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Line arrangements

Starting point

> A= {f/m Li,..., En} line arrangement in P? := P?(C)

Ej li(z,y,2) =0

M(A) :=P2\UA, G=Gy:=m(M(A))
Tg:=H'(M(A);C*)=H!'(G;C*)=Hom(G,C*)=Hom(G/G’,C*)
pj = py, € Hi(M(A); Z) meridian
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Line arrangements

Starting point

» A:={Ly,Ly,...,Ly,} line arrangement in P? := P?(C)
Li:ti(z,y,2) =0
M(A):=P2\UA, G= Gy:=m1(M(A))
Tg:=H'(M(A);C*)=H!'(G;C*)=Hom(G,C*)=Hom(G/G’,C*)
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» B C A sub-arrangement: T, < Tq
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{tg =1, Le A\ B} = (C*)B —— (C")A
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Characteristic varieties

Definition
Characteristic varieties of A:

Sk(A) = {€ € T | dime H'(M(A); C) > k}

Properties of irreducible components

Arapura, _, Budur, Cogolludo, Dimca, Libgober, Matei, Papadima, Suciu, Wang
Algebraic varieties defined over Q.

Pull-backs by orbifold maps M(A) — Co1,, Corp Orbicurve.
Tori translated by torsion elements.

Strong obstructions.
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Determined by Betti numbers of finite cyclic covers. ﬂ,
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Types of irreducible components

¥ irreducible component of 3;(.A)

¥ non-coordinate if © ¢ {t; = 1}, VL € A.
¥ coordinate if ¥ C Tg, for some B G A.
¥ coordinate non-essential if ¥ C ¥ (B), for some B G A.

vV V. v v

Y essential coordinate if it is coordinate and not coordinate
non-essential.

> X sub-essential coordinate if it is essential coordinate for some
B g A.
Theorem (Libgober)

1. There is an algorithm to compute non sub-essential coordinate
components which depends on the position of multiple points of A.

2. Sub-essential coordinate components are torsion points. ﬂ

=] F = = E DA
I I
Essential coordinate components IUMA, UZ




Definitions and settings
I

Candidates to sub-essential components

Coverings and torsion characters

Examples

> (€Tq, 1 <ord(§) = N < oo, () =exp <2i7r%),
=0

ged(N, ko, ..., kn) =1, ij:kN.

Essential coordinate components

B

DA

IUMA, UZ




Definitions and settings

Candidates to sub-essential components

Coverings and torsion characters

Examples

=0

> (€ Tq, 1 <ord(§) = N < oo, () = exp <2i7r%),
> p:Xe — M(A) cyclic covering defined by &.

ged(N, ko, ..., kn) =1, ij:kN.

Essential coordinate components

=1

DA

IUMA, UZ




Definitions and settings

Candidates to sub-essential components

Coverings and torsion characters

Examples

ged(N, ko, .. kn) =1, >k = kN.
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» £€Tg, 1 <ord(§) =: N < oo, £(y) = exp (2”%)»

> p: Xe — M(A) cyclic covering defined by &.
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> 75 smooth projective compactification of X¢, Dg := 75 \ X
normal crossing divisor, D¢ set of irreducible components of D
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Coverings and torsion characters

> (€Tq, 1 <ord(§) = N < oo, () =exp (22’77%),
ged(N ko, ..., kn) =1, > kj =kN.
j=0

» H'(XgC) = H'(M(A);Cy).

> 75 smooth projective compactification of X¢, Dg := 75 \ X
normal crossing divisor, D¢ set of irreducible components of De.

»  Pure Hodge structure Hl(Xf; (C) = Hl(Xg; 0?5) S¥) H0<X£; Ql}E)

P Mixed Hodge structure

Hl(Xg;(C) = H1(75; OYE) S Ho(yé:; Qlyg IOg(Dg))

» {&} sub-essential coordinate =
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An explicit compactification
First Step

Examples

» Blow up the points of Psy, 0: Y — P2,

= HELs

» A irreducible components of o' (|J.A), normal crossing divisor
» L strict transform of L, L? =1 — #P<, N L.
» Ep:=0"*(P), P € Ps2, exceptional component, F3 = —1,
wp
s
Second Step

tep = tp = &(up).
€L

n
Ze = {[z Ty iz T](l,l,l,k) S P?l,l,l,k) TN = Hfj(xg Y, Z)kj }
j=0

J— s ~ ~ ~
Xe > 1pom — Ve — Z
Y —— P2 o
oy «F = = = 9ac
I Essential coordinate components IUMA, UZ I
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DeDe
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> 0= HO(Xg; Q) — H°(Xe; QY log(De)) — H(A) =0

0— H(A) = € H(D;0p) = H (X¢; Q%) € H*(X¢; C).
DG'DE
De=Df U | J Be(B):
BeA
» Be Df — 7(B) is a point
» B € B¢(B) <= B projects onto B.
D H#(D;0p) = C(DF) & €D C(B(B))
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» De=Df U |J Be(B):

Examples

:
BeA

> 0= HO(Xg; Q) — H(Xe; QY log(De)) — H(A) =0
» Be D} <~ 7(B) is a point

» B € B¢(B) <= B projects onto B.
DeD;e

> C(B¢(B))* =

> P H(D;0p) =C(DF) & @ C(B(B))
0 BeA
B(¢)

Essential coordinate components
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B is inner if #B¢(B) = N <= tgp =1 and t¢ = 1 for all C' neighbor
to B: Ug set of inner components.
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B is inner if #B¢(B) = N <= tp =1 and t¢ = 1 for all C' neighbor
to B: U set of inner components.

Theorem
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Examples

Inner components
Definition

B is inner if #B¢(B) = N <= tp =1 and t¢ = 1 for all C' neighbor

to B: U set of inner components.

Theorem

1. H'(X;C)f = H' (X¢;C)f @ ker | @D C(B(S)) — Ha(Xg;C)

BelUe
K($)
o = = = = 9ace
I I
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Candidates to sub-essential components

Examples
I

:
Inner components

Definition

B is inner if #B¢(B) = N <= tp =1 and t¢ = 1 for all C' neighbor
to B: U set of inner components.

Theorem

1. H'(X;C)f = H'(X¢;C)f @ ker | @D C(B(S)) — Ha(Xe;C)

Belg

K(8)
2. dimg K¢ is the corank of the intersection form induced on

@ C(B(&)) by the usual intersection form of X¢.
Bele

4]
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Twisted intersection form
» C{Ue) =

¢ cis

Bele

Examples
1
, B+ —B

N (©)-
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1
, B+ —=DB(¢).
Wi ©)
> -¢ induced hermitian form on C(U)
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Bele

Examples
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> -¢ induced hermitian form on C(U)

» T'y, denotes the dual graph of U
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Definitions and setting
:

Candidates to sub-essential components
I

Examples

Twisted intersection form

1
» C{Ue) = @D C(B(E)), B+ —=B(&).
Bele \/N
> -¢ induced hermitian form on C(U)
» Ty, denotes the dual graph of U.

» If I'y, has cycles, it depends on the embedding of the boundary

of a regular neighborhood of | JA in M(A) (Hironaka
Florens-Marco-Guerville)

4]
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Candidates to sub-essential components
Twisted intersection form
> (C Ug

¢ c(s

Bele

Examples

B+ —B 13
Wi (©)-
> -¢ induced hermitian form on C(U)

» Iy, denotes the dual graph of U
» Fix Ty, a maximal forest
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I

Examples
I
I

Twisted intersection form

1
» C{Ue) = C(B(€)), B+ —=DB(¢).
=D o Ur

-¢ induced hermitian form on C(Ue)
Iy, denotes the dual graph of Us.

Fix Ty, a maximal forest.

vV v v v

The edges of I'y, correspond to pairs B, C' such that B - C' = 1;
the oriented edge from B to C' is denoted by R’

CRE= = = E
I
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Twisted intersection form

1
» C{Ue) = C(B(€)), B+ —=DB(¢).
=D o Ur

> -¢ induced hermitian form on C(U)

» Ty, denotes the dual graph of U.

» Fix Ty, a maximal forest.

» The edges of I'y, correspond to pairs B, C' such that B- C' = 1;
the oriented edge from B to C is denoted by B?’

> If B? ¢ Tu, then it defines a cycle vp,¢ € Hy (T'ue; Z) which is
well-defined mod ker{ (ye,p = '75’10).
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:

Twisted intersection form

1
»Cwozgacw@»BHvﬁma

-¢ induced hermitian form on C(Ue)

Iy, denotes the dual graph of Us.
Fix Ty, a maximal forest.

vV V. v v

The edges of Iy, correspond to pairs B, C such that B- C = 1;
the oriented edge from B to C' is denoted by R’
If B? ¢ Tu, then it defines a cycle vp ¢ € Hi(I'y,;Z) which is
well-defined mod ker§ (ye,p = '75’10).
0 ifB-C=0
B.«C=.B-C ifeitherBzCorB?Cﬁ{E
§m.o)B-C) #HBCE Ty,

v

v
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Ceva-extended arrangement
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Examples
Ceva-extended arrangement
_ §(pa) = —1
Ls §(p2) = -1
Z4 E(us) = —1
§(pa) = -1
-1
Ly
-1 ~1
L3 L L7 L§

-1 1 1
A N | \'s:}—ll

=} 5 = = E DA
I

I
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Examples
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Ceva-extended arrangement

_ &(pa)
Ls §(p2) = —1
I E(us) = -1
! E(pa) = —1
-1
Ly
L} 71 -1 —1
5
-1 1 -1
e 1 -1 1
= -1 1 -1
L2

| Cohen-Suciu o> 3 - - = Dacr

I
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Hesse arrangement

Examples

0=ayz ((2° + y* + 2°)® — 27zy2)

Essential coordinate components
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Definitions and settings

Candidates to sub-essential components

Examples

Hesse arrangement

0=ayz ((2° + y* + 2°)® — 27zy2)

0 = azyz(z + 43 + 2% — 3ay2)(...)

E(pr) = &(p2) = &(u3) =1
\ (1ua) = € (s) = E(s) = t € C*
ggm); 5(/(8) )= 5(#(9) =)s e C* .
L o E(pr1) = &(u12) = u e C*
ks \ B tsuli 1 ! .
\ b -2 1
|1 -2 1
1:41 1 1 =2
g
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