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Definitions and settings Candidates to sub-essential components Examples

Line arrangements

Starting point
I A := {L̄0, L̄1, . . . , L̄n} line arrangement in P2 := P2(C)

I L̄j : `j(x, y, z) = 0
I M (A) := P2 \

⋃
A, G = GA := π1(M (A))

I TG :=H 1(M (A);C∗)=H 1(G;C∗)=Hom(G,C∗)=Hom(G/G′,C∗)

I TG =

ξ ←→
ξ(µL̄)=tL̄

(tL̄)L̄∈A

∣∣∣∣∣∣
∏

L̄∈A

tL̄ = 1

 ⊂ (C∗)A = (C∗)n+1

I B ⊂ A sub-arrangement: TGB TG

{tL̄ = 1, L̄ ∈ A \ B} = (C∗)B (C∗)A

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

Line arrangements

Starting point
I A := {L̄0, L̄1, . . . , L̄n} line arrangement in P2 := P2(C)
I L̄j : `j(x, y, z) = 0

I M (A) := P2 \
⋃
A, G = GA := π1(M (A))

I TG :=H 1(M (A);C∗)=H 1(G;C∗)=Hom(G,C∗)=Hom(G/G′,C∗)

I TG =

ξ ←→
ξ(µL̄)=tL̄

(tL̄)L̄∈A

∣∣∣∣∣∣
∏

L̄∈A

tL̄ = 1

 ⊂ (C∗)A = (C∗)n+1

I B ⊂ A sub-arrangement: TGB TG

{tL̄ = 1, L̄ ∈ A \ B} = (C∗)B (C∗)A

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

Line arrangements

Starting point
I A := {L̄0, L̄1, . . . , L̄n} line arrangement in P2 := P2(C)
I L̄j : `j(x, y, z) = 0
I M (A) := P2 \

⋃
A, G = GA := π1(M (A))

I TG :=H 1(M (A);C∗)=H 1(G;C∗)=Hom(G,C∗)=Hom(G/G′,C∗)

I TG =

ξ ←→
ξ(µL̄)=tL̄

(tL̄)L̄∈A

∣∣∣∣∣∣
∏

L̄∈A

tL̄ = 1

 ⊂ (C∗)A = (C∗)n+1

I B ⊂ A sub-arrangement: TGB TG

{tL̄ = 1, L̄ ∈ A \ B} = (C∗)B (C∗)A

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

Line arrangements

Starting point
I A := {L̄0, L̄1, . . . , L̄n} line arrangement in P2 := P2(C)
I L̄j : `j(x, y, z) = 0
I M (A) := P2 \

⋃
A, G = GA := π1(M (A))

I TG :=H 1(M (A);C∗)=H 1(G;C∗)=Hom(G,C∗)=Hom(G/G′,C∗)

I TG =

ξ ←→
ξ(µL̄)=tL̄

(tL̄)L̄∈A

∣∣∣∣∣∣
∏

L̄∈A

tL̄ = 1

 ⊂ (C∗)A = (C∗)n+1

I B ⊂ A sub-arrangement: TGB TG

{tL̄ = 1, L̄ ∈ A \ B} = (C∗)B (C∗)A

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

Line arrangements
Starting point

I A := {L̄0, L̄1, . . . , L̄n} line arrangement in P2 := P2(C)
I L̄j : `j(x, y, z) = 0
I M (A) := P2 \

⋃
A, G = GA := π1(M (A))

I TG :=H 1(M (A);C∗)=H 1(G;C∗)=Hom(G,C∗)=Hom(G/G′,C∗)
I µj = µL̄j

∈ H1(M (A);Z) meridian

I TG =

ξ ←→
ξ(µL̄)=tL̄

(tL̄)L̄∈A

∣∣∣∣∣∣
∏

L̄∈A

tL̄ = 1

 ⊂ (C∗)A = (C∗)n+1

I B ⊂ A sub-arrangement: TGB TG

{tL̄ = 1, L̄ ∈ A \ B} = (C∗)B (C∗)A

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

Line arrangements

Starting point
I A := {L̄0, L̄1, . . . , L̄n} line arrangement in P2 := P2(C)
I L̄j : `j(x, y, z) = 0
I M (A) := P2 \

⋃
A, G = GA := π1(M (A))

I TG :=H 1(M (A);C∗)=H 1(G;C∗)=Hom(G,C∗)=Hom(G/G′,C∗)

I TG =

ξ ←→
ξ(µL̄)=tL̄

(tL̄)L̄∈A

∣∣∣∣∣∣
∏

L̄∈A

tL̄ = 1

 ⊂ (C∗)A = (C∗)n+1

I B ⊂ A sub-arrangement: TGB TG

{tL̄ = 1, L̄ ∈ A \ B} = (C∗)B (C∗)A

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

Line arrangements

Starting point
I A := {L̄0, L̄1, . . . , L̄n} line arrangement in P2 := P2(C)
I L̄j : `j(x, y, z) = 0
I M (A) := P2 \

⋃
A, G = GA := π1(M (A))

I TG :=H 1(M (A);C∗)=H 1(G;C∗)=Hom(G,C∗)=Hom(G/G′,C∗)

I TG =

ξ ←→
ξ(µL̄)=tL̄

(tL̄)L̄∈A

∣∣∣∣∣∣
∏

L̄∈A

tL̄ = 1

 ⊂ (C∗)A = (C∗)n+1

I B ⊂ A sub-arrangement: TGB TG

{tL̄ = 1, L̄ ∈ A \ B} = (C∗)B (C∗)A

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

Characteristic varieties

Definition
Characteristic varieties of A:

Σk(A) := {ξ ∈ TG | dimC H 1(M (A);Cξ) ≥ k}

Properties of irreducible components

I Arapura, _, Budur, Cogolludo, Dimca, Libgober, Matei, Papadima, Suciu, Wang

I Algebraic varieties defined over Q.
I Pull-backs by orbifold maps M (A)→ Corb, Corb orbicurve.
I Tori translated by torsion elements.
I Strong obstructions.
I Determined by Betti numbers of finite cyclic covers.

Essential coordinate components IUMA, UZ
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Definitions and settings Candidates to sub-essential components Examples

Types of irreducible components

Σ irreducible component of Σk(A)

I Σ non-coordinate if Σ * {tL̄ = 1}, ∀L̄ ∈ A.
I Σ coordinate if Σ ⊂ TB, for some B $ A.
I Σ coordinate non-essential if Σ ⊂ Σk(B), for some B $ A.
I Σ essential coordinate if it is coordinate and not coordinate

non-essential.
I Σ sub-essential coordinate if it is essential coordinate for some
B $ A.

Theorem (Libgober)

1. There is an algorithm to compute non sub-essential coordinate
components which depends on the position of multiple points of A.

2. Sub-essential coordinate components are torsion points.

Essential coordinate components IUMA, UZ
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Definitions and settings Candidates to sub-essential components Examples

Coverings and torsion characters
I ξ ∈ TG, 1 < ord(ξ) =: N <∞, ξ(µj) = exp

(
2iπ kj

N

)
,

gcd(N , k0, . . . , kn) = 1,
n∑

j=0
kj = kN .

I H 1(Xξ;C)ξ ∼= H 1(M (A);Cξ).
I X ξ smooth projective compactification of Xξ, Dξ := X ξ \Xξ

normal crossing divisor, Dξ set of irreducible components of Dξ.
I Pure Hodge structure H 1(X ξ;C) ∼= H 1(X ξ;OXξ

)⊕H 0(X ξ; Ω1
Xξ

).
I Mixed Hodge structure

H 1(Xξ;C) ∼= H 1(X ξ;OXξ
)⊕H 0(X ξ; Ω1

Xξ
log(Dξ)).

I {ξ} sub-essential coordinate =⇒

H 1(X ξ;C) 6= H 1(Xξ;C)⇐⇒ H 0(X ξ; Ω1
Xξ

) 6= H 0(X ξ; Ω1
Xξ

log(Dξ))

Essential coordinate components IUMA, UZ
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I X ξ smooth projective compactification of Xξ, Dξ := X ξ \Xξ

normal crossing divisor, Dξ set of irreducible components of Dξ.
I Pure Hodge structure H 1(X ξ;C) ∼= H 1(X ξ;OXξ

)⊕H 0(X ξ; Ω1
Xξ

).
I Mixed Hodge structure

H 1(Xξ;C) ∼= H 1(X ξ;OXξ
)⊕H 0(X ξ; Ω1

Xξ
log(Dξ)).

I {ξ} sub-essential coordinate =⇒

H 1(X ξ;C) 6= H 1(Xξ;C)⇐⇒ H 0(X ξ; Ω1
Xξ

) 6= H 0(X ξ; Ω1
Xξ

log(Dξ))

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

An explicit compactification
Notation

I P := {L̄i ∩ L̄j | 0 ≤ i < j ≤ n}.
I For P ∈ P, m(P) := #{L̄ ∈ A | P ∈ L̄}.
I P>2 := {P ∈ P | m(P) > 2}.

First Step
I Blow up the points of P>2, σ : Y → P2.
I Ã irreducible components of σ−1(

⋃
A), normal crossing divisor:

I L̃ strict transform of L̄, L̃2 = 1−#P>2 ∩ L̄.
I EP := σ−1(P), P ∈ P>2, exceptional component, E2

P = −1,
µP :=

∏
P∈L̄

µL̄, tEP = tP := ξ(µP).

Second Step

Z̃ξ :=
{

[x : y : z : T ](1,1,1,k) ∈ P3
(1,1,1,k)

∣∣∣∣∣TN =
n∏

j=0
`j(x, y, z)kj

}
X ξ Ỹ norm

ξ Ỹξ Z̃ξ

Y P2

π

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

An explicit compactification
First Step

I Blow up the points of P>2, σ : Y → P2.
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X ξ Ỹ norm
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Definitions and settings Candidates to sub-essential components Examples

Exact sequences
I 0→ Ω1

Xξ
→ Ω1

Xξ
log(Dξ)→

⊕
D∈Dξ

i∗OD → 0

I 0→ H 0(Xξ; Ω1
Xξ

)→ H 0(Xξ; Ω1
Xξ

log(Dξ))→ H (A)→ 0
I 0→ H (A)→

⊕
D∈Dξ

H 0(D;OD)→ H 1(Xξ; Ω1
Xξ

) ⊂ H 2(Xξ;C).

I Dξ = Dπξ ∪
⋃

B∈Ã

Bξ(B):

I B̃ ∈ Dπξ ⇐⇒ π(B̃) is a point
I B̃ ∈ Bξ(B)⇐⇒ B̃ projects onto B.

I
⊕

D∈Dξ

H 0(D;OD) = C〈Dπξ 〉 ⊕
⊕
B∈Ã

C〈Bξ(B)〉

I C〈Bξ(B)〉ξ =


0 if #Bξ(B) < N

C

〈 B(ξ)︷ ︸︸ ︷
N−1∑
j=0

exp
(
−2iπ j

N

)
ξj(B̃)

〉
if #Bξ(B) = N

Essential coordinate components IUMA, UZ
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Bξ(B):

I B̃ ∈ Dπξ ⇐⇒ π(B̃) is a point
I B̃ ∈ Bξ(B)⇐⇒ B̃ projects onto B.

I
⊕

D∈Dξ

H 0(D;OD) = C〈Dπξ 〉 ⊕
⊕
B∈Ã
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C〈Bξ(B)〉

I C〈Bξ(B)〉ξ =


0 if #Bξ(B) < N

C

〈 B(ξ)︷ ︸︸ ︷
N−1∑
j=0

exp
(
−2iπ j

N

)
ξj(B̃)

〉
if #Bξ(B) = N

Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

Exact sequences
I 0→ H 0(Xξ; Ω1

Xξ
)→ H 0(Xξ; Ω1

Xξ
log(Dξ))→ H (A)→ 0

I 0→ H (A)→
⊕

D∈Dξ

H 0(D;OD)→ H 1(Xξ; Ω1
Xξ

) ⊂ H 2(Xξ;C).

I Dξ = Dπξ ∪
⋃

B∈Ã
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Definitions and settings Candidates to sub-essential components Examples

Inner components

Definition
B is inner if #Bξ(B) = N ⇐⇒ tB = 1 and tC = 1 for all C neighbor
to B: Uξ set of inner components.

Theorem

1. H 1(Xξ;C)ξ ∼= H 1(X ξ;C)ξ ⊕ ker

⊕
B∈Uξ

C 〈B(ξ)〉 → H2(X ξ;C)


︸ ︷︷ ︸

K(ξ)

2. dimC Kξ is the corank of the intersection form induced on⊕
B∈Uξ

C 〈B(ξ)〉 by the usual intersection form of X ξ.

Essential coordinate components IUMA, UZ
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Definitions and settings Candidates to sub-essential components Examples

Twisted intersection form
I C〈Uξ〉 ≡

⊕
B∈Uξ

C 〈B(ξ)〉, B ↔ 1√
N

B(ξ).

I ·ξ induced hermitian form on C〈Uξ〉
I ΓUξ

denotes the dual graph of Uξ.
I Fix TUξ

a maximal forest.
I The edges of ΓUξ

correspond to pairs B,C such that B · C = 1;
the oriented edge from B to C is denoted by −→BC .

I If −→BC * TUξ
then it defines a cycle γB,C ∈ H1(ΓUξ

;Z) which is
well-defined mod ker ξ (γC,B = γ−1

B,C ).

I B ·ξ C =


0 if B · C = 0
B · C if either B = C or −→BC ⊂ TUξ

ξ(γB,C )(B · C ) if −→BC * TUξ

Essential coordinate components IUMA, UZ
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Definitions and settings Candidates to sub-essential components Examples

Ceva arrangement

L̄3

L̄4

L̄1
L̄2

ξ(µ1) = ζd
ξ(µ2) = ζ−1

d
ξ(µ3) = ζd
ξ(µ4) = ζ−1

d

−1 −1

·ξ :
(
−1 1
1 −1

)

Essential coordinate components IUMA, UZ
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Ceva-extended arrangement

L̄3

L̄4

L̄1

L̄2

L̄2
5

L̄2
6

L̄2
7
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Cohen-Suciu

ξ(µ1) = −1
ξ(µ2) = −1
ξ(µ3) = −1
ξ(µ4) = −1

−1 −1

−1
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Ceva-extended arrangement
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L̄4

L̄1

L̄2

L̄2
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L̄2
6L̄2

7

L̄1
5

L̄1
6L̄1

7

ξ(µ1) = −1
ξ(µ2) = −1
ξ(µ3) = −1
ξ(µ4) = −1

−1 −1

−1

·ξ :

−1 1 1
1 −1 1
1 1 −1


Essential coordinate components IUMA, UZ



Definitions and settings Candidates to sub-essential components Examples

Ceva-extended arrangement

L̄3

L̄4

L̄1

L̄2

L̄2
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L̄2
6

L̄2
7

L̄1
5

L̄1
6

L̄1
7

Cohen-Suciu

ξ(µ1) = −1
ξ(µ2) = −1
ξ(µ3) = −1
ξ(µ4) = −1

−1 −1

−1

·ξ :

−1 1 −1
1 −1 1
−1 1 −1


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Hesse arrangement

0 = xyz
(
(x3 + y3 + z3)3 − 27xyz

)

0 = xyz(x3 + y3 + z3 − 3xyz)(. . . )

L̄1

L̄2

L̄3

ξ(µ1) = ξ(µ2) = ξ(µ3) = 1
ξ(µ4) = ξ(µ5) = ξ(µ6) = t ∈ C∗
ξ(µ7) = ξ(µ8) = ξ(µ9) = s ∈ C∗
ξ(µ10) = ξ(µ11) = ξ(µ12) = u ∈ C∗
tsu = 1

·ξ :

−2 1 1
1 −2 1
1 1 −2


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Hesse arrangement

0 = xyz
(
(x3 + y3 + z3)3 − 27xyz

)
0 = xyz(x3 + y3 + z3 − 3xyz)(. . . )

L̄1

L̄2

L̄3

ξ(µ1) = ξ(µ2) = ξ(µ3) = 1
ξ(µ4) = ξ(µ5) = ξ(µ6) = t ∈ C∗
ξ(µ7) = ξ(µ8) = ξ(µ9) = s ∈ C∗
ξ(µ10) = ξ(µ11) = ξ(µ12) = u ∈ C∗
tsu = 1

·ξ :

−2 1 1
1 −2 1
1 1 −2


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