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Abstract. The method of curve evolution is a popular method for

recovering shape boundaries. However isotropic metrics have always

been used to induce the flow of the curve and potential steady states

tend to be difficult to determine numerically, especially in noisy or

low-contrast situations. Initial curves shrink past the steady state

and soon vanish. In this paper, anisotropic metrics are considered to

remedy the situation by taking the orientation of the feature gradient

into account. The problem of shape recovery or segmentation is

formulated as the problem of finding minimum cuts of a Riemannian

manifold. Approximate methods, namely anisotropic geodesic flows

and solution of an eigenvalue problem are discussed.

2



.

All symbols should be printed as they appear in the manuscript.
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1 Introduction

In recent years, there has been extensive development of methods for shape

recovery by curve evolution. These methods are gaining in popularity due to their

potential for very fast implementation. A parametric form of it was developed

by Katz, Witkin and Terzoupolous [1]. A geometrically intrinsic formulation of

active contours was introduced by Caselles, Catte, Coll and Dibos in [2] and

developed over the years by several authors [3,4,5,6]. A formulation based on

curve evolution introduced by Sethian [7] is also in use where the flow velocity

consists of a constant component and a component proportional to the curvature

(see for example, [8]). The evolving curve in this case is stopped near the shape

boundary or at least slowed by means of a stopping term. From a geometric

perspective, the image domain may be viewed as a Riemannian manifold endowed

with a metric defined by the image features. An initial curve flows towards a

geodesic with normal velocity proportional to its geodesic curvature. Several

techniques for fast implemetation of geodesic flows have been developed. The

speed of the method is due to two essential factors. First, noise suppression and

edge detection are done in a hierarchical fashion: the image is smoothed first and

then the geodesic flow is calculated. This is in contrast to the flows defined by

segmentation functionals in which noise suppression and edge detection are done

simultaneously. The second reason for the speed-up is that the object boundaries

are found by tracking one closed curve at a time and thus the computational effort

can be focused on a small neighborhood of the evolving curve.

Throughout the development of this approach, the metric used has always been
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an isotropic metric. In this paper, fully general anisotropic metrics are considered.

One reason for developing such a generalization is that in noisy or low contrast

situations, the steady states for the isotropic flows are not robust and one has to

resort to devices such as a stopping term. For instance, when the image gradient

is large everywhere due to noise, curves with the same Euclidean length will have

their Riemannian length approximately equal if the metric is isotropic, indicating

reduced sensitivity of the method. In practice, the curves tend to continuously

shrink and vanish. A way to improve this situation is to take into account the

orientation of the gradient by considering anisotropic metrics. Another reason to

consider anisotropic metrics comes from the impressive results obtained by Shi

and Malik [9] who formulate the problem of shape recovery in natural scenes

as a problem of finding the minimum cut in a weighted graph. An ingredient

essential for their method to work is the implied anisotropic metric. Finally, use

of anisotropic metrics is implied in boundary detection by means of segmentation

functionals. This connection is briefly reviewed in Section 2. However its

implementation is computationally expensive and it is worthwhile to formulate

anisotropic curve evolution directly.

2 Segmentation Functionals and Curve Evolution

Consider the segmentation functional [10]
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where 	 is the image domain, � is the image intensity, � is the segmenting

curve, ��� its length and � is a piecewise smooth approximation of � . Let
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 � ���� � ��� � ������� denote the energy density. Then with � fixed, the

gradient flow for � is given by the equation
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where � now denotes the position vector of the segmenting curve, superscripts

��� denote the values on the two sides of � , � is the normal to � pointing

towards the side of � marked � and  denotes the curvature. To see anisotropicity,

look at the limiting case as ���. Then � minimizes the limiting functional
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The metric is an anisotropic (non-Riemannian) Finsler metric. It is singular and

non-definite, exhibiting space-like and time-like behaviors [10]. Existence of

space-like geodesics is an open question.

At the other extreme, as � � � the behavior is governed by the isotropic

Euclidean metric. The curve minimizes
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where 	�’s are the segments of 	 and ��� is the average value of � in 	�. The

curve evolution is given by the equation
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(5)

The equation is similar to the one used in [8] where the first term is replaced by

a constant. The advantage of using the segmentation functional is that it avoids

the problem of choosing this constant.
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Another segmentation functional that leads to isotropic curve evolution is

formulated using ��–norms [11]:
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where 
� is the jump in � across � , that is, 
� � �������. In order to implement

the functional by gradient descent, curve � is replaced by a continuous function

�, the edge-strength function to obtain an approximation
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The gradient descent equations for � and � are:
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where ������� is the curvature of the level curves of �:

������� �
��������� � ������������ � ���������

�����
(9)

The terms in the bracket in the descent equation for � prescribe the three

components of the velocity with which the level curves of � move. The first

term is the usual Euclidean curvature term except for the factor of �� � ���, the

second term is the advection induced by the edge-strength function � and the last

term prescribes the constant component of the velocity. The sign is automatically

chosen such that this component of velocity pushes the level curve towards the

corresponding level curve of 	 . The implied metric is isotropic.

7



3 Anisotropic Geodesic Flows

It is helpful to start with a slightly more general framework to derive the

equation of anisotropic geodesic flow. Let � denote the image domain � when

it is endowed with a Riemannian metric, � � �����. Let � be a curve dividing

� into two disjoint submanifolds, �� and ��. Following Cheeger [12], define

���� �
����

���
�
�����

(10)

where ���� is the length of � and ����� is the area of ��, both being measured

with respect to the metric on � . Then the problem of shape recovery may be

viewed as the problem of finding the minimum cut of � by minimizing ����.

(Note the dependence of the minimum cut on the size and shape of the image

domain due to the term in the denominator.) The gradient flow obtained by

calculating the first variation of ���� is given by the equation
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where �� is now the geodesic curvature and �� is the normal defined by the

metric; plus sign is to be used if the area bounded by the curve is smaller than

its complement, minus otherwise. In the isotropic case with the metric equal to

a scalar function � times the identity metric, the relation between the geodesic

curvature �� and the Euclidean curvature � is given by the equation
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Thus the geodesic curvature includes the advection term. The term ���� is

the component of the velocity which is constant along the curve and varies
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in magnitude as the curve moves. To implement the flow, the initial curve is

embedded as a level curve of a function � and the evolution equation for � is

derived such that its level curves move with velocity proportional to their geodesic

curvature augmented by a component �, constant along each level curve. If only

the motion of the original curve � is of interest, we may assume that all the level

curves have the same constant component � equal to ����, updated continuously

as � evolves. However, if the motion of all the level curves is of interest, then

the value of � for each level curve must be calculated, making the implementation

considerably more difficult. In this paper, only purely anisotropic geodesic flow

is studied by setting � � �.

The functional for � may be derived using the coarea formula, taking care to

define all the quantities involved in terms of the metric �. Let ��� � ����� be

the metric dual to � given by the inverse of the matrix �����. Let

� ��� �
�
�
�
�	�

������� (13)

be the binary form defined by a given matrix � and let
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�
� ��� �

�
(14)

Then the functional for � may be obtained by the coarea formula and has the form
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where � is assumed to be constant. Here, �� is the Euclidean gradient vector

����
�. (In fact, ����� is the gradient vector ��� defined by the metric � and
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�������� � ��������� .) The evolution equation for � has the form
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is the divergence operator defined with respect to �. Eqs. (16) and (17) are valid

in arbitrary dimension. The first term in Eq. (16) is the mean geodesic curvature

of the level hypersurfaces of �.

In dimension 2, the evolution Eq. (16) for � assumes a fairly simple form and

is not much more difficult to implement than in the isotropic case. In dimension

2, after multiplying the right hand side of Eq. (16) by a positive function, we get
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where as before, 
������ is the Euclidean curvature of the level curves of �, ��

is the Euclidean gradient of �, ������ is its Euclidean norm, and

 � �	�������

� �
�
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��� �� ������ �
�

(19)

Comparison with the corresponding equation for the isotropic flow shows that

anisotropy does not affect the second order curvature term, but the advection term

is more finely tuned. To have the effect of anisotropy on the second order term

in dimension 2, more general Finsler metrics must be considered [13].
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4 Approximation: Riemannian Drums

As in the isotropic case, Eq. (18) is hyperbolic in the direction normal to

the level curves so that its solution is capable of developing shocks. A shock-

capturing numerical method [14] must be used to implement the equation. An

alternative is to convert the minimum-cut problem into an eigenvalue problem as

suggested by the Cheeger inequality

� �
�

�

�
���
�

����

��

(20)

where � is the second smallest eigenvalue of the Laplace–Beltrami operator.

Therefore, instead of minimizing ����, consider minimizing the Rayleigh quotient�
�
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(21)

which is equivalent to solving the eigenvalue problem

	��� �� � 
� with Neumann boundary conditions (22)

where
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�
(23)

is the Laplace–Beltrami operator. When � is the Euclidean metric, the operator

reduces to the ordinary Laplacian and the eigenvalue problem describes the modes

of vibration of an elastic membrane. When discretized, the eigenvalue problem

takes the form

�� � ��� (24)
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where � is now a vector, � is the “stiffness” matrix and � is the mass matrix. An

important point to note is that Eq. (22) does not involve �, its approximate value

is determined automatically by the Cheeger inequality. Another important point

to note is that for the approximation to work, an anisotropic metric is essential. In

dimension 2, if the metric is isotropic, the numerator in the Rayleigh quotient is

independent of � and since we expect � to deviate substantially from the Euclidean

metric only near the shape boundary, the denominator is insensitive to � as well.

As a result, the eigenvalue problem reduces essentially to the Euclidean case.

The eigenvalue problem (22) is an analytic version of the formulation proposed

by Shi and Malik in the framework of graph theory, motivated by the principles

of gestalt psychology. They regard the image as a weighted graph by viewing the

pixels as vertices and assigning weights to the edges in proportion to the proximity

of the corresponding vertices and similarity between the feature values at these

vertices. The minimum cut of the graph is defined in some normalized way. There

is a standard way to define the Laplacian of a graph from its adjacency matrix

[15,16] and approximate the minimum cut problem as the problem of determining

the eigenvector corresponding to the second smallest eigenvalue of this Laplacian.

Since this eigenvalue is zero if the graph is disconnected, it is called the algebraic

connectivity of the graph. For a more detailed comparison between the graph-

theoretic formulation and the formulation presented here, see [17]. Note that here

too, anisotropicity is essential. Isotropicity would mean that all the edges have the

same weight and hence the graph cannot carry any information about the image.

The eigenvalue problem may be approximately solved by one of the spe-
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cial methods for large sparse matrices such as the Lanczos method [18]. Care

must be taken to ensure that the matrix � is symmetric so that the Lanczos

method is applicable. One of the ways to ensure this is to derive Eq. (24)

by discretizing the Rayleigh quotient (21) instead of Eq. (22). Details of

the Lanczos method may be found in [17]. The method is an efficient proce-

dure to find the vector which minimizes the Rayleigh quotient over the vector

space �� ������
������ ��

�������� � � � � ��
��������. Here, �� is a user-

supplied initial vector and � is chosen so that satisfactory numerical convergence

is obtained. In principle, the only requirement for the method to work is that the

initial vector must have a component along the true eigenvector. However, the

greater the number of higher eigenvectors significantly present in ��, the larger

the value of � needed for the method to converge to the second eigenvector.

Moreover, as � increases, it becomes harder and harder to orthogonalize the vec-

tor space �� as required by the Lanczos method. Therefore, the choice of the

initial vector is a non-trivial problem.

5. Anisotropic Metrics

In dimension 2, the obvious starting point for intensity images is the matrix

��� ���� �
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����
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����

� ���
����

�

�
(25)

where �� denotes the smoothing of the image by a Gaussian filter. There are two

problems with the metric defined in this way. First of all, the metric is degenerate

since the determinant is zero. This may be remedied by adding a small multiple

of the identity matrix to the above matrix. (Shi and Malik solve this problem by

13



exponentiating the metric.) The second objection is that the length of each level

curve of �� is just a constant multiple of its Euclidean length. Since we expect the

object boundaries to coincide more or less with the level curves, evolving curves

will shrink and vanish. A solution to this problem is to divide the augmented

matrix by its determinant. The final result is the metric given by the matrix�
������

����
�

���������
����

����
�

���������

����
����

�

���������
������

����
�

���������

�
(26)

where � is a constant. Finally, just as in the isotropic case [6], the metric may

be raised to some power �. The effect of � is to sharpen the maxima and the

minima of the smaller eigenvalue of the metric over the image domain, resulting

in sharper edges and corners. In the gradient direction, the infinitestimal length is

the Euclidean arclength ��, independent of the gradient. Along the level curves of

�� , the infinitestimal length is ����� � �������������. Thus the metric provides a

generalization compatible with the isotropic case as it is usually formulated [6].

Its generalization to vector valued images, for instance to the case where we have

a set of transforms ������ of the image by a bank of filters, is straightforward.

In matrix (26), simply replace ���
����

� by ���
������

������
���. Generalizaton to

arbitrary dimension � is obtained by letting the indices �	 
 run from � to � and

normalizing the metric by dividing it by the ��� ���� root of its determinant. Of

course, determining the weights ������ is a difficult problem.

6. Experiments

In the first experiment, different methods considered here are compared from

the point of view of smoothing intensity images. In the second experiment, in
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addition to smoothing an MR image, anisotropic flow is applied to smoothing of

the zero-crossings of the Laplacian of the image presmoothed by a Gaussian.

In these experiments, the constant � was set equal to zero and � was chosen

so that the smallest value achieved by the smaller eigenvalue of the matrices

����� over the image domain was equal to a small constant , less than 1. The

closer the value of  is to 1, the closer the metric is to the Euclidean metric.

(The Euclidean geodesic flow is a purely curvature-driven flow without advection.

The image is eventually smoothed out to uniform intensity.) In the case of the

eigenvalue problem, the closer the value of � is to 1, the more the behavior is like

a Euclidean drum and the second eigenvector is dominated by the fundamental

mode of Euclidean vibration.

In order to clearly bring out the differences among the different methods, a

synthetic image with greatly exaggerated noise was used in the first experiment.

The image is shown in Figure 1 (top-left) and was created by adding noise to a

white ellipse on a black background. The top-right frame shows a horizontal and a

vertical cross-section through the middle of the image. The metric was calculated

from the filtered image �� obtained by filtering the original image by a Gaussian

with standard deviation equal to
�
�. �� was also used as the initial vector

for the geodesic flow as well as for the Lanczos iteration. (Uniformly sampled

random noise was also tried as initial � for solving the eigenvalue problem, but

the convergence was unacceptably slow.)

Under the isotropic flow, with � � ���� � ����������� in Eq. (12), all the

significant level curves shrank and vanished in a few thousand iterations. The
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Fig. 1.

bottom frames of Figure 1 show the results of anisotropic geodesic flow. The

numerically steady state shown in the figure remained stable even after a few

hundred thousand iterations. Sharpening of the edges can be clearly seen in the

graph of the cross-sections.

The solution to the eigenvalue problem is shown in the top-row of Figure 2.

The figure shows that the method is not as effective as the method of geodesic

flow for denoising or deblurring. In fact, the solution is very close to the initial

vector ��.
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Fig. 2.

The best results were obtained using Eqs. (8) corresponding to the segmentation

functional (6) as shown in the bottom row of Figure 2. The advantage of the

segmentation functional over the curve evolution formulation is that denoising and

edge detection are done simultaneously. The formulation makes it possible for

the smoothed intensity � and the edge-strength function � to interact and reinforce

each other. In the example shown, � is in fact almost piecewise constant.

Figures 3 and 4 portray the results for an MR image. This is a more difficult

image to deal with since the intensity gradient and the curvature vary widely
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Fig. 3.

along the object boundaries, resulting in varying degrees of smoothing. This is

especially true of the thin protrusions and indentations. The top row in Figure

3 shows the original image togetherwith graphs of two horizontal cross-sections.

The top graph is a section near the top of the image while the bottom graph

is through the two ventricles in the middle. The bottom row shows the effect

of smoothing under anisotropic flow using the original image as the initial �

as well as for calculating the metric. Figure 4 shows the results of smoothing

the zero-crossings of ����. The case � � ��� is shown in the top row, the left

frame being the initial zero-crossings. The case � � ��
�
� is shown in the bottom
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Fig. 4.

row. The anisotropic metric was computed from the original (unsmoothed) image.

Stability of the significant boundaries is indicated by the close similarity between

the curves in the two figures.
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Figure legends:

Figure 1: Top Right: A synthetic image . Top Left: Horizontal and vertical

sections through the middle. Bottom Right: Smoothing by anisotropic geodesic

flow. Bottom Left: The two sections.

Figure 2: Top Right: Result of solving the eigenvalue problem. Top Left:

The two sections. Bottom Right: Result by L1 functional. Bottom Left: The

two sections.

Figure 3: Top Right: An MR image. Top Left: Two horizontal sections.

Bottom Right: Smoothing by anisotropic geodesic flow. Bottom Left: The two

sections.

Figure 4: Top Right: Zero–crossings of ����� � � ���. Top Left: Smoothing

of the zero-crossings by anisotropic flow. Bottom Right: Zero–crossings of

����� � � ��
�
�. Bottom Left: Smoothing of the zero-crossings by anisotropic

flow.
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