra is
the LCS completion of a finitely presented Lie algebra. Then 11 ((Vkl (G)) = TCl((Vkl (G)),
forallk > 0.

In other words, if the first half of the Tangent Cone formula fails in degree 1, i.e., if
T (‘”Vkl (G)) € TCy (‘”Vkl (G)) for some k > 0, then m(G) # L, for any finitely presented Lie
algebra L. This will happen automatically if the variety TC; (‘”Vk1 (G)) has an irreducible
component which is not a rationally defined linear subspace of H'!(G, C).

12.7. Formality and cohomology jump loci

The main connection between the formality property of a space and the geometry of its
cohomology jump loci is provided by the next result. This result, which was first proved
in degree i = 1 in [42], and in arbitrary degree in [40], is now an immediate consequence
of Theorem 12.13.

Corollary 12.15. Let X be a q-finite, q-formal space. Then, for alli < q and k > 0,

7 (Vi(X)) = TCL(V{(X)) = R (X). (12.7)
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In particular, if G is a finitely generated, 1-formal group, then, for all k£ > 0,
1(VH(G)) = TCL(V(G)) = RL(G). (12.8)

As an application of Corollary 12.15, we have the following characterization of the
irreducible components of the cohomology jump loci in the formal setting.

Corollary 12.16. Suppose X is a q-finite, q-formal space. Then, for alli < q and k > 0,
the following hold.

(1) Allirreducible components of the resonance varieties ‘R}; (X) are rationally defined
linear subspaces of H' (X, C).

(2) All irreducible components of the characteristic varieties (V,f(X ) which contain
the origin are algebraic subtori of Char(X)°, of the form exp(L), where L runs
through the linear subspaces comprising ‘R;; (X).

13. Algebraic models for smooth quasi-projective varieties

13.1. Compactifications and formality

A complex projective variety is a subset of a complex projective space CP", defined as the
zero-locus of a homogeneous prime ideal in C[z, .. ., z,]. A Zariski open subvariety of a
projective variety is called a quasi-projective variety. We will only consider here projective
and quasi-projective varieties which are connected and smooth.

If M is a smooth, projective variety—or, more generally, a compact Kédhler manifold—
then the Hodge decomposition on the cohomology ring H*(M, C) imposes stringent con-
straints on the topological properties of M. For instance, in the famous paper of Deligne,
Griffiths, Morgan, and Sullivan [37] it is shown that every such manifold is formal.

Each smooth, quasi-projective variety X admits a good compactification. That is to
say, there is a smooth, complex projective variety X and a normal-crossings divisor D
such that X = X \ D. By a well-known theorem of Deligne, each cohomology group of X
admits a mixed Hodge structure. This additional structure puts definite constraints on the
algebraic topology of such manifolds.

For instance, if X admits a smooth compactification X with bl(Y) = 0, the weight
1 filtration on H'! (X, C) vanishes; in turn, by work of Morgan [100], this implies the 1-
formality of X. Thus, as noted by Kohno in [77], if X is the complement of a hypersurface
in CP", then 71 (X) is 1-formal.

In general, though, smooth quasi-projective varieties need not be 1-formal. Moreover,
even when they are 1-formal, they still can be non-formal.

Example 13.1. Let E*" be the product of n copies of an elliptic curve E. The closed
form %V—l >, dz; A dZ; defines an integral cohomology class w € H'"!'(EX", Z). By
the Lefschetz theorem on (1, 1)-classes, w can be realized as the first Chern class of an
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algebraic line bundle over E*". Let X,, be the complement of the zero-section of this
bundle. Then X,, is a smooth, quasi-projective variety which is not formal. In fact, X,
deform-retracts onto the (2n + 1)-dimensional Heisenberg nilmanifold 4, from Example
14.19, and so X,, is (n — 1)-formal but not n-formal.

13.2. Algebraic models

As before, let X be a connected, smooth, complex quasi-projective variety, and choose
a smooth compactification X such that the complement is a finite union, D = | J jes Dy,
of smooth divisors with normal crossings. There is then a rationally defined cpca, A =
A(Y, D), called the Gysin model (or, the Morgan model) of the compactification, con-
structed as follows. As a C-vector space, A’ is the direct sum of all subspaces

APt = (B H”( N Dk,C>(—q) (13.1)

|S|=gq keS

with p + ¢ = i, where (—q) denotes the Tate twist. Furthermore, the multiplication in A
is induced by the cup-product in X, and has the property that AP-4 - AP-4" C AP*P'-a+d’
while the differential, d: AP-9 — AP*2-471 is constructed from the Gysin maps arising
from intersections of divisors. The cpGa just constructed depends on the compactifica-
tion X; for simplicity, though, we will denote it by A(X) when the compactification is
understood.

An important particular case is when our variety X has dimension 1. That is to say,
let £ be a connected, possibly non-compact, smooth algebraic curve. Then X admits a
canonical compactification, 3, and thus, a canonical Gysin model, A(X). We illustrate the
construction of this model in a simple situation, using the very explicit description given
by Bibby in [18] for complements of elliptic arrangements.

Example 13.2. Let X = E* be a once-punctured elliptic curve. Then X = E, and the Gysin
model A(X) is the algebra A = A(a, b, e)/(ae, be) on generators a, b in bidegree (1, 0)
and generator ¢ in bidegree (0, 1), with differential d: A — A given by da = db = 0 and
de = ab.

The above construction is functorial, in the following sense: If f: X — Y is a mor-
phism of quasi-projective manifolds which extends to a regular map f: X — Y between the
respective good compactifications, then there is an induced cpGa morphism f*: A(Y) —
A(X) which respects the bigradings.

Morgan showed in [100] that the Sullivan model Ay (X) is connected to the Gysin
model A(X) by a chain of quasi-isomorphisms preserving Q-structures. Moreover, setting
the weight of AP-9 equal to p + 2q defines a positive-weight decomposition on (A*, d).

In [45], Dupont constructed a Gysin-type model for certain types of quasi-projective
varieties, where the normal-crossings divisors hypothesis on the compactification can be
relaxed. More precisely, let A be an arrangement of smooth hypersurfaces in a smooth,
n-dimensional complex projective variety X, and suppose A locally looks like an arrange-
ment of hyperplanes in C”. There is then a cpGa model for the complement, X = X \
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Urea L, which builds on the combinatorial definition of the Orlik—Solomon algebra of a
hyperplane arrangement.

Finally, let A be an arrangement of complex linear subspaces in C". Using a blow-up
construction, De Concini and Procesi gave in [36] a ‘wonderful’ cpca model for the com-
plement of such an arrangement. Based on a simplication of this model due to Yuzvinsky
[147], Feichtner and Yuzvinsky showed in [49] the following: If the intersection poset of
A is a geometric lattice, then the complement of A is a formal space. In general, though,
the complement of a complex subspace arrangement need not be formal. For instance, the
polyhedral product constructions of [9], [38], [64] mentioned in Section 10.8 yield coordi-
nate subspace arrangements whose complements admit non-trivial Massey products over
the rationals.

13.3. Characteristic varieties

The structure of the jump loci for cohomology in rank 1 local systems on smooth, complex
projective and quasi-projective varieties (and, more generally, on Kihler and quasi-Kéhler
manifolds) was determined through the work of Beauville [12], Green and Lazarsfeld [65],
Simpson [123], and Arapura [3]. The definitive structural result in the quasi-projective
setting was obtained by Budur and Wang in [24], building on the work of Dimca and
Papadima [40].

Theorem 13.3 ([24]). Let X be a smooth quasi-projective variety. Then each characteris-
tic variety (Vli(X) is a finite union of torsion-translated subtori of Char(X).

Work of Arapura [3] explains how the non-translated subtori occurring in the above
decomposition of ‘”Vl1 (X) arise. Let us say that a holomorphic map f: X — X is admissible
if f is surjective, has connected generic fiber, and the target X is a connected, smooth
complex curve with negative Euler characteristic. Up to reparametrization at the target,
the variety X admits only finitely many admissible maps; let Ex be the set of equivalence
classes of such maps.

If f: X — Zis an admissible map, it is readily verified that ‘”Vl1 (%) = Char(X). Thus,
the image of the induced morphism between character groups, f*: Char(X) — Char(X),
is an algebraic subtorus of Char(X).

Theorem 13.4 ([3]). The correspondence f +— f*(Char(X)) defines a bijection between
the set Ex of equivalence classes of admissible maps from X to curves and the set of
positive-dimensional, irreducible components of V' (X) containing 1.

The positive-dimensional, irreducible components of (Vll (X) which do not pass through
1 can be similarly described, by replacing the admissible maps with certain “orbifold fibra-
tions,” whereby multiple fibers are allowed.
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13.4. Resonance varieties

We now turn to the resonance varieties associated with a quasi-projective manifold, and
how they relate to the characteristic varieties. The Tangent Cone theorem takes a very
special form in this setting.

Theorem 13.5. Let X be a smooth, quasi-projective variety, and let A(X) be a Gysin
model for X. Then, for eachi > 0 and k > 0,

11(VL(X)) = TC1(V{(X)) = R (A(X)) € RE(X). (13.2)
Moreover, if X is g-formal, the last inclusion is an equality, for alli < q.

In particular, the resonance varieties R}; (A(X)) are finite unions of rationally defined
linear subspaces of H'!(X, C). On the other hand, the varieties ’R;;(X ) can be much more
complicated; for instance, they may have non-linear irreducible components. If X is g-
formal, though, Theorem 13.2 guarantees this cannot happen, as long as i < gq.

13.5. Resonance in degree 1

Once again, let X be a smooth, quasi-projective variety, and let A(X) be the Gysin model
associated with a good compactification X. The degree 1 resonance varieties Ri (A(X)),
and, to some extent, 7{% (X), admit a much more precise description than those in higher
degrees.

As in the setup from Theorem 13.4, let Ex be the set of equivalence classes of admis-
sible maps from X to curves, and let f: X — X be such map. Recall from Section 13.2
that the curve ¥ admits a canonical Gysin model, A(X). As noted in [40], the induced
cpGa morphism, f': A(Z) — A(X), is injective. Let f*: H'(A(Z)) — H'(A(X)) be the
induced homomorphism in cohomology.

Theorem 13.6 ([40,92]). For a smooth, quasi-projective variety X, the decomposition of
‘R% (A(X)) into (linear) irreducible components is given by

Ri(a(X) = | r#H"A®)). (13.3)

f€8x

If X admits no admissible maps, that is, if &x = @, formula (13.3) should be understood
to mean R (A(X)) = {0} if b1 (X) > 0 and R| (A(X)) = 0 if b1 (X) = 0.

Example 13.7. Let X = X; be the complex, smooth quasi-projective surface constructed

in Example 13.1. Clearly, this manifold is a C*-bundle over E = §' x S! which deform-

retracts onto the 3-dimensional Heisenberg nilmanifold M = Gr/Gz from Example 10.14.

Hence, V' (X) = {1}, and so 74 (V] (X)) =TCy (V' (X)) = {0}. On the other hand, R (X) =
C2, and so X is not 1-formal.

Under a 1-formality assumption, the usual resonance varieties ‘R} (X) admit a similar
description.
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Theorem 13.8 ([42]). Let X be a smooth, quasi-projective variety, and suppose X is 1-
formal. Then the decomposition into irreducible components of the first resonance variety
is given by

Ri(X) = ] @' 0), (13.4)

feéx

with the same convention as before when Ex = 0. Moreover, all the (rationally defined)
linear subspaces in this decomposition have dimension at least 2, and any two distinct
ones intersect only at 0.

If X is compact, then the formality assumption in the above theorem is automatically
satisfied, due to [37]. Furthermore, the conclusion of the theorem can also be sharpened
in this case: each (non-trivial) irreducible component of ’R%(X ) is even-dimensional, of
dimension at least 4. In general, though, the resonance varieties of a quasi-projective man-
ifold can have non-linear components.

Example 13.9 ([42]). Let X = Conf(E, n) be the configuration space of n points on an
elliptic curve E. Letting {a, b} be the standard basis of H!(E,C) = C2, we may iden-
tify H*(E*",C) with A(ay, b1, ..., an, b,) and find a presentation for H<>(X, C) from
Totaro’s spectral sequence [142]. A computation then gives

R!(Conf(E, n)) = {(x, J) ecnson| L% = Lin i =0, } (13.5)

If n > 3, this variety is irreducible and non-linear (in fact, it is a rational normal scroll),
from which we conclude that the configuration space Conf(E, n) is not 1-formal.

13.6. Large quasi-projective groups

Recall that a quasi-projective variety is a Zariski open subset of a projective variety.
We will say that a space X is a quasi-projective manifold if it is a connected, smooth,
complex quasi-projective variety. Every such manifold has the homotopy type of a finite
CW-complex.

A group G is said to be quasi-projective if it can be realized as the fundamental group
of a quasi-projective manifold. Clearly, every such a group admits a finite presentation.
We now turn to the question of deciding whether a quasi-projective group is large. It turns
out that a complete answer to this question can be given in terms of “admissible” maps to
curves.

A map f: X — C from a quasi-projective manifold X to a smooth complex curve
C is said to be admissible if it is regular, surjective, and has connected generic fiber. It
is easy to see that the homomorphism on fundamental groups induced by such a map,
fy: mi(X) — m1(C), is surjective. We denote by E(X) the family of admissible maps to
curves with negative Euler characteristic, modulo automorphisms of the target.

Deep work of Arapura [3] characterizes those positive-dimensional, irreducible com-
ponents of the characteristic variety (Vll(X ) which contain the origin of the character
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group Char(X): all such components are connected, affine subtori, which arise by pullback
of the character torus Char(C) along the homomorphism f;: 711(X) — 71(C) induced by
some map f € E(X).

Suppose now that C is a smooth complex curve with y(C) < 0. It is readily seen that
the fundamental group G = 71 (C) surjects onto a free, non-abelian group, and so G is very
large. More generally, we have the following characterization of large, quasi-projective
groups.

Proposition 13.10 ([113]). Let X be a smooth quasi-projective variety. Then:
(1) 71(X) is large if and only if there is a finite cover Y — X such that E(Y) # 0.
(2) m1(X) is very large if and only if E(X) # 0.

Consequently, if 51(X) > 0, then E(X) # 0 if and only if the analytic germ at 1 of
V! (X) is not equal to {1}.

13.7. Resonance and largeness

To conclude this section, we rephrase the last condition in terms of resonance varieties.
As shown by Morgan [ 100], every quasi-projective manifold X admits a finite-dimensional
model A(X, D); such a ‘Gysin’ model depends on a smooth compactification X for which
the complement D = X \ X is a normal crossings divisor. Let A be a Gysin model for X,
or any one of the more general Orlik—-Solomon models constructed by Dupont in [46]. In
either case, let us note that all resonance varieties of A have positive weights, i.e., they are
invariant with respect to a C*-action on H'(A) with positive weights.

Proposition 13.11 ([113]). Let X be a smooth, quasi-projective variety with b1(X) > 0
and let A be an Orlik—Solomon model for X. Then m1(X) is very large if and only if
Ri(A) # {0}.

Example 13.12. Let X, be a compact, connected Riemann surface of genus g, and let
X = Fr(Z;) be the partial configuration space associated to a finite simple graph I". More
concretely, if n is the number of vertices of I', then Fr(XZ,) is the complement in EZ
of the union of the diagonals z; = z;, indexed by the edges of I'. No convenient presen-
tation is available for the fundamental group Gr,q := m1(Fr(Zg)). On the other hand,
the Orlik-Solomon model A for Fr(X,) is much more approachable. Computing the res-
onance variety ﬁ}(A) leads to a complete, explicit description of &(Fr(Zg)). Such a
description is given in [13], for all g > 0 and for all finite graphs I', generalizing a result
from [17], valid only for chordal graphs. In particular, E(Fr(Zg)) = 0, that is, Gr g is
not very large, if and only if either g = 1 and I has no edges, or g = 0 and I" contains no
complete subgraph on 4 vertices.



Formality and finiteness in rational homotopy theory 63

14. Algebraic models for Lie group actions

14.1. Almost free actions and Hirsch extensions

Let K be a compact, connected, real Lie group. Consider the universal principal K-bundle,
K — EK — BK, with contractible total space EK and with base space the classifying
space BK = EK /K. By a classical result of Hopf, the cohomology ring of K (with coef-
ficients in a field k of characteristic 0) is isomorphic to the cohomology ring of a finite
product of odd-dimensional spheres. That is, H*(K, k) = AP*, where P* is an oddly-
graded, finite-dimensional vector space, with homogeneous basis {t, € P™«}, for some
odd integers my, . .., m,, where r = rank(K).

Now let M be a compact, connected, differentiable manifold on which the compact,
connected Lie group K acts smoothly. Both M and the orbit space N = M /K have the
homotopy type of finite CW-complexes. We consider the diagonal action of K on the
product EK X M, and form the Borel construction, Mx = (EK X M) /K. Letpr: Mg — N
be the map induced by the projection pr,: EK X M — M.

The K-action on M is said to be almost free if all its isotropy groups are finite. When
this assumption is met, the work of Allday and Halperin [1] provides a very useful Hirsch
extension model for the manifold M.

Theorem 14.1 ([1]). Suppose M admits an almost free K-action, with orbit space N =
M /K. There is then a map o : P* — Z**'(Ap (N)) such that pr* o[ o] is the transgression
in the principal bundle K — EK X M — Mg, and

APL(M) = APL(N) ®s AP.

This theorem may be applied for instance to the total space M of a principal K-bundle
over a compact manifold N = M /K. The next result identifies an interesting class of finite-
dimensional CW-spaces that have finite cbGga models.

Proposition 14.2 ([114]). Let M be an almost free K-manifold. Write H* (K, k) = A\ P, for
some graded k-vector space P, and let m be the maximum degree of P*.
(1) Suppose B is a q-finite g-model of the orbit space N = M | K, with g > m + 1. Then
a suitable Hirsch extension A = B ®. AP is a q-finite g-model for M.
(2) Suppose N = M /K is g-formal. Then we may take B* = (H*(N,k),0), and A =
B ®; AP is a q-finite g-model of M with positive weights.

Restricting to principal K-bundles, we can say more. As before, identify H* (K, Q)
with AP = A(t1,...,1).

Theorem 14.3 ([114]). Let N be a connected, finite CW-complex and let K be a com-
pact, connected, real Lie group. If N has a finite-dimensional rational model B, then any
Hirsch extension A = B ® \P can be realized as a finite-dimensional rational model of
some principal K-bundle M over N. When B has positive weights and the image of [7] is
generated by weighted-homogeneous elements, A also has positive weights.



64 A. 1. Suciu

14.2. Graded regularity and partial formality

Fix an integer ¢ > 0. Let H* be a connected commutative graded algebra over a field k of
characteristic 0. Following [ 114], we say that a homogeneous element e € H* is a non-zero
divisor up to degree ¢ if the multiplication map e-: H' — H*¥ is injective, for all i < g.
(For g = 0, this simply means that e # 0.)

Likewise, we say that a sequence ey, ..., ¢, of homogeneous elements in H* is g-
regular if the class of each e, is a non-zero divisor up to degree g — deg(e,) + 2 in the
quotient ring H /Y5, egH. (This implies in particular that the elements ey, ..., e, are
linearly independent over k, when g > deg(e,) — 2 for all @.)

Theorem 14.4 ([114]). Suppose e1, ..., e, is an even-degree, q-regular sequence in H*.
Then the Hirsch extension A = (H ®; N\(t1,...,t;),d) withd =0on H and dto =1(to) =
€ q has the same q-type as (H/},, €oH,0). In particular, A is q-formal.

Classical results of Borel and Chevalley provide the machinery for constructing graded
algebras which satisfy the hypothesis of Theorem 14.4, in the case when g = co. Let
H*(BK, k) be the cohomology algebra of the classifying space of a compact, connected
Lie group K. Let T be a maximal torus in K, and let W = NT /T be the Weyl group. The
classifying space BT is the product of r copies of CP®, where r is the rank of K. Its coho-
mology algebra is H*(BT, k) = k[xy, ..., x,], with degree 2 free algebra generators, on
which W acts by graded algebra automorphisms.

The natural map «: BT — BK identifies the cohomology algebra H*(BK, k) with
the invariant subalgebra of the W-action. More precisely, H*(BK, k) is isomorphic to a

polynomial ring of the form k[ f1, ..., f-], where each f, is a W-invariant polynomial of
even degree m, + 1, with m, as in Section 14.1. Moreover, fi, ..., f; forms a regular
sequence in k[xg,...,x,].

Let U C K be a closed, connected subgroup of a compact, connected Lie group. As
shown in [140], the Sullivan minimal model of the homogeneous space K/U is a Hirsch
extension of the form A = H @, A(t1,...,ts), where H* is a free graded algebra on
finitely many even-degree generators, with zero differential, as in Theorem 14.4. As is
well-known, not all homogeneous spaces K /U are formal. Nevertheless, the criterion from
Theorem 14.4 may be used to gain information on their partial formality properties.

Example 14.5. For the homogeneous space Sp(5)/SU(S), the aforementioned algebra
H* has two free generators, x¢ and x19, where subscripts denote degrees, and the sequence
from Theorem 14.4 is {xé,x%o,x(,xw}, see [54]. It follows that Sp(5)/SU(5) is 19-formal.
On the other hand, a computation with Massey triple products shows that this estimate is
sharp, that is, Sp(5)/SU(5) is not 20-formal.

14.3. Partial formality of K-manifolds

Let M be an almost free K-manifold. We write H*(K, k) = A(¢1,...,t), and denote the
transgression of ¢, by e, € H™=*!(M /K, k). As before, set m = max{m}.



Formality and finiteness in rational homotopy theory 65

Theorem 14.6 ([114]). Suppose the K-action on M is almost free, the orbit space N =
M /K is k-formal, for some k > m + 1, and ey, ..., e, form a g-regular sequence in
H*(N,k), for some q < k. Then the quotient algebra H*(N k) /Y., e o H*(N k), equipped
with the zero differential, is a finite-dimensional q-model for M; in particular, M is g-
formal.

As illustrated in the next two examples, the g-regularity assumption from Theorem
14.6 is optimal with respect to the g-formality conclusion for the manifold M, at least in
the case when K = S! or §°.

Example 14.7. Let M = H be the 3-dimensional Heisenberg nilmanifold from Example
10.14. This manifold is the total space of the principal S'-bundle over the formal manifold
N = 8" x §', with Euler class e € H>(N,Z) equal to the orientation class. In this case, the
sequence {e} is O-regular, but not 1-regular in H*(N, k). In fact, as mentioned previously,
M is not 1-formal. As explained in Example 14.19, this is the first manifold in a series,
H ., where (n — 1)-regularity implies (n — 1)-formality in an optimal way.

Example 14.8. Let M to be the total space of the principal S3-bundle over N = §? x S?
obtained by pulling back the Hopf bundle S” — S* along a degree-one map N — S*. As
above, N is formal, and the Euler class e € H4(N ,Z) is the orientation class. In this case,
{e} is 3-regular, but not 4-regular in H*(N, k), and Theorem 14.6 says that M is 3-formal.
Direct computation with the minimal model of M shows that, in fact, M is not 4-formal.

14.4. Malcev completion and representation varieties

Let H be a 2-finite cpGa with zero differential, and let A = H ® ; /\ P be a Hirsch extension,
where P is an oddly-graded, finite-dimensional vector space.

Theorem 14.9 ([114]). The holonomy Lie algebra Y)(A) admits a finite presentation with
generators in degree 1 and relations in degrees 2 and 3.

Corollary 14.10 ([114]). Suppose M supports an almost free K-action with 2-formal
orbit space. Then:

(1) The group m = n{ (M) is filtered-formal. More precisely, the Malcev Lie algebra
m(n) is isomorphic to the lcs completion of Lie(H,(r,k))/t, where t is a homo-
geneous ideal generated in degrees 2 and 3.

(2) For every complex linear algebraic group G, the germ at the origin of the repre-
sentation variety Homg, (71, G) is defined by quadrics and cubics only.

The second statement in the above corollary is analogous to the quadraticity obstruc-
tion for fundamental groups of compact Kédhler manifolds obtained by Goldman—Millson
in [63]. Note that the corollary applies to principal K-bundles over formal manifolds.
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14.5. Orbifold fundamental groups

Assume now that M is an almost free K-manifold. By [23, Theorem 4.3.18], the projection
p: M — M /K induces a natural epimorphism f: (M) —» n‘l’rb(M /K) between orbifold
fundamental groups.

Theorem 14.11 ([114]). Suppose that the K-action on M is almost free and the trans-
gression P* — H**' (Mg, k) = H+' (M /K, k) is injective in degree 1. Then the following
hold.
(1) Ifthe orbit space N = M /K has a 2-finite 2-model over k C C, then the homomor-
phism f: (M) —» n‘l’rb(N ) induces an analytic isomorphism between the germs
at 1 of‘”Vkl (n‘l’rb(N)) and (Vkl (m1 (M), for all k.
(2) If N is 2-formal, then f induces an analytic isomorphism between the germs at 1
of Hom("™(N), SL»(C)) and Hom(mry (M), SL»(C)).

Example 14.12. Let K be a compact, connected Lie group, and identify H*(K, Q) with
A P}. Let N be a compact, formal manifold, and assume b,(N) > s, where s = dim P}<
(for instance, take N to be the product of at least s compact Kihler manifolds). There is
then a degree-preserving linear map, 7: Py, — H **1(N,Q), which is injective in degree 1.
By Theorem 14.3, such a map can be realized as the transgression in a principal K-bundle,
M. — N, and the manifold M, satisfies the assumptions from Theorem 14.11.

Theorem 14.11 may also be applied to a Seifert fibered 3-manifold with non-zero Euler
class, p: M — M/S' = X,. In this case, (Vkl (M) 1) is isomorphic to ‘”Vk1 (Zg) ), for all k,
while Hom(m (M), SLQ(C))(I) = Hom(nl (Eg), SLQ(C))(I) .

14.6. Sasakian geometry

The machinery outlined above has some noteworthy consequences for the topology of
compact Sasakian manifolds, which are related to formality properties, representation
varieties and cohomology jump loci. A comprehensive reference for Sasakian geometry is
the book of Boyer and Galicki [23].

Let M>™*! be a compact Sasakian manifold of dimension 2n + 1. Without loss of
essential generality, we may assume that the Sasakian structure is quasi-regular. A basic
structural result in Sasakian geometry guarantees that, in this case, M supports an almost
free circle action. Furthermore, the quotient space, N = M/S', is a compact Kihler orb-
ifold, with Kihler class & € H*(N, k) satisfying the Hard Lefschetz property, that is,
multiplication by ¥ defines an isomorphism

H"K(N,k) — H"*(N,k) (14.1)

for each 1 < k < n; see [23, Proposition 7.2.2 and Theorem 7.2.9]. The thesis of Tievsky
[141, §4.3] provides a very useful model for a Sasakian manifold.
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Theorem 14.13 ([141]). Every compact Sasakian manifold M admits as a finite model
over R the Hirsch extension A*(M) = (H*(N,R) &, A\(t),d), where d is zero on H*(N,R)
and dt = h, the Kdhler class of N.

Sasakian geometry is an odd-dimensional analog of Kéhler geometry. From this point
of view, the above theorem is a rough analog of the main result on the algebraic topol-
ogy of compact Kéhler manifolds from [37], guaranteeing that such manifolds are formal.
Theorem 14.13 only says that M behaves like an almost free compact S'-manifold with
formal orbit space. A result from [11] establishes the formality of the orbifold de Rham
algebra of a compact Kéhler orbifold. Unfortunately, this is not enough for applying The-
orem 14.6, since the authors of [11] do not prove that the orbifold de Rham algebra is
weakly equivalent to the Sullivan de Rham algebra.

By construction, the Tievsky model A*(M) is a real cpca defined over Q. Neverthe-
less, in view of Remark 8.1, it does not follow from [141] that A*(M) is a model for M
over Q.

However, we can say something very useful regarding rational models for Sasakian
manifolds. We start with a lemma and will come back to this point in Theorem 14.18.

Lemma 14.14 ([114]). The Tievsky model Ay (M) = (H*(N,R) ®, \(1),d) is a finite
model with positive weights for M.

Corollary 14.15 ([114]). Let M be a compact Sasakian manifold. For each i,k > 0, all
irreducible components of the characteristic variety (V]; (M) passing through 1 are alge-
braic subtori of the character group H' (M, C*).

A well-known, direct relationship between Kihler and Sasakian geometry is as fol-
lows. Let N be a compact Kahler manifold such that the Kéhler class is integral, i.e.,
h € H*(N,Z), and let M be the total space of the principal S'-bundle classified by .
Then M is a regular Sasakian manifold. A concrete class of examples is provided by the
Heisenberg manifolds H,, from Example 14.19 below.

14.7. Partial formality of Sasakian manifolds

Let M>"*! be a compact Sasakian manifold, with fundamental group G = 711 (M). One may
ask: Is the group & (or, equivalently, the manifold M) 1-formal? When n = 1, the answer
is clearly negative, a simple example being provided by the Heisenberg manifold #;. In
[76, Theorem 1.1], Kasuya claims that the case n = 1 is exceptional, in the following sense.

Claim 14.16. Every compact Sasakian manifold of dimension 2n + 1 is 1-formal over R,
provided n > 1.

As pointed out in [114], the proof from [76] has a gap, which we briefly explain.
Given a cpGa A, the decomposable part of H>(A) is the linear subspace DH?(A) defined
as the image of the product map in cohomology, H' (A) A H'(A) — H?(A). What Kasuya
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actually shows is that
DH*(Mi(M)) = H*(Mi(M)), (14.2)

for a compact Sasakian manifold M?**! with n > 1, where M; (M) is the 1-minimal model
of M over R. Equality (14.2) is an easy consequence of 1-formality. Kasuya deduces the
1-formality of M from (14.2), by invoking as a crucial tool Lemma 3.17 from [2]. Unfor-
tunately, though, this lemma is false, as shown by Micinic in [91]. Nevertheless, the next
theorem proves Claim 14.16 in a stronger form, while also recovering equality (14.2).

Theorem 14.17 ([114]). Every compact Sasakian manifold M of dimension 2n + 1 is
(n = 1)-formal, over an arbitrary field k of characteristic 0.

The next result makes Theorem 14.17 more precise, by constructing an explicit finite,
(n — 1)-model with zero differential for M over any field of characteristic 0.

Theorem 14.18 ([114]). Let M be a compact Sasakian manifold M of dimension 2n + 1.
The Sullivan model of M over a field k of characteristic 0 has the same (n — 1)-type overk
as the cpca (H*(N,k)/h- H*(N,k),0), where N = M /S" and h € H*(N, k) is the Kiihler
class.

As illustrated by the next example, the conclusion of Theorem 14.17 is optimal.

Example 14.19. Let E = S' x S' be an elliptic complex curve, and let N = EX" be
the product of n such curves, with Kahler form w = 37| dx; A dy;. The correspond-
ing Sasakian manifold is the (2n + 1)-dimensional Heisenberg nilmanifold #,,. Theorem
14.17 guarantees that H, is (n — 1)-formal. As noted in [91], though (see also Example
3.6), the manifold H, is not n-formal.

14.8. Sasakian groups

A group r is said to be a Sasakian group if it can be realized as the fundamental group of
a compact, Sasakian manifold. A major open problem in the field (see e.g. [23, Chapter 7]
or [32]) is: “Which finitely presented groups are Sasakian?”

A first, well-known obstruction is that the first Betti number b (7r) must be even, see
for instance the references listed in [32]. Much more subtle obstructions are provided by
the following result. Fix a field k of characteristic 0.

Corollary 14.20 ([114]). Let © = 71 (M) be a Sasakian group. Then:

(1) The Malcev Lie algebra m(m, k) is the lcs completion of the quotient of the free
Lie algebra Lie(H|(r,k)) by an ideal generated in degrees 2 and 3. Moreover,
this Lie algebra presentation can be explicitly described in terms of the graded
ring H*(M /S', k) and the Kihler class h € H*(M /S', k).

(2) The group n is filtered-formal.

(3) For every complex linear algebraic group G, the germ at the origin of the repre-
sentation variety Hom(rr, G) is defined by quadrics and cubics only.
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As an application of Corollary 14.15, we obtain another (independent) obstruction to
Sasakianity.

Corollary 14.21 ([114]). Let & be a Sasakian group. For each k > 0, all irreducible
components of the characteristic variety (Vkl (7) passing through 1 are algebraic subtori
of the character group Hom(r, C*).

By Theorem 14.13, the R-homotopy type of a compact Sasakian manifold M depends
only on the cohomology ring H*(M /S', R) and the Kihler class h € H>(M/S', Q). Sur-
prisingly enough, it turns out that the germs at 1 of certain representation varieties and
jump loci of 71(M) depend only on the graded cohomology ring of M/S'.

Corollary 14.22 ([114]). Let M be a compact Sasakian manifold, and let G = SL,(C).
Then the germ at 1 of Hom(x; (M), G) depends only on the graded ring H*(M/S', C)
and the Lie algebra of G, in an explicit way. Similarly, the germs at 1 of the characteristic
varieties (Vkl (w1(M)) depend (explicitly) only on H*(M/S",C).

15. Algebraic models for closed 3-manifolds

In this final section we give a partial characterization of the formality and finiteness prop-
erties for rational models of closed 3-manifolds.

15.1. The intersection form of a 3-manifold

Let M be a compact, connected 3-manifold without boundary. For short, we shall refer to
M as being a closed 3-manifold. Throughout, we will also assume that M is orientable.

Fix an orientation class [M] € H3(M,Z) = Z. With this choice, the cup product on M
determines an alternating 3-form yu; on H'(M,Z), given by

upm(@anbanc)=C(aUbUc, [M]), (15.1)

where (-, -) denotes the Kronecker pairing. In turn, the cup-product map A> H'(M,Z) —
H?*(M,Z) is determined by the intersection form s via (a U b,y) = upr(a A b A c),
where c is the Poincaré dual of y € Hy(M,Z).

In [136], Sullivan proved the following result.

Theorem 15.1 ([136]). For every finitely generated, torsion-free abelian group H and
every 3-form u € NHY, there is a closed, oriented 3-manifold M with H'(M,Z) = H and
cup-product form pp = p.

Such a 3-manifold can be constructed by a process known as “Borromean surgery.”
More precisely, if n = rank H, a manifold M with the claimed properties may be defined as
0-framed surgery on a link in §* obtained from the trivial 7-component link by replacing
a collection of trivial 3-string braids by the corresponding collection of 3-string braids
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whose closures are the Borromean rings. For instance, O-surgery on the Borromean rings
produces the 3-torus 7°.

15.2. Poincaré duality and Koszul complex

We now fix a basis {ej,...,e,} for the free abelian group HI(M, Z), and we choose
{e]..... ey} as basis for the torsion-free part of H*(M,Z), where e/ denotes the Kro-
necker dual of the Poincaré dual of e;. Writing

UM = Z Hijkeiejex, (15.2)

1<i<j<k<n

where p;jx = p(e; A ej A ey) and using formula (15.1), we find that e;e; = 337 _, ,u,-jke}(’.
In order to identify the resonance varieties of the cohomology algebra A* = H*(M,C),

we let S = Sym(Aj) be the symmetric algebra on A = H;(M, C), and we identify S with

the polynomial ring C[x1, ..., x,]. The Koszul complex from (11.2) then has the form

0 5 1 Sk a2 S 43
A"Q®c S —> A ®@cS —> A Q®cS —> A’ ®c S, (15.3)

where the differentials are the S-linear maps given by 6% (1) = iy eju®x; foru e Al
In our chosen basis, the matrix of 5% is the transpose of 6% = (x1 xn), while the
matrix of 6114 is an n X n matrix of linear forms in the variables x;, given by 6}4(61-) =
=1 D=t Hjikey ® X

Note that the matrix 637 = 6; is skew-symmetric; moreover, it is singular, since the
vector (xy,...,Xy) is in its kernel. Hence, both the determinant det(ék) and the Pfaffian
pf(dar) vanish. Let 8/ (7; j) be the sub-matrix obtained from &, by deleting the i-th row
and j-th column. We then have the following lemma, due to Turaev [145].

Lemma 15.2 ([145]). Assume n > 3. There is then a polynomial Det(u) € S such that
det S (i5 j) = (=1)™*x;x; Det(u). Moreover, if n is even, then Det(u) = 0, while if n is
odd, then Det(u) = Pf(u)?, where pf(6p(i51)) = (=1)*!x; Pf(p).

15.3. Resonance varieties of 3-manifolds

Let R;; (M) be the resonance varieties associated to the cohomology algebra A = H*(M,C)
of a closed, orientable 3-manifold M. As shown in [127], Poincaré duality implies that
Ri (M) = 7{,1( (M) for 1 < k < n, while ﬁ?(M) = R?(M) ={0} if n > 0. The basic structure
of the degree 1, depth 1 resonance varieties is given by the following theorem.

Theorem 15.3 ([127], [128]). Let M be a closed, orientable 3-manifold. Set n = by (M)
and let upy be the associated alternating 3-form. Then
0 if n=0;
‘R}(M) _ {0} if n=1o0rn=3and up has rank 3; (15.4)
V(Pf(up)) if nisodd n > 3, and upy is generic;
H'(M;C) otherwise.
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In the case when n = 2g + 1 with g > 1, we say that the alternating form uy is generic
(in the sense of Berceanu and Papadima [14]) if there is an element ¢ € A! such that the
2-form y. € A; A A; defined by y.(a A D) = upy(aAb Ac)fora,be A' has maximal
rank, that is, & # 0in A8 A;. For detailed information on the resonance varieties R ,l( (M)
in depth k > 1 we refer to [127].

15.4. Characteristic varieties of 3-manifolds

As noted in [128], Poincaré duality with local coefficients imposes the same type of con-
straints on the characteristic varieties of a closed, orientable 3-manifold M ; for instance,
V(M) = VZ(M), for all k > 0. Best understood is the variety V' (M), due to its close
connection to both the resonance variety R% (M) and to the Alexander polynomial Ay,
which we define next.

Let H = Gy /Tors(Gyp) be the maximal torsion-free abelian quotient of the group
G =m1(M,xp), and let g: M — M be the regular cover corresponding to the projec-
tion G -» H. The Alexander module of M is defined as the relative homology group
Ay = Hi(M™ g7 (x0); Z), viewed as a module over the Noetherian ring ZH. Finally, let
E (Ap) € ZH be the ideal of codimension 1 minors in a ZH-presentation for Ayys. The
Alexander polynomial of M is then defined as the greatest common divisor of the elements
in this determinantal ideal, Ays = gcd(E 1 (Ap))-

As noted in [41] and [128], work of McMullen [98] and Turaev [145] yields the fol-
lowing relationship between the first characteristic variety and the Alexander polynomial
of M.

Proposition 15.4 ([41], [128]). Let M be a closed, orientable, 3-dimensional manifold.
Then
V! (M) N Char(M)° = V(Ay) U {1}. (15.5)

Moreover, if bi (M) > 4, then (VII(M) N Char(M)° = V(Ay).

The next theorem shows that the second half of the Tangent Cone formula (12.7) holds
for a large class of closed 3-manifolds with odd first Betti number (regardless of whether
those manifolds are 1-formal), yet fails for most 3-manifolds with even first Betti number.
Theorem 15.5 ([128]). Let M be a closed, orientable 3-manifold, and set n = b1(M).

(1) Ifn < 1,0ornisodd n > 3, and uyy is generic, then TC1(‘”VIl (M)) = R%(M).

(2) Ifniseven, n > 2, then TCI((VII(M)) = ‘R%(M) if and only if Aps = 0.

The information contained in the cohomology jump loci and the Alexander polynomi-
als provides a method for determining which 3-manifold groups can also be realized as

fundamental groups of Kdhler manifolds, or smooth, quasi-projective varieties. We sum-
marize the relevant results from [44], [43], and [61], as follows.

Theorem 15.6. Let G = n1(M) be the fundamental group of a closed, orientable 3-
manifold M. Then:
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[44] G = 71(X), for some compact Kdhler manifold X if and only if G is a finite
subgroup of SO(4), acting freely on S>.

[43] G is 1-formal and G = n (X)), for some smooth quasi-projective variety X if and
only if m(G) = m(F,) or m(G) = m(Z X m1(Zg)).

[61] If G = m(X), for some smooth quasi-projective variety X, then all the prime
components of M are graph manifolds.

15.5. Finite models for 3-manifolds

The previous theorem leads to obstructions to the existence of cbga models for closed 3-
manifolds with specified finiteness properties. These obstructions are quite effective since
they are expressed solely in terms of the Alexander polynomial of the manifold.

Theorem 15.7 ([128]). Let M be a closed, orientable, 3-manifold, and set n = by (M).

(1) Ifn < 1, then M is formal, and has the rational homotopy type of S* or S' x §2.
) Ifniseven, n > 2, and Apyy # 0, then M is not 1-formal.

(3) If Apg # 0, yet Aps (1) =0 and TC1(V(Apy)) is not a finite union of rationally
defined linear subspaces, then M admits no 1-finite 1-model.

Proof. For completeness, we give a proof of this result. As shown in [59], the 1-formality
of M is equivalent to formality. On the other hand, we saw in Example 10.23 that any
finitely generated group G with b1(G) < 1 is 1-formal. Thus, if b;(M) = 0 or 1, then M
is formal, and so, as noted in [108], M must be rationally homotopy equivalent to either
§3 or S x §2.

Now suppose b1(M) is even and positive, and Ap; # 0. Then, by Theorem 15.5, we
have that TCl((Vll (M)) # R} (M), and so, by Corollary 12.15, M is not 1-formal.

Finally, if Aps # 0 and Aps (1) = 0, it follows from Proposition 15.4 that ‘”Vl1 (M) and
V(Ajr) share the same tangent cone and exponential tangent cone at 1. On the other hand,
if not all the irreducible components of TC;(V(Ayy)) are rational linear subspaces, then,
by Lemma 12.7, 71 (V(Aps)) # TC1(V(Apr)). Therefore, if both assumptions are satisfied,
1 (‘”Vll (M)) & TCl((Vll(M)), and so, by Theorem 12.13, M cannot have a 1-finite 1-
model. ]

Consequently, if m =m(G) is the Malcev Lie algebra of G = 71(M), then the following
hold in the three cases delineated in Theorem 15.7: (1) m=0(if n=0)orm=Q (if n = 1);
(2) m is not the LCS completion of a finitely generated, quadratic Lie algebra; and (3) m
is not the LCS completion of a finitely presented Lie algebra.

The next two examples illustrate how the finiteness obstructions provided by Theorem
15.7 work in cases (2) and (3).

Example 15.8. The Heisenberg 3-dimensional nilmanifold M admits a finite model, for
instance, A = (A(a, b, ), d) with da = db = 0 and dc = ab. Nevertheless, M is not 1-
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formal, since b1 (M) =2 and Aps = 1. Furthermore, ups = 0, and so TCI((VIl (M)) = {0},
whereas R%(M) =C2.

Example 15.9. Let M be a closed, orientable 3-manifold with H;(M,Z) = 7% and Ay =
(t1 + 12)(t112 + 1) — 4t (such a manifold exists by [145, VIL.5.3]). Then TCy (‘”Vl1 (M)) =
{x% + x% =0} decomposes as the union of two lines defined over C, but not over Q; hence,
M admits no 1-finite 1-model. Furthermore, 11 ((Vl1 (M)) = {0} is properly contained in
TC1(V, (M)).

15.6. 3-manifolds fibering over the circle

We conclude this section with a discussion of the 1-formality property for closed 3-
manifolds that fiber over S'. We start with a result which relates the notion of 1-formality
of a semidirect product of the form G = K <Z to the algebraic monodromy of the extension.

Theorem 15.10 ([110]). Let 1 - K — G — Z — 1 be a short exact sequence of groups.
Suppose G is finitely presented and 1-formal, and b|(K) < oo. Then the eigenvalue 1 of
the monodromy action on Hy (K, C) has only 1 X 1 Jordan blocks.

This theorem yields as an immediate corollary a substantial extension of a result of
Fernandez, Gray, and Morgan [57], where the non-formality of the total spaces of certain
bundles is established by a different method, using Massey products.

Corollary 15.11 ([110]). Let F — X — S' be a smooth fibration whose fiber F is con-
nected and has the homotopy type of a CW-complex with finite 2-skeleton, and for which
the monodromy on H|(F, C) has eigenvalue 1, with a Jordan block of size greater than 1.
Then the group G = m1(X) is not 1-formal.

Next, we recall a result from [109], which is based on the interplay between the Bieri—
Neumann—-Strebel invariant, 2! (G), and the (first) resonance variety, Ri (G), of a 1-formal
group G.

Proposition 15.12 ([109]). Let M be a closed, orientable 3-manifold which fibers over
the circle. If b1 (M) is even, then M is not 1-formal.

Combining the results above yields the following corollary, which puts strong restric-
tions on the algebraic monodromy of a formal 3-manifold fibering over the circle.

Corollary 15.13 ([110]). Let M be a closed, orientable, 1-formal 3-manifold. Suppose M
fibers over the circle, and the algebraic monodromy has 1 as an eigenvalue. Then, there
are an even number of 1 X 1 Jordan blocks for this eigenvalue, and no higher size Jordan
blocks.

Indeed, by Corollary 15.11, the algebraic monodromy has only 1 X 1 Jordan blocks for
the eigenvalue 1. Let m be the number of such blocks. From the Wang sequence of the
fibration, we deduce that by (M) = m + 1. By Proposition 15.12, m must be even.
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Example 15.14. The 3-dimensional Heisenberg manifold M from Examples 10.14 and
10.27 fibers over S! with fiber S! x S! and monodromy given by the matrix ((1) { ) Since
this is a Jordan block of size 2 with eigenvalue 1, we see once again that M is not 1-formal.

Acknowledgments. In writing this survey, [ have drawn on a variety of sources, includ-
ing the foundational papers of Quillen [118], [119], Sullivan [135], [137], [138], Deligne,
Griffiths, Morgan, and Sullivan [37], Morgan [100], and Halperin and Stasheff [68]; the
books of Griffiths and Morgan [66], Félix, Halperin, and Thomas [52], [53] and Félix,
Oprea and Tanré [54]; the monographs of Bousfield and Kan [22], Bousfield and Gugen-
heim, [21], and Tanré [139]; the survey articles of Hess [70], Papadima and Suciu [108],
and Félix and Halperin [51]; and many other articles on rational homotopy theory and
related fields, all of which have provided valuable insights and inspiration.

Funding. The author is grateful to the Simons Foundation Collaboration for support
through Grants for Mathematicians #354156 and #693825.

References

[1] C. Allday, S. Halperin, Lie group actions on spaces of finite rank, Quart. J. Math. Oxford Ser.
(2) 29 (1978), no. 113, 63-76. MR 0501046

[2] J. Amorés, M. Burger, K. Corlette, D. Kotschick, D. Toledo, Fundamental groups of compact
Kdhler manifolds, Math. Surveys Monogr., vol. 44, Amer. Math. Soc., Providence, RI, 1996.
MR 1379330

[3] D. Arapura, Geometry of cohomology support loci for local systems 1, J. Algebraic Geom. 6
(1997), no. 3, 563-597. MR 1487227

[4] M. Arkowitz, Formal differential graded algebras and homomorphisms, J. Pure Appl. Alge-
bra 51 (1988), no. 1-2, 35-52. MR (0941888

[5] LK. Babenko, I.A. Taimanov, On nonformal simply connected symplectic manifolds, Siberian
Math. J. 41 (2000), no. 2, 204-217. MR 1762178

[6] LK. Babenko, I.A. Taimanov, Massey products in symplectic manifolds, Sb. Math. 191
(2000), no. 7-8, 1107-1146. MR 1762178

[7]1 A. Bahri, M. Bendersky, F.R. Cohen, S. Gitler, The polyhedral product functor: a method of
computation for moment-angle complexes, arrangements and related spaces, Adv. Math. 225
(2010), no. 3, 1634-1668. MR 2673742

[8] D. Bar-Natan, Expansions and quadraticity for groups, in preparation (2016).

[9] L.V. Baskakov, Triple Massey products in the cohomology of moment-angle complexes, Rus-
sian Math. Surveys 58 (2003), no. 5, 1039-1041. MR 2035723

[10] H.J. Baues, Rationale Homotopietypen, Manuscripta Math. 20 (1977), no. 2, 119-131.
MR 0442922
[11] G. Bazzoni, I. Biswas, M. Ferndndez, V. Mufioz, A. Tralle, Homotopic properties of Kdiihler

orbifolds, in: Special metrics and group actions in geometry, 23-57, Springer INJAM Ser.,
vol. 23, Springer, Cham, 2017. MR 3751961


https://dx.doi.org/10.1093/qmath/29.1.63
https://mathscinet.ams.org/mathscinet-getitem?mr=0501046
https://dx.doi.org/10.1090/surv/044
https://mathscinet.ams.org/mathscinet-getitem?mr=1379330
https://mathscinet.ams.org/mathscinet-getitem?mr=1487227
https://dx.doi.org/10.1016/0022-4049(88)90076-X
https://mathscinet.ams.org/mathscinet-getitem?mr=0941888
https://dx.doi.org/10.1007/BF02674589
https://mathscinet.ams.org/mathscinet-getitem?mr=1762178
https://dx.doi.org/10.1070/SM2000v191n08ABEH000497
https://mathscinet.ams.org/mathscinet-getitem?mr=1762178 
https://dx.doi.org/10.1016/j.aim.2010.03.026
https://mathscinet.ams.org/mathscinet-getitem?mr=2673742
http://drorbn.net/AcademicPensieve/Projects/ExQu/
https://dx.doi.org/10.1070/RM2003v058n05ABEH000670
https://mathscinet.ams.org/mathscinet-getitem?mr=2035723
https://dx.doi.org/10.1007/BF01170720
https://mathscinet.ams.org/mathscinet-getitem?mr=0442922
https://dx.doi.org/10.1007/978-3-319-67519-0_2
https://mathscinet.ams.org/mathscinet-getitem?mr=3751961

(12]

(13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

(28]

[29]
(30]
(31]

(32]

Formality and finiteness in rational homotopy theory 75

A. Beauville, Annulation du H' pour les fibrés en droites plats, in: Complex algebraic vari-
eties (Bayreuth, 1990), 1-15, Lecture Notes in Math., vol. 1507, Springer, Berlin, 1992.

MR 1178716

B. Berceanu, A.D. Macinic, §. Papadima, R. Popescu, On the geometry and topology of
partial configuration spaces of Riemann surfaces, Alg. Geom. Topology 17 (2017), 1163—
1188. MR 3623686

B. Berceanu, S. Papadima, Cohomologically generic 2-complexes and 3-dimensional Poin-
caré complexes, Math. Ann. 298 (1994), no. 3, 457-480. MR 1262770

A. Berglund, Koszul spaces, Trans. Amer. Math. Soc. 366 (2014), no. 9, 4551-4569.

MR 3217692

R. Bezrukavnikov, Koszul DG-algebras arising from configuration spaces, Geom. Funct.
Anal. 4 (1994), no. 2, 119-135. MR 1262702

C. Bibby, J. Hilburn, Quadratic-linear duality and rational homotopy theory of chordal
arrangements, Algebr. Geom. Topol. 16 (2106), 2637-2661. MR 3572342

C. Bibby, Cohomology of abelian arrangements, Proc. Amer. Math. Soc. 144 (2016), no. 7,
3093-3104. MR 3487239

C. Bock, On rational homotopy and minimal models, Forum Math. 33 (2021), no. 1, 283-288.
MR 4193487

R. Body, M. Mimura, H. Shiga, D. Sullivan, p-universal spaces and rational homotopy types,
Comment. Math. Helv. 73 (1998), 427-442. MR 1633367

A.K. Bousfield, V.K.A.M. Gugenheim, On PL de Rham theory and rational homotopy type,
Mem. Amer. Math. Soc. 8 (1976), no. 179. MR 0425956

A K. Bousfield, D.M. Kan, Homotopy limits, completions and localizations, Lecture Notes in
Math., vol. 304, Springer, Berlin, 1972. MR 0365573

C. Boyer, K. Galicki, Sasakian geometry, Oxford Math. Monogr., Oxford University Press,
Oxford, 2008. MR 2382957

N. Budur, B. Wang, Cohomology jump loci of quasi-projective varieties, Ann. Sci. Ecole
Norm. Sup. (4) 48 (2015), no. 1, 227-236. MR 3335842

N. Budur, B. Wang, Cohomology jump loci of quasi-compact Kdhler manifolds, Pure Appl.
Math. Q. 16 (2020), nr. 4, 981-999. MR 4180236

R. Campos, D. Petersen, D. Robert-Nicoud, F. Wierstra Lie, associative and commutative
quasi-isomorphism, arXiv:1904.03585v3.

J.A. Carlson, D. Toledo, Quadratic presentations and nilpotent Kdhler groups, J. Geom.
Anal. 5 (1995), no. 3, 359-377. MR 1360825

F. Catanese, Moduli and classification of irregular Kaehler manifolds (and algebraic vari-
eties) with Albanese general type fibrations, Invent. Math. 104 (1991), no. 2, 263-289.

MR 1098610

G. Cavalcanti, Formality of k-connected spaces in 4k + 3 and 4k + 4 dimensions, Math. Proc.
Cambridge Philos. Soc. 141 (2006), no. 1, 101-112. MR 2238645

B. Cenkl, R. Porter, Mal’cev’s completion of a group and differential forms, J. Differential
Geom. 15 (1980), no. 4, 531-542. MR 628342

K.-T. Chen, Iterated integrals of differential forms and loop space homology, Ann. of Math.
(2) 97 (1973), 217-246. MR 0380859

X. Chen, On the fundamental groups of compact Sasakian manifolds, Math. Res. Lett. 20
(2013), no. 1, 27-39. MR 3126719


https://dx.doi.org/10.1007/BFb0094507
https://mathscinet.ams.org/mathscinet-getitem?mr=1178716
https://dx.doi.org/10.2140/agt.2017.17.1163
https://mathscinet.ams.org/mathscinet-getitem?mr=3623686
https://dx.doi.org/10.1007/BF01459745
https://mathscinet.ams.org/mathscinet-getitem?mr=1262770
https://dx.doi.org/10.1090/S0002-9947-2014-05935-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3217692
https://dx.doi.org/10.1007/BF01895836
https://mathscinet.ams.org/mathscinet-getitem?mr=1262702
https://dx.doi.org/10.2140/agt.2016.16.2637
https://mathscinet.ams.org/mathscinet-getitem?mr=3572342
https://dx.doi.org/10.1090/proc/12937
https://mathscinet.ams.org/mathscinet-getitem?mr=3487239
https://dx.doi.org/10.1515/forum-2020-0123
https://mathscinet.ams.org/mathscinet-getitem?mr=4193487
https://dx.doi.org/10.1007/s000140050063
https://mathscinet.ams.org/mathscinet-getitem?mr=1633367
https://dx.doi.org/10.1090/memo/0179
https://mathscinet.ams.org/mathscinet-getitem?mr=0425956
https://dx.doi.org/10.1007/978-3-540-38117-4
https://mathscinet.ams.org/mathscinet-getitem?mr=0365573 
http://ukcatalogue.oup.com/product/9780198564959.do
https://mathscinet.ams.org/mathscinet-getitem?mr=2382957
https://dx.doi.org/10.24033/asens.2242
https://mathscinet.ams.org/mathscinet-getitem?mr=3335842
https://dx.doi.org/10.4310/PAMQ.2020.v16.n4.a3
https://mathscinet.ams.org/mathscinet-getitem?mr=4180236
https://arxiv.org/abs/1904.03585v3
http://dx.doi.org/10.1007/BF02921801
https://mathscinet.ams.org/mathscinet-getitem?mr=1360825
https://doi.org/10.1007/BF01245076
https://mathscinet.ams.org/mathscinet-getitem?mr=1098610
https://dx.doi.org/10.1017/S0305004106009340
https://mathscinet.ams.org/mathscinet-getitem?mr=2238645
https://dx.doi.org/10.4310/jdg/1214435841
https://mathscinet.ams.org/mathscinet-getitem?mr=628342
https://dx.doi.org/10.2307/1970846
https://mathscinet.ams.org/mathscinet-getitem?mr=0380859
https://dx.doi.org/10.4310/MRL.2013.v20.n1.a3
https://mathscinet.ams.org/mathscinet-getitem?mr=3126719

76

(33]

[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
(48]
[49]
[50]
[51]
[52]
[53]

[54]

A. I Suciu

F.R. Cohen, L.R. Taylor, Computations of Gel fand—Fuks cohomology, the cohomology of
function spaces, and the cohomology of configuration spaces, Geometric applications of
homotopy theory (Proc. Conf., Evanston, Ill., 1977), I, pp. 106-143, Lecture Notes in Math.,
vol. 657, Springer, Berlin, 1978. MR 0513543

Y. Cornulier, Gradings on Lie algebras, systolic growth, and cohopfian properties of nilpotent
groups, Bull. Math. Soc. France 14 (2016), no. 4, 693-744. MR 3562610

D. Crowley, J. Nordstrom, The rational homotopy type of (n — 1)-connected manifolds of
dimension up to 5n — 3, J. Topol. 13 (2020), no. 2, 539-575. MR 4092775

C. De Concini, C. Procesi, Wonderful models of subspace arrangements, Selecta Math. (N.S.)
1 (1995), no. 3, 459—494. MR 1366622

P. Deligne, P. Griffiths, J.W. Morgan, D. Sullivan, Real homotopy theory of Kdhler manifolds,
Invent. Math. 29 (1975), no. 3, 245-274. MR 0382702

G. Denham, A.L. Suciu, Moment-angle complexes, monomial ideals, and Massey products,
Pure Appl. Math. Q. 3 (2007), no. 1, 25-60. MR 2330154

G. Denham, A.L. Suciu, Local systems on complements of arrangements of smooth, complex
algebraic hypersurfaces, Forum Math. Sigma 6 (2018), e6, 20 pages. MR 3810026

A. Dimca, §. Papadima, Non-abelian cohomology jump loci from an analytic viewpoint,
Commun. Contemp. Math. 16 (2014), no. 4, 1350025, 47 pp. MR 3231055

A. Dimca, S. Papadima, A.L. Suciu, Alexander polynomials: Essential variables and multi-
plicities, Int. Math. Res. Not. IMRN 2008 (2008), Art. ID rnm119, 36 pp. MR 2416998

A. Dimca, S. Papadima, A.L. Suciu, Topology and geometry of cohomology jump loci, Duke
Math. Journal 148 (2009), no. 3, 405-457. MR 2527322

A. Dimca, S. Papadima, A.I. Suciu, Quasi-Kdhler groups, 3-manifold groups, and formality,
Math. Z. 268 (2011), no. 1-2, 169-186. MR 2805428

A. Dimca, A.l. Suciu, Which 3-manifold groups are Kihler groups?, J. Eur. Math. Soc.
(JEMS) 11 (2009), no. 3, 521-528. MR 2505439

C. Dupont, The Orlik—Solomon model for hypersurface arrangements, Ann. Inst. Fourier
(Grenoble) 65 (2015), no. 6, 2507-2545. MR 3449588

C. Dupont, Purity, formality, and arrangement complements, Int. Math. Res. Notices IMRN
2016 (2016), no. 13,4132-4144. MR 3544631

B. Enriquez, Elliptic associators, Selecta Math. (N.S.) 20 (2014), no. 2, 491-584.

MR 3177926

M. Falk, The minimal model of the complement of an arrangement of hyperplanes, Trans.
Amer. Math. Soc. 309 (1988), no. 2, 543-556. MR 0929668

E. M. Feichtner, S. Yuzvinsky, Formality of the complements of subspace arrangements with
geometric lattices, J. Math. Sci. (N.Y.) 140 (2007), no. 3, 472-479. MR 2183223

Y. Félix, S. Halperin, Formal spaces with finite-dimensional rational homotopy, Trans. Amer.
Math. Soc. 270 (1982), no. 2, 575-588. MR 0645331

Y. Félix, S. Halperin, Rational homotopy theory via Sullivan models: a survey, ICCM Not. 5
(2017), no. 2, 14-36. MR 3741934

Y. Félix, S. Halperin, and J.-C. Thomas, Rational homotopy theory, Graduate Texts in Math-
ematics, vol. 205, Springer-Verlag, New York, 2001. MR 1802847

Y. Félix, S. Halperin, and J.-C. Thomas, Rational homotopy theory 11, World Scientific Pub-
lishing, Hackensack, NJ, 2015. MR 3379890

Y. Félix, J. Oprea, and D. Tanré, Algebraic models in geometry, Oxford Grad. Texts in Math.,
vol. 17, Oxford Univ. Press, Oxford, 2008. MR 2403898


https://dx.doi.org/10.1007/BFb0069229
https://mathscinet.ams.org/mathscinet-getitem?mr=0513543
https://dx.doi.org/10.24033/bsmf.2725
https://mathscinet.ams.org/mathscinet-getitem?mr=3562610
https://dx.doi.org/10.1112/topo.12133
https://mathscinet.ams.org/mathscinet-getitem?mr=4092775
https://dx.doi.org/10.1007/BF01589496
https://mathscinet.ams.org/mathscinet-getitem?mr=1366622
https://dx.doi.org/10.1007/BF01389853
https://mathscinet.ams.org/mathscinet-getitem?mr=0382702
http://dx.doi.org/10.4310/PAMQ.2007.v3.n1.a2
https://mathscinet.ams.org/mathscinet-getitem?mr=2330154
https://dx.doi.org/10.1017/fms.2018.5
https://mathscinet.ams.org/mathscinet-getitem?mr=3810026
https://dx.doi.org/10.1142/S0219199713500259
https://mathscinet.ams.org/mathscinet-getitem?mr=3231055
https://dx.doi.org/10.1093/imrn/rnm119
https://mathscinet.ams.org/mathscinet-getitem?mr=2416998
https://dx.doi.org/10.1215/00127094-2009-030
https://mathscinet.ams.org/mathscinet-getitem?mr=2527322
http://dx.doi.org/10.1007/s00209-010-0664-y
https://mathscinet.ams.org/mathscinet-getitem?mr=2805428
http://dx.doi.org/10.4171/JEMS/158
https://mathscinet.ams.org/mathscinet-getitem?mr=2505439
https://dx.doi.org/10.5802/aif.2994
https://mathscinet.ams.org/mathscinet-getitem?mr=3449588
https://dx.doi.org/10.1093/imrn/rnv260
https://mathscinet.ams.org/mathscinet-getitem?mr=3544631
https://dx.doi.org/10.1007/s00029-013-0137-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3177926
https://dx.doi.org/10.2307/2000924
https://mathscinet.ams.org/mathscinet-getitem?mr=0929668
https://dx.doi.org/10.1007/s10958-007-0454-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2183223
https://dx.doi.org/10.2307/1999862
https://mathscinet.ams.org/mathscinet-getitem?mr=0645331
https://dx.doi.org/10.4310/ICCM.2017.v5.n2.a3
https://mathscinet.ams.org/mathscinet-getitem?mr=3741934
https://dx.doi.org/10.1007/978-1-4613-0105-9
https://mathscinet.ams.org/mathscinet-getitem?mr=1802847
https://dx.doi.org/10.1142/9473
https://mathscinet.ams.org/mathscinet-getitem?mr=3379890
https://global.oup.com/academic/product/algebraic-models-in-geometry-9780199206520
https://mathscinet.ams.org/mathscinet-getitem?mr=2403898

[55]

[56]
[57]
(58]

[59]

[60]
[61]
[62]

[63]

[64]

[65]

[66]
[67]
[68]
[69]

[70]

[71]
(72]
(73]
[74]

[75]

Formality and finiteness in rational homotopy theory 77

Y. Félix, D. Tanré, Formalité d’une application et suite spectrale d’Eilenberg—Moore, Alge-
braic topology—rational homotopy (Louvain-la-Neuve, 1986), 99—123, Lecture Notes in
Math., vol. 1318, Springer, Berlin, 1988. MR 0952575

Y. Félix, D. Tanré, Rational homotopy of the polyhedral product functor, Proc. Amer. Math.
Soc. 137 (2009), no. 3, 891-898. MR 2457428

M. Fernindez, A. Gray, J. Morgan, Compact symplectic manifolds with free circle actions,
and Massey products, Michigan Math. J. 38 (1991), no. 2, 271-283. MR 1098863

M. Fernandez, V. Muiloz, On non-formal simply connected manifolds, Topology Appl. 135
(2004), no. 1-3, 111-117. MR 2024950

M. Fernandez, V. Mufioz, The geography of non-formal manifolds, in: Complex, contact and
symmetric manifolds, 121-129, Progr. Math., vol. 234, Birkhéuser, Boston, MA, 2005.

MR 2105144

M. Fernédndez, V. Mufioz, An 8-dimensional nonformal, simply connected, symplectic mani-
fold, Ann. of Math. (2) 167 (2008), no. 3, 1045-1054. MR 2415392

S. Friedl, A.L. Suciu, Kdhler groups, quasi-projective groups, and 3-manifold groups, J. Lond.
Math. Soc. 89 (2014), no. 1, 151-168. MR 3174738

W. Fulton, R. MacPherson, A compactification of configuration spaces, Ann. of Math. (2)
139 (1994), no. 1, 183-225. MR 1259368

W.M. Goldman, J.J. Millson, The deformation theory of representations of fundamental
groups of compact Kéihler manifolds, Inst. Hautes Etudes Sci. Publ. Math. 67 (1988), 43-96.

MR 0972343

J. Grbi¢, A. Linton, Non-trivial higher Massey products in moment-angle complexes, Adv.
Math. 387 (2021), 107837, 52 pp. MR 4278014

M. Green, R. Lazarsfeld, Deformation theory, generic vanishing theorems and some conjec-
tures of Enriques, Catanese and Beauville, Invent. Math. 90 (1987), no. 2, 389-407.

MR 0910207

P. Griffiths, J. Morgan, Rational homotopy theory and differential forms, Second ed., Progr.
Math., vol. 16, Springer, New York, 2013. MR 3136262

S. Halperin, Lectures on minimal models, Mém. Soc. Math. France, Sér. 2, 9-10 (1983),
1-261. MR 0736299

S. Halperin, J. Stasheft, Obstructions to homotopy equivalences, Adv. in Math. 32 (1979),
no. 3, 233-279. MR 539532

K. Hasegawa, Minimal models of nilmanifolds, Proc. Amer. Math. Soc. 106 (1989), no. 1,
65-71. MR 0946638

K. Hess, Rational homotopy theory: a brief introduction, in: Interactions between homotopy
theory and algebra, 175-202, Contemp. Math., vol. 436, Amer. Math. Soc., Providence, RI,
2007. MR 2355774

P. Hilton, Localization and cohomology of nilpotent groups, Math. Z. 132 (1973), 263-286.

MR 0322074

P. Hilton, G. Mislin, J. Roitberg, Localization of nilpotent groups and spaces, North-Holland
Mathematics Studies 15, North-Holland, Amsterdam, 1975. MR 0478146

N. Idrissi, The Lambrechts—Stanley model of configuration spaces, Invent. Math. 216 (2019),
no. 1, 1-68. MR 3935037

S.0. Ivanov, An overview of rationalization theories of non-simply connected spaces and
non-nilpotent groups, arXiv:2111.10694v3.

S.0. Ivanov, R. Mikhailov, A finite Q-bad space, Geom. Topol. 23 (2019), no. 3, 1237-1249.

MR 3956892


https://doi.org/10.1007/BFb0077798
https://mathscinet.ams.org/mathscinet-getitem?mr=0952575 
https://doi.org/10.1090/S0002-9939-08-09591-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2457428
https://doi.org/10.1307/mmj/1029004333
https://mathscinet.ams.org/mathscinet-getitem?mr=1098863
https://doi.org/10.1016/S0166-8641(03)00158-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2024950
https://doi.org/10.1007/0-8176-4424-5_8
https://mathscinet.ams.org/mathscinet-getitem?mr=2105144
https://doi.org/10.4007/annals.2008.167.1045
https://mathscinet.ams.org/mathscinet-getitem?mr=2415392
https://doi.org/10.1112/jlms/jdt051
https://mathscinet.ams.org/mathscinet-getitem?mr=3174738
https://doi.org/10.2307/2946631
https://mathscinet.ams.org/mathscinet-getitem?mr=1259368
http://www.numdam.org/item/PMIHES_1988__67__43_0/
https://mathscinet.ams.org/mathscinet-getitem?mr=0972343
https://doi.org/10.1016/j.aim.2021.107837
https://mathscinet.ams.org/mathscinet-getitem?mr=4278014
https://dx.doi.org/10.1007/BF01388711
https://mathscinet.ams.org/mathscinet-getitem?mr=0910207
https://dx.doi.org/10.1007/978-1-4614-8468-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3136262
https://doi.org/10.24033/msmf.294
https://mathscinet.ams.org/mathscinet-getitem?mr=0736299
https://dx.doi.org/10.1016/0001-8708(79)90043-4
https://mathscinet.ams.org/mathscinet-getitem?mr=539532
https://dx.doi.org/10.2307/2047375
https://mathscinet.ams.org/mathscinet-getitem?mr=0946638
https://dx.doi.org/10.1090/conm/436/08409
https://mathscinet.ams.org/mathscinet-getitem?mr=2355774
https://dx.doi.org/10.1007/BF01179733
https://mathscinet.ams.org/mathscinet-getitem?mr=0322074
https://www.sciencedirect.com/bookseries/north-holland-mathematics-studies/vol/15/
https://mathscinet.ams.org/mathscinet-getitem?mr=0478146
https://dx.doi.org/10.1007/s00222-018-0842-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3935037
https://arxiv.org/abs/2111.10694v3
https://dx.doi.org/10.2140/gt.2019.23.1237
https://mathscinet.ams.org/mathscinet-getitem?mr=3956892

78

[76]
[77]
(78]
[79]
[80]
[81]
[82]
[83]
[84]
[85]
[86]

[87]

[88]
[89]
[90]
[91]

[92]

[93]
[94]

[95]

[96]

[97]

A. I Suciu

H. Kasuya, Mixed Hodge structures and Sullivan’s minimal models of Sasakian manifolds,
Ann. Inst. Fourier (Grenoble) 67 (2017), no. 6, 2533-2546. MR 3742472

T. Kohno, On the holonomy Lie algebra and the nilpotent completion of the fundamental
group of the complement of hypersurfaces, Nagoya Math. J. 92 (1983), 21-37. MR 726138
D. Kraines, Massey higher products, Trans. Amer. Math. Soc. 124 (1966), 431-449.

MR 0202136

M. Kreck, G. Triantafillou, On the classification of manifolds up to finite ambiguity, Canad.
J. Math. 43 (1991), no. 2, 356-370. MR 1113760

1. K¥iZ, On the rational homotopy type of configuration spaces, Ann. of Math. (2) 139 (1994),
no. 2, 227-237. MR 1274092

P. Lambrechts, D. Stanley, The rational homotopy type of configuration spaces of two points,
Ann. Inst. Fourier (Grenoble) 54 (2004), no. 4, 1029-1052. MR 2111020

P. Lambrechts, D. Stanley, The rational homotopy type of a blow-up in the stable case, Geom.
Topol. 12 (2008), no. 4, 1921-1993. MR 2431012

P. Lambrechts, D. Stanley, Poincaré duality and commutative differential graded algebras,
Ann. Scient. Ec. Norm. Sup. 41 (2008), no. 4, 497-511. MR 2489632

M. Lazard, Sur les groupes nilpotents et les anneaux de Lie, Ann. Sci. Ecole Norm. Sup. (3)
71 (1954), 101-190. MR 0088496

D. Lehmann, Théorie homotopique des formes diférentielles (d’apres D. Sullivan), Astérisque,
no. 45, Société Mathématique de France, Paris, 1977. MR 0488041

A. Libgober, First order deformations for rank one local systems with a non-vanishing coho-
mology, Topology Appl. 118 (2002), no. 1-2, 159-168. MR 1877722

C. Lofwall, On the subalgebra generated by the one-dimensional elements in the Yoneda
Ext-algebra, Algebra, algebraic topology and their interactions (Stockholm, 1983), Lecture
Notes in Math., vol. 1183, Springer, Berlin, 1986, pp. 291-338. MR 846457

G. Lupton, Intrinsic formality and certain types of algebras, Trans. Amer. Math. Soc. 319
(1990), no. 1, 257-283. MR 1005081

G. Lupton, J. Oprea, Symplectic manifolds and formality, J. Pure Appl. Algebra 91 (1994),
no. 1-3, 193-207. MR 1255930

M. Maassarani, Sur certains espaces de configurations associés aux sous-groupes finis de
PSL,(C), Bull. Soc. Math. France 147 (2019), no. 1, 123-157. MR 3943740

A.D. Mécinic, Cohomology rings and formality properties of nilpotent groups, J. Pure Appl.
Algebra 214 (2010), no. 10, 1818-1826. MR 2608110

A.D. Micinic, S. Papadima, C.R. Popescu, A.L. Suciu, Flat connections and resonance vari-
eties: from rank one to higher ranks, Trans. Amer. Math. Soc. 369 (2017), no. 2, 1309-1343.
MR 3572275

A.I Malcev, On a class of homogeneous spaces, Amer. Math. Soc. Translation 1951 (1951),
no. 39, 33pp. MR 0039734

M. Markl, S. Papadima, Homotopy Lie algebras and fundamental groups via deformation
theory, Ann. Inst. Fourier (Grenoble) 42 (1992), no. 4, 905-935. MR 1196099

W.S. Massey, Some higher order cohomology operations, Symposium internacional de
topologia algebraica (International symposium on algebraic topology), Mexico City: Univer-
sidad Nacional Auténoma de México and UNESCO, 1958, 145-154. MR 0098366

G. Massuyeau, Infinitesimal Morita homomorphisms and the tree-level of the LMO invariant,
Bull. Soc. Math. France 140 (2012), no. 1, 101-161. MR 2903772

J.P. May, Matric Massey products, J. Algebra, 12 (1969), 533-568. MR 0238929


https://doi.org/10.5802/aif.3142
https://mathscinet.ams.org/mathscinet-getitem?mr=3742472
http://projecteuclid.org/euclid.nmj/1118787354
https://mathscinet.ams.org/mathscinet-getitem?mr=726138
https://doi.org/10.2307/1994385
https://mathscinet.ams.org/mathscinet-getitem?mr=0202136
https://doi.org/10.4153/CJM-1991-021-4
https://mathscinet.ams.org/mathscinet-getitem?mr=1113760
https://doi.org/10.2307/2946581
https://mathscinet.ams.org/mathscinet-getitem?mr=1274092
https://doi.org/10.5802/aif.2042
https://mathscinet.ams.org/mathscinet-getitem?mr=2111020
https://doi.org/10.2140/gt.2008.12.1921
https://mathscinet.ams.org/mathscinet-getitem?mr=2431012
https://doi.org/10.24033/asens.2074
https://mathscinet.ams.org/mathscinet-getitem?mr=2489632
https://doi.org/10.24033/asens.1021
https://mathscinet.ams.org/mathscinet-getitem?mr=0088496
http://www.numdam.org/item/AST_1990__45__1_0/
https://mathscinet.ams.org/mathscinet-getitem?mr=0488041
https://dx.doi.org/10.1016/S0166-8641(01)00048-7
https://mathscinet.ams.org/mathscinet-getitem?mr=1877722
https://dx.doi.org/10.1007/BFb0075468
https://mathscinet.ams.org/mathscinet-getitem?mr=846457
https://dx.doi.org/10.2307/2001345
https://mathscinet.ams.org/mathscinet-getitem?mr=1005081
https://dx.doi.org/10.1016/0022-4049(94)90142-2
https://mathscinet.ams.org/mathscinet-getitem?mr=1255930
https://dx.doi.org/10.24033/bsmf.2777
https://mathscinet.ams.org/mathscinet-getitem?mr=3943740
https://dx.doi.org/10.1016/j.jpaa.2009.12.025
https://mathscinet.ams.org/mathscinet-getitem?mr=2608110
https://dx.doi.org/10.1090/tran/6799
https://mathscinet.ams.org/mathscinet-getitem?mr=3572275
http://mi.mathnet.ru/eng/izv3161
https://mathscinet.ams.org/mathscinet-getitem?mr=0039734
https://doi.org/10.5802/aif.1315
https://mathscinet.ams.org/mathscinet-getitem?mr=1196099
https://mathscinet.ams.org/mathscinet-getitem?mr=0098366
https://doi.org/10.24033/bsmf.2625
https://mathscinet.ams.org/mathscinet-getitem?mr=2903772
https://doi.org/10.1016/0021-8693(69)90027-1
https://mathscinet.ams.org/mathscinet-getitem?mr=0238929

(98]
[99]
[100]
[101]
[102]

[103]

[104]
[105]
[106]
[107]
[108]
[109]
[110]
[111]

[112]

[113]
[114]
[115]
[116]

[117]

[118]

[119]

Formality and finiteness in rational homotopy theory 79

C.T. McMullen, The Alexander polynomial of a 3-manifold and the Thurston norm on coho-
mology, Ann. Sci. Ecole Norm. Sup. 35 (2002), no. 2, 153-171. MR 1914929

T. Miller, On the formality of (k — 1)-connected compact manifolds of dimension less than or
equal to 4k — 2, Illinois J. Math. 23 (1979), no. 2, 253-258. MR 0528561

T.W. Morgan, The algebraic topology of smooth algebraic varieties, Inst. Hautes Etudes Sci.
Publ. Math. 48 (1978), 137-204. MR 0516917

J. Neisendorfer, T. Miller, Formal and coformal spaces, Illinois J. Math. 22 (1978), no. 4,
565-580. MR 0500938

D. Notbohm, N. Ray, On Davis—Januszkiewicz homotopy types. L. Formality and rationalisa-
tion, Algebr. Geom. Topol. 5 (2005), 31-51. MR 2135544

S. Papadima, Finite determinacy phenomena for finitely presented groups, Proceedings of
the 2nd Gauss Symposium. Conference A: Mathematics and Theoretical Physics (Munich,
1993), Sympos. Gaussiana, de Gruyter, Berlin, 1995, pp. 507-528. MR 1352516

S. Papadima, A.IL. Suciu, Chen Lie algebras, Int. Math. Res. Not. 2004 (2004), no. 21, 1057—
1086. MR 2037049

S. Papadima, A.I. Suciu, Algebraic invariants for right-angled Artin groups, Math. Annalen,
334 (2006), no. 3, 533-555. MR 2207874

S. Papadima, A L. Suciu, Algebraic invariants for Bestvina-Brady groups, J. Lond. Math. Soc.
(2) 76 (2007), no. 2,273-292. MR 2363416

S. Papadima, A.L. Suciu, Toric complexes and Artin kernels, Adv. Math. 220 (2009), no. 2,
441-477. MR 2466422

S. Papadima, A. Suciu, Geometric and algebraic aspects of 1-formality, Bull. Math. Soc. Sci.
Math. Roumanie 52 (2009), no. 3, 355-375. MR 2554494

S. Papadima, A.L. Suciu, Bieri-Neumann—Strebel-Renz invariants and homology jumping
loci, Proc. London Math. Soc. 100 (2010), no. 3, 795-834. MR 2640291

S. Papadima, A.I. Suciu, Algebraic monodromy and obstructions to formality, Forum Math.
22 (2010), no. 5, 973-983. MR 2719766

S. Papadima, A.I. Suciu, Jump loci in the equivariant spectral sequence, Math. Res. Lett. 21
(2014), no. 4, 863-883. MR 3275650

S. Papadima, A.L. Suciu, Non-abelian resonance: product and coproduct formulas, in: Bridg-
ing Algebra, Geometry, and Topology, pp. 269-280, Springer Proc. Math. Stat., vol. 96, 2014.
MR 3297121

S. Papadima, A.L. Suciu, Infinitesimal finiteness obstructions, J. London Math. Soc. 99
(2019), no. 1, 173-193. MR 3909253

S. Papadima, A.L Suciu, The topology of compact Lie group actions through the lens of finite
models Int. Math. Res. Not. IMRN 2019 (2019), no. 20, 6390-6436. MR 4031243

S. Papadima, S. Yuzvinsky, On rational K|n, 1] spaces and Koszul algebras, J. Pure Appl.
Algebra 144 (1999), no. 2, 157-167. MR 1731434

R.D. Porter, Milnor’s fi-invariants and Massey products, Trans. Amer. Math. Soc. 257 (1980),
no. 1, 39-71. MR 0549154

R.D. Porter, A.L. Suciu, Differential graded algebras, Steenrod cup-one products, binomial
operations, and Massey products, Topology Appl. 313 (2022), paper no. 107987, 37 pp.
MR 4423095

D.G. Quillen, On the associated graded ring of a group ring, J. Algebra 10 (1968), 411-418.
MR 0231919

D. Quillen, Rational homotopy theory, Ann. of Math. (2) 90 (1969), 205-295.

MR 0258031


https://dx.doi.org/10.1016/S0012-9593(02)01086-8
https://mathscinet.ams.org/mathscinet-getitem?mr=1914929
https://dx.doi.org/10.1215/ijm/1256048237
https://mathscinet.ams.org/mathscinet-getitem?mr=0528561
https://dx.doi.org/10.1007/BF02684316
https://mathscinet.ams.org/mathscinet-getitem?mr=0516917
http://projecteuclid.org/euclid.ijm/1256048467
https://mathscinet.ams.org/mathscinet-getitem?mr=0500938
https://dx.doi.org/10.2140/agt.2005.5.31
https://mathscinet.ams.org/mathscinet-getitem?mr=2135544
https://mathscinet.ams.org/mathscinet-getitem?mr=1352516
https://dx.doi.org/10.1155/S1073792804132017
https://mathscinet.ams.org/mathscinet-getitem?mr=2037049
http://dx.doi.org/10.1007/s00208-005-0704-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2207874
https://doi.org/10.1112/jlms/jdm045
https://mathscinet.ams.org/mathscinet-getitem?mr=2363416
https://dx.doi.org/10.1016/j.aim.2008.09.008
https://mathscinet.ams.org/mathscinet-getitem?mr=2466422
https://www.jstor.org/stable/43679144
https://mathscinet.ams.org/mathscinet-getitem?mr=2554494
https://dx.doi.org/10.1112/plms/pdp045
https://mathscinet.ams.org/mathscinet-getitem?mr=2640291
https://dx.doi.org/10.1515/FORUM.2010.052
https://mathscinet.ams.org/mathscinet-getitem?mr=2719766
https://dx.doi.org/10.4310/MRL.2014.v21.n4.a13
https://mathscinet.ams.org/mathscinet-getitem?mr=3275650
https://dx.doi.org/10.1007/978-3-319-09186-0_17
https://mathscinet.ams.org/mathscinet-getitem?mr=3297121
https://dx.doi.org/10.1112/jlms.12169
https://mathscinet.ams.org/mathscinet-getitem?mr=3909253
https://dx.doi.org//10.1093/imrn/rnx294
https://mathscinet.ams.org/mathscinet-getitem?mr=4031243
http://dx.doi.org/10.1016/S0022-4049(98)00058-9
https://mathscinet.ams.org/mathscinet-getitem?mr=1731434
http://dx.doi.org/10.2307/1998124
https://mathscinet.ams.org/mathscinet-getitem?mr=0549154
https://doi.org/10.1016/j.topol.2021.107987
https://mathscinet.ams.org/mathscinet-getitem?mr=4423095
https://dx.doi.org/10.1016/0021-8693(68)90069-0
https://mathscinet.ams.org/mathscinet-getitem?mr=0231919
https://dx.doi.org/10.2307/1970725
https://mathscinet.ams.org/mathscinet-getitem?mr=0258031

80

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]
[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

A. I Suciu

M. Rivera, F. Wierstra, M. Zeinalian, Rational homotopy equivalences and singular chains,
Algebr. Geom. Topol. 21 (2021), no. 3, 1535-1552. MR 4299674
Y. Rudyak, A. Tralle, On Thom spaces, Massey products, and nonformal symplectic mani-

folds, Internat. Math. Res. Notices 2000, no. 10, 495-513. MR 1759504

B. Saleh, Noncommutative formality implies commutative and Lie formality, Algebr. Geom.
Topol. 17 (2017), no. 4, 2523-2542. MR 3686405

C. Simpson, Subspaces of moduli spaces of rank one local systems, Ann. Sci. Ecole Norm.
Sup. 26 (1993), no. 3, 361-401. MR 1222278

J. Stasheft, Rational Poincaré duality spaces, lllinois J. Math. 27 (1983), no. 1, 104-109.
MR 0684544

A L Suciu, Characteristic varieties and Betti numbers of free abelian covers, Intern. Math.
Res. Notices 2014 (2014), no. 4, 1063-1124. MR 3168402

A.L Suciu, Around the tangent cone theorem, in: Configuration Spaces: Geometry, Topology
and Representation Theory, 1-39, Springer INJAM series, vol. 14, Springer, Cham, 2016.
MR 3615726

A.L Suciu, Poincaré duality and resonance varieties, Proc. Roy. Soc. Edinburgh Sect. A 150
(2020), nr. 6, 3001-3027. MR 4190099

A.L Suciu, Cohomology jump loci of 3-manifolds, Manuscripta Math. 67 (2022), no. 1-2,
89-123.

A.L Suciu, Lower central series and split extensions, arXiv:2105.14129v2

A.L. Suciu, Alexander invariants and holonomy Lie algebras of commutative differential
graded algebras, in preparation (2022).

A.L Suciu, H. Wang, Cup products, lower central series, and holonomy Lie algebras, J. Pure.
Appl. Algebra 223 (2019), no. 8, 3359-3385. MR 3926216

A.lL Suciu, H. Wang, Formality properties of finitely generated groups and Lie algebras,
Forum Math. 31 (2019), no. 4, 867-905. MR 3975666

A.L Suciu, H. Wang, Taylor expansions of groups and filtered-formality, Eur. J. Math. 6
(2020), nr. 3, 1073-1096. MR 4151729

A.L Suciu, Y. Yang, G. Zhao, Homological finiteness of abelian covers, Annali della Scuola
Normale Superiore di Pisa 14 (2015), no. 1, 101-153. MR 3379489

D. Sullivan, Genetics of homotopy theory and the Adams conjecture, Ann. of Math. (2) 100
(1974), 1-79. MR 0442930

D. Sullivan, On the intersection ring of compact three manifolds, Topology 14 (1975), no. 3,
275-277. MR 0383415

D. Sullivan, Infinitesimal computations in topology, Inst. Hautes Etudes Sci. Publ. Math.
(1977), no. 47, 269-331. MR 0646078

D.P. Sullivan, Geometric topology: localization, periodicity and Galois symmetry, The 1970
MIT notes. Edited and with a preface by Andrew Ranicki. K-Monographs in Mathematics,
vol. 8. Springer, Dordrecht, 2005. MR 2162361

D. Tanré, Homotopie rationnelle: modéles de Chen, Quillen, Sullivan, Lecture Notes in
Math., vol. 1025, Springer-Verlag, Berlin, 1983. MR 0764769

J.C. Thomas, Rational homotopy of Serre fibrations, Ann. Inst. Fourier (Grenoble) 31 (1981),
no. 3, 71-90. MR 0638617

AM. Tievsky, Analogues of Kdiihler geometry on Sasakian manifolds, Ph.D. Thesis, Mas-
sachusetts Institute of Technology, 2008. MR 2717624

B. Totaro, Configuration spaces of algebraic varieties, Topology 35 (1996), no. 6, 1057-1067.
MR 1404924


https://dx.doi.org/10.2140/agt.2021.21.1535
https://mathscinet.ams.org/mathscinet-getitem?mr=4299674
https://dx.doi.org/10.1155/S1073792800000271
https://mathscinet.ams.org/mathscinet-getitem?mr=1759504
https://dx.doi.org/10.2140/agt.2017.17.2523
https://mathscinet.ams.org/mathscinet-getitem?mr=3686405
https://dx.doi.org/https://doi.org/10.24033/asens.1675
https://mathscinet.ams.org/mathscinet-getitem?mr=1222278
https://dx.doi.org/10.1215/ijm/1256065414
https://mathscinet.ams.org/mathscinet-getitem?mr=0684544 
https://dx.doi.org/10.1093/imrn/rns246
https://mathscinet.ams.org/mathscinet-getitem?mr=3168402
http://dx.doi.org/10.1007/978-3-319-31580-5_1
https://mathscinet.ams.org/mathscinet-getitem?mr=3615726
https://doi.org/10.1017/prm.2019.55
https://mathscinet.ams.org/mathscinet-getitem?mr=4190099
https://doi.org/10.1007/s00229-020-01264-5
https://arxiv.org/abs/2105.14129v2
http://dx.doi.org/10.1016/j.jpaa.2018.11.006
https://mathscinet.ams.org/mathscinet-getitem?mr=3926216
https://doi.org/10.1515/forum-2018-0098
https://mathscinet.ams.org/mathscinet-getitem?mr=3975666
https://doi.org/10.1007/s40879-019-00389-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4151729
https://dx.doi.org/10.2422/2036-2145.201205_008
https://mathscinet.ams.org/mathscinet-getitem?mr=3379489
https://dx.doi.org/10.2307/1970841
https://mathscinet.ams.org/mathscinet-getitem?mr=0442930
https://dx.doi.org/10.1016/0040-9383(75)90009-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0383415
https://dx.doi.org/10.1007/BF02684341
https://mathscinet.ams.org/mathscinet-getitem?mr=0646078
https://link-springer-com.ezproxy.neu.edu/book/9789048103508
https://mathscinet.ams.org/mathscinet-getitem?mr=2162361
https://doi.org/10.1007/BFb0071482
https://mathscinet.ams.org/mathscinet-getitem?mr=0764769
https://dx.doi.org/10.5802/aif.838
https://mathscinet.ams.org/mathscinet-getitem?mr=0638617
https://dspace.mit.edu/handle/1721.1/45349
https://mathscinet.ams.org/mathscinet-getitem?mr=2717624
https://dx.doi.org/10.1016/0040-9383(95)00058-5
https://mathscinet.ams.org/mathscinet-getitem?mr=1404924

Formality and finiteness in rational homotopy theory 81

[143] A. Tralle, J. Oprea, Symplectic manifolds with no Kchler structure, Lecture Notes in Math.,
vol. 1661, Springer-Verlag, Berlin, 1997. MR 1465676

[144] G.V. Triantafillou, Equivariant minimal models Trans. Amer. Math. Soc. 274 (1982), no. 2,
509-532. MR 0675066

[145] V.G. Turaev, Torsions of 3-dimensional manifolds, Progress in Mathematics, vol. 208,
Birkhéuser Verlag, Basel, 2002. MR 1958479

[146] M. Vigué-Poirrier, Formalité d’une application continue, C. R. Acad. Sci. Paris Sér. A-B 289
(1979), no. 16, A809-A812. MR 0558804

[147] S. Yuzvinsky, Small rational model of subspace complement, Trans. Amer. Math. Soc. 354
(2002), no. 5, 1921-1945. MR 2003a:52030

Alexander I. Suciu
Department of Mathematics, Northeastern University, Boston, MA 02115, USA;
a.suciu@northeastern.edu


https://dx.doi.org/10.1007/BFb0092608
https://mathscinet.ams.org/mathscinet-getitem?mr=1465676
https://dx.doi.org/10.2307/1999119
https://mathscinet.ams.org/mathscinet-getitem?mr=0675066
https://dx.doi.org/10.1007/978-3-0348-7999-6
https://mathscinet.ams.org/mathscinet-getitem?mr=1958479
https://gallica.bnf.fr/ark:/12148/bpt6k54905784/f49.item.zoom
https://mathscinet.ams.org/mathscinet-getitem?mr=0
https://dx.doi.org/10.1090/S0002-9947-02-02924-0
https://mathscinet.ams.org/mathscinet-getitem?mr=2003a:52030
mailto:a.suciu@northeastern.edu

	Contents
	1. Introduction
	1.1. Rational homotopy type
	1.2. Models for spaces and groups
	1.3. Formality
	1.4. Finiteness in cdga models
	1.5. Malcev and holonomy Lie algebras
	1.6. Cohomology jump loci
	1.7. Models for Kähler manifolds and smooth algebraic varieties
	1.8. Models for compact Lie group actions
	1.9. Models for closed 3-manifolds
	1.10. Organization

	2. Differential graded algebras
	2.1. Graded algebras
	2.2. Differential graded algebras
	2.3. Weak equivalences
	2.4. Homotopies and equivalences
	2.5. Poincaré duality

	3. Formality
	3.1. Formal dgas
	3.2. Intrinsic formality
	3.3. Partial formality
	3.4. Field extensions and formality
	3.5. Formality of dga maps
	3.6. Massey products
	3.7. Massey products and formality

	4. Minimal models
	4.1. Hirsch extensions
	4.2. Minimal cdgas
	4.3. Minimal models
	4.4. Minimality and formality
	4.5. The dual of a 1-minimal cdga
	4.6. Positive weights

	5. Lie algebras and filtered formality
	5.1. Graded Lie algebras
	5.2. Filtrations
	5.3. Filtered Lie algebras
	5.4. The degree completion
	5.5. Filtered-formality

	6. Lower central series and Malcev Lie algebras
	6.1. Lower central series
	6.2. Malcev completion
	6.3. Quillen's construction
	6.4. Multiplicative expansions and Taylor expansions
	6.5. Filtered formality
	6.6. The RTFN property and Taylor expansions

	7. Holonomy Lie algebras
	7.1. The holonomy Lie algebra of a cdga
	7.2. The holonomy Lie algebra of a cga
	7.3. The completion of the holonomy Lie algebra of a cga
	7.4. Holonomy and flat connections
	7.5. The holonomy Lie algebra of a group

	8. Algebraic models for spaces
	8.1. Rational homotopy equivalences
	8.2. Sullivan algebras of piecewise polynomial differential forms
	8.3. Sullivan minimal models
	8.4. Rational completion
	8.5. Nilpotent spaces
	8.6. Models for polyhedral products
	8.7. Configuration spaces
	8.8. Rationalization
	8.9. Equivariant algebraic models
	8.10. On the Betti numbers of minimal models

	9. Algebraic models for groups
	9.1. Malcev Lie algebras and 1-minimal models
	9.2. Groups with 1-finite 1-models
	9.3. Filtered formal groups
	9.4. Non-finiteness properties of certain metabelian groups

	10. Formality of spaces, maps, and groups
	10.1. Formal spaces
	10.2. Formality criteria
	10.3. Formality properties of closed manifolds
	10.4. Formal maps
	10.5. Partial formality
	10.6. Koszul algebras and formality
	10.7. The 1-formality property for groups
	10.8. Polyhedral products and right-angled Artin groups

	11. Alexander invariants and resonance varieties
	11.1. A generalized Koszul complex
	11.2. The Alexander invariants of a cdga
	11.3. Resonance varieties
	11.4. Resonance of tensor products and Hirsch extensions

	12. Cohomology jump loci and finiteness properties
	12.1. Characteristic varieties
	12.2. Algebraic models and cohomology jump loci
	12.3. Finiteness obstructions
	12.4. Tangent cones
	12.5. The Exponential Ax–Lindemann theorem
	12.6. Tangent cones and jump loci
	12.7. Formality and cohomology jump loci

	13. Algebraic models for smooth quasi-projective varieties
	13.1. Compactifications and formality
	13.2. Algebraic models
	13.3. Characteristic varieties
	13.4. Resonance varieties
	13.5. Resonance in degree 1
	13.6. Large quasi-projective groups
	13.7. Resonance and largeness

	14. Algebraic models for Lie group actions
	14.1. Almost free actions and Hirsch extensions
	14.2. Graded regularity and partial formality
	14.3. Partial formality of K-manifolds
	14.4. Malcev completion and representation varieties
	14.5. Orbifold fundamental groups
	14.6. Sasakian geometry
	14.7. Partial formality of Sasakian manifolds
	14.8. Sasakian groups

	15. Algebraic models for closed 3-manifolds
	15.1. The intersection form of a 3-manifold
	15.2. Poincaré duality and Koszul complex
	15.3. Resonance varieties of 3-manifolds
	15.4. Characteristic varieties of 3-manifolds
	15.5. Finite models for 3-manifolds
	15.6. 3-manifolds fibering over the circle

	References

