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1 Introduction
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Shape skeletons provide a method for representing a shape as a hierarchy of
parts. There is a long history of research associated with this method, (see
for example, [3,4,6,7,8,9,12,16,17,18,19,20] for recent developments). Al-
though conceptually very appealing, the representation is not straightfor-
ward to implement. A large number of papers on new ways and theories
about how to determine shape skeletons attest to these difficulties. The
success of any construction depends on its ability to determine the shape
skeleton robustly in the presence of noise and features such as necks, protru-
sions, corners, concavities, long ribbons and blobby parts. Any construction
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Noise presents a major difficulty in implementing various methods
of shape analysis currently in use. A way to deal with this prob-
lem is to presmooth shapes. However, this is problematic on several
counts. It makes extensions to 3D shapes difficult. The shape may
lack sufficiently many pixels in its narrow regions for computing high-
order smoothing operators. How constructs such as shape skeletons
are affected by smoothing is not at all clear. The objective of this
paper is to demonstrate a new approach to shape analysis which does
not require presmoothing of the shape. The basic tool is the �gray
skeleton� which is the shape skeleton whose points are associated with
signi�cance numbers. A pruning method is developed for extracting
a "noise-free" skeleton from the gray skeleton. The problem of seg-
menting shapes is addressed by formulating a segmetation functional
in terms of gray skeletons. Fast algorithms for computing and prun-
ing gray skeletons, and for �nding an approximate minimum of the
segmentation functional make the approach practical to implement.
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must also deal with numerical issues associated with calculations on a dis-
crete grid. It is argued below that grayscale-valued skeletons offer a good
way to address these issues. One de�nition of a shape skeleton is that it is
the locus of the centers of maximal discs contained in the shape. If the radii
of these discs are recorded at the corresponding points on the skeleton, the
shape can be fully recovered as an envelope of all the discs centered on the
skeleton with radii recorded on the skeleton. A corollary to this fact is that
the skeleton also preserves noise present in the shape boundary. A standard
example is a rectangle whose boundary is modi�ed by introducing a small
protrusion on one of its long sides. The protrusion generates a long branch,
joining the main branch along the long axis of the rectangle (see Fig. 1,
left). Another way of stating this instability is that the skeletons do not
vary continuously with deformation of shapes: a small change in the shape
can produce a large change in its skeleton. (For an analysis of this instabil-
ity, see [2,7]). Either noise must be �ltered out before determining the shape
skeleton or the skeleton branches corresponding to noise must pruned. A
related issue concerns the necessity for a procedure to assign a measure of
relative signi�cance to different parts of the shape. The criterion used for
pruning noise may be employed to address this problem as well.
Construction of the skeleton by drawing maximal disks at all points

within the shape is impractical. An alternative is the �grass�re� technique
in which the shape is imagined to be �lled with dry grass and the �re is
started at the shape boundary. The skeleton is traced out by the singular
points of the advancing front, that is, the points where advancing fronts
meet coming from different directions. The time of arrival of the front at a
point equals the distance of that point from the shape boundary. When
the colliding fronts come from opposite directions, the point of their collision
can be determined fairly accurately. However, as the angle between the front
normals decreases, it becomes numerically more and more difficult to decide
their point of intersection. Siddiqi et al in [19] propose a method based on
the property that the level curves of have in�nite curvature at points where
they intersect the skeleton. The curvature of the level curves of is given
by the laplacian of . The �rst difficulty is an arbitrary threshold must be
set to determine what constitutes numerically in�nite. This automatically
makes it difficult to distinguish between intersecting fronts with a small angle
between them and a single front inheriting its curvature from the curvature
of the shape boundary. Thresholding also tends to produce thick skeletons
and requires thinning as a postprocessing step [3].
Tari and Shah in [20] circumvent the issue of presmoothing shapes by

interpolating a smooth function within the shape boundary. Such a func-
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tion, , may be obtained (in any dimension) for example by smoothing the
distance function with the boundary condition that equals zero at the
shape boundary. The skeleton is abstracted from the locus of local symme-
tries of the level curves of . Smoothing of erases parts of the skeleton
branches where the angle between intersecting fronts is small. The skele-
ton is no longer connected and its branches may be connected by extending
them to form junctions. However, extraction of the skeleton from the full
symmetry locus is numerically quite involved because the branches of the
full symmetry locus interact in a complicated way [17].
Intuitively, branches of shape skeleton represent medial axes of its ribbon-

like parts. Zhu in [21] and Liu et al in [10] offer a direct method for deter-
mining ribbon-like parts of shapes. In both of these papers, an objective
functional is formulated which is minimized to segment shapes directly. In
Zhu�s formulation, the functional is designed to determine optimal chords
which are as closely normal to the shape boundary as possible. It also incor-
porates terms such as a penalty for parts of the shape in which chords are not
drawn and a penalty for too many short ribbon segments rather than a few
long ones. The centers of the chords determine branches of the shape skele-
ton which are then joined in an optimal way by extending them to common
junction points. In the approach of Liu et al, ribbons are found by looking
for pairs of boundary segments which are approximately mirror images of
each other. Both of these formulations require the shape to be presmoothed
since the functionals involve calculation of normals to the shape boundary.
It is not yet clear how to extend this approach to 3D shapes since we don�t
know a good way to smooth 3D shapes.
The reason for the difficulties discussed above is that all of these methods

attempt to make a binary decision whether a point belongs to the skeleton
or not. It would be better to assign �rst a number between 0 and 1 to
each point inside the shape expressing its relative signi�cance and decide
whether the point belongs to the skeleton or not later in the context of the
application. These quantities may then be used to set local contexts for
pruning the skeleton. In the example of the rectangle above, if the points on
the branch emanating from the small protrusion were associated with low
values of , it would clearly indicate the spurious or insigni�cant nature of
the protrusion. Shape skeletons with a signi�cance number attached to each
of its points are called here gray skeletons (see §2). An obvious candidate
for is the angle between the front normals or a monotonic function of
this angle. This angle is related to the quantities such as the jump in the
gradient of the distance function, the velocity of the grass�re along the
skeleton ( §2) and to the phenomenon of ligature. Its role in explaining
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various pathologies of shape skeletons is well known. The angle between the
front normals and the related quantities are discussed in the literature in
the context of pruning, stability of shape skeletons with respect to shape
deformation and smoothing. In fact, it can be traced back to the papers of
H. Blum written more than 35 years ago. What is new in this paper is the
extension of the de�nition of to all the points inside the shape, not just
the skeleton, and a fast algorithm (§3) for calculating at all points of the
shape. The method of computation exploits the fact that the gradient lines
of the distance function are straight lines and hence, the gradient directions
on the two sides of a skeleton branch may be determined accurately by using
large neighborhoods. To obtain the usual shape skeleton by pruning the gray
skeleton, we follow Zhu and �rst determine the medial axes of the ribbon-
like parts by thresholding the gray skeleton and then connect them up by
extending these axes along the gray skeleton (§4). In §5, a functional is
formulated in terms the gray skeleton for segmenting the shape into parts.
The method tested on many examples and found to be fast, robust and
practical. For example, the shape in Fig. 2 is set in a pixel
rectangle and it takes less than a second to process on a 400 MHz Mac.
(Examples in this paper have been chosen to illustrate the robustness of
the method in the presence of shape features such as concavities, corners,
protrusions, narrow necks and noise.)
Shapes may be analyzed also in terms of Voronoi diagrams [13,14,15].

Since they are closely related to shape skeletons in their properties, they
should involve the same kind of difficulties discussed above. Perhaps, the
method presented in this paper can be adapte for robustly constructing
voronoi diagrams as well.

The difficulties discussed are associated with the angle between the inter-
secting fronts. The smaller the angle, the harder it is to determine the point
of their intersection. In order to analyze this behavior, we summarize some
of the properties of the distance function [7,11]. The distance function
is de�ned as where is the shape boundary. The
level curves of are the successive fronts in the grass-�re analogy. At a point
away from the skeleton, the maximal circle with center at touches the

shape boundary at nearest to and nowhere else. The vector is
precisely the vector The gradient lines are straight lines, connecting
points on the skeleton to the nearest points on the shape boundary. The
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Figure 1: Skeleton of a rectangle with a notch
left: The skeleton, right: Illustration of angle

vector is normal to the front and determines the direction of travel of
the front arriving at It follows that if two fronts intersect at a smooth
point of the shape skeleton, the angle between their velocity vectors is
equal to the angle between the vectors and if and are
the two points where the maximal disc centered at touches the shape

boundary. Let denote one half of the angle between the vectors and
; it takes values between and (see Fig. 1) If the shape boundary is

smooth at , then the vectors is orthogonal to the shape boundary
and is the angle between the chord and the tangent at . It

is shown in [7] that the tangent to the shape skeleton at bisects the angle

between and . Since where denote the gradients

in the directions , we have

(1)

where denotes the in�nitesimal arc-length along the skeleton and

(2)

which is the jump in across the shape skeleton. Thus, the shape skeleton
is the closure of the discontinuity locus of .
In the ribbon-like parts of the shape with approximately constant width

and smooth boundaries with low curvature, and . Small
protrusions give rise to skeleton branches which have small values of for
the most part. Therefore, a small value of would signify that the smooth
points and do not belong to a ribbon-like part. In the example of
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Figure 2: Left: Gray skeleton. Right: result after thresholding

the rectangle with a small protrusion (Fig.1, right), if a point is on the
branch of the skeleton along the long axis of the rectangle and is not near
a junction, . If the point is on the branch corresponding to the
protrusion, the value of steadily decreases with increasing distance from
the shape boundary. At points off the skeleton,
This discussion suggests that the measure should monotonically de-

pend on Any monotonic function would suffice. Among the possible
choices for are: , , and .

In all the algorithms described below, it must be kept in mind that noise and
the discreteness of the grid limit the numerical accuarcy of various quantities
involved and any comparisons such as comparing with a threshold value
must be evaluated in the context of these limits.
The skeleton and are determined from the distance function which

may be computed very quickly, for example, by Sethian�s fast marching
algorithm [1] which solves the eikonal equation by the �upwind�
�nite difference scheme. The accuracy of is obviously limited by the
accuracy of . Note that Sethians algorithm does not explicitly search for
the shape skeleton and near skeleton, enforcing the constraint
introduces inaccuracies because the forward difference used for calculating
quite frequently stradles the skeleton and the corresponding inaccuracy

introduced spreads because the front propagation is governed by a hyperbolic
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equation.
The gradient is uniquely de�ned off the shape skeleton and it is mul-

tiple valued at points on the skeleton. Moreover, . The method for
calculating takes advantage of the fact tha the gradient lines are straight
lines connecting points on the skeleton to the nearest points on the shape
boundary. So a way to locate the skeleton is to compute the directional
derivatives of in all radial directions at every point in a given
shape and determine the directions in which it is nearly equal to 1. On
a discrete grid, the accuracy with which the direction of is determined
depends on the size of the neighborhood used. Since the gradient lines are
straight lines, we may use fairly large neighborhoods. Note that in directions
other than that of , the radial lines may cross the skeleton; however, this
is not a problem because the directional derivative changes sign across the
skeleton and the result is an underestimate of the directional derivative in
directions other than that of . If there are exactly two rays from along
which the directional derivative of approximately equals 1, then the point
must be on the smooth part of the skeleton and the angle between the two
rays may be used to calculate the value of at that point. Presence of more
than two gradient directions at a point indicates a junction and is unde-
�ned. This presents two problems. The junction may be spurious caused by
a spurious branch due to noise and if the spurious branch is ignored, may
be de�ned. Even if the junction is genuine, we need to assign some nominal
value of to it to ensure the gray skeleton remains connected. Therefore,
at junctions, is set equal to the largest value among the angles between
successive gradient directions. The algorithm in detail is as follows:

Scan the perimeter of a neighborhood of . If is a
point belonging to , the derivative of in the direction is

(3)

Determine the local maxima of along . Among these
maxima, choose the ones which are approximately equal to within the
tolerance determined by the size of .

If there are two or more maxima chosen in Step 2, use the
corresponding rays to calculate the value of .
On a discrete grid, there are only �nitely many radial directions avail-

able, depending upon the size of the neighborhood which determines the
numerical accuarcy .
The gray skeleton of the shape of a cat with is shown in Fig.

7



2

� �

�

�

�

4 Pruning

o

o

o d�
ds

o

�

�

ϕ

ϕ <

ϕ

� � � > �
�.

� ϕ �

�

�

�
� �

� , . �
ϕ

15 15 15 15

3 3

75

75

= 75 = cos 75 = 0 258

Step 1:
Step 2:

Step 3:

these branches are not followed since they
ascend from the junctions towards the shape boundary

2 (left). The darker the shade, the higher the value of . The neighborhood
at each point was chosen adaptively. At most points, the size of the neigh-
borhood used was pixels. If a neighborhood at a point did
not �t inside the shape, then its size was gradually decreased until it did. If
even a neighborhood did not �t, then the point was declared ineligible
to be on the skeleton. If the exact value of falls below the tolerance, then
the corresponding point on the skeleton is not detected. Because of this, the
skeleton obtained by this method is not always connected. However, this
is usually of no consequence since such points are almost always associated
with noise and the corresponding branches are pruned.

A straightforward approach to pruning is by thresholding. Fig. 2 (right)
shows the result obtained by thresholding out all points with . This
is a fairly high threshold, suitable for �nding ribbon-like portions of the
shape. The corresponding ribbons may be identi�ed by drawing chords from
the points with . Since a high threshold excludes the more blobby
parts of the shape, the result is a set of disconnected ribbons. However, if
the threshold is set too low, the skeleton will include branches belonging to
noise. The following algorithm gets around this difficulty.

Choose two thresholds, and with .
Threshold the gray skeleton by This eliminates irrelevant

branches so that what remains corresponds to signi�cant parts of the shape,
in particular, the ribbon-like parts.

Extend the branches of the thresholded skeleton in the direc-
tion of increasing provided that remains greater than throughout.
The effect is to extend the branches towards the minimum points of . As
the branch is extended, it may encounter many junctions with noise (pro-
trusions) related branches, but

. It is possible that
while extending a branch, it may split into two or more branches. Such
events are exceedingly rare and hard to contrive. If the value of is set too
high, some numerical difficulties may be encountered during this step due
to inaccuracies in the values of and the discreteness of the grid. If the
value of is too high, decreases very slowly along the skeleton branch; for
example, if . Now, the directions in which
decreases at a point are within from the tangent to the branch. Con-
sequently, along the actual directions of descent permitted by the grid, the
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rate of decrease in may be smaller still. Therefore, in searching for lower
values of the size of the neighborhood should to be adjusted in order to
ensure that it includes a direction of decreasing .
Fig. 3 shows several examples of skeletons obtained by this procedure

with and and .
As long as is sufficiently low, the resulting skeleton is a connected set

since in theory, the skeleton is connected if . The procedure is not
too sensitive to the choice of and except around certain critical values.
For example, as long as is signi�cantly bigger than the procedure will
not pick up the branches emanating from the corners of a rectangular shape.
Since what is noise or an extraneous feature must depend on the context, the
values of thresholds and must also depend on the context. Topological
and geometric changes in the skeleton of a shape at critical values of and
reveal critical features of the shape. For instance, in the case of a rectangle, if

, the skeleton does not include the diagonal branches; the remaining
skeleton, namely the main axis, represents the shape as a pure ribbon. If
and are set sufficiently low, the skeleton will include the diagonal branches
as well as the branch emanating from the protrusion. Such a technique has
been used by Frosini in his pioneering work on size functions to characterize
shapes [5]. In its simplest form, the technique attempts to �nd prominent
peaks and valleys of a graph of a function . The graph is thesholded and
then its components are extended by going beyond the threshold, but still
constrained by another, less restrictive threshold. The critical points of the
graph of the number of connected components as a function of two thresholds
qualitatively characterize the function .

There does not seem to be a clear and generally accepted formulation of what
is meant by segmentation of shapes. One possibility is to view the branches
of the shape skeleton as a kind of segmentation of the shape. Another
approach is to try to �nd the ribbon-like parts of the shape as suggested
by Liu et al and by Zhu. The objective of this paper is to show how to
construct similar segmentations starting from gray skeletons.

Intuitively, a ribbon is a strip of approximately constant width. If the bound-
ary of the ribbon is fairly smooth, the angle should be nearly . However,
thresholding gray skeletons of noisy shapes is likely to produce small gaps

9
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which ought to be part of ribbon axes and some short extraneous branches
which ought not to be there. A way to handle this is to minimize a segmen-
tation functional de�ned as follows:

(4)

where represents the axes of the ribbon-like parts of the shape,
is the cost function de�ned on , is a cost threshold, is

the number of connected components of and is the penalty assigned to
each component. If , is minimized by setting equal to the set of
points of where . positive values of permit (a) pruning of short
components of even if all the points on a short component have and
(b) inclusion of points in with if it results in elimination of a short
gap in . To state these possibilities formally, rewrite as follows. If
is a connected component of , let be its the length and its average
cost:

(5)

Then
(6)

where . If be a component of and is minimum, then

(7)

otherwise, can be reduced by omitting . For example, if has length
and average cost , then can be reduced by eliminating from

. That is, is a lower bound on the lengths of the components of .
If is a path in bridging a gap between two components of . Let
be its the length and its average cost. If is adjoined to , then

increase in

(8)

since the number of components of is reduced by one. Hence if is
minimum, we must have

(9)

The necessary conditions (7) and (9) provide a strategy for minimizing
approximately as follows:
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Choose a threshold Let initial be equal to the set of points
on at which .

Eliminate all gaps in that can be bridged by paths which
violate the necessary condition (9).

Remove all components of the modi�ed which violate the
necessary condition (7).
Implicit in the formulation of the segmentation functional is the assump-

tion that the gray skeletons are 1-dimensional. This is of course numerically
not true. The average cost can still be computed reliably. However,
computation of the lengths require some care.
Illustrative examples of segmentation of obtained by this procedure

with and pixels are shown in Fig. 4. On the left is the case
where and on the right, . Since the segmentation
functional has no penalty for junctions, the set will include junctions if
is sufficiently higher than the average cost of branches meeting at these

junctions, . The area of the shape belonging to a branch at a junction may
be determined by drawing chords from the points on the branch (see the
section on protrusions below).

Intuitively, a protrusion is an offshoot from the main body of the shape. As
the skeleton branch belonging to a protrusion extends beyond the protrusion
to meet the medial axis of the main body of the shape, values of will
increase along the branch while the values of will decrease. Therefore,
a protrusion may be de�ned as a connected component of the set which
can be continued in the direction of increasing . Based on this de�nition, a
procedure for segmenting protrusions is as follows. First mark the endpoints
of the protrusion branches. Then, from each endpoint , �nd two points,
and , on the shape boundary by retracing the two directions of the

gradient of at back to the boundary. Finally, draw the segmenting line
. Protrusions identi�ed by this method for the examples in Fig. 3

are shown in Fig. 5. (An alternative to drawing the chords is to
draw arcs of circles between and with centers at the endpoints with
radii equal to the radii of the maximal discs at the endpoints.) Skeletons
of the protrusions identi�ed by the procedure described above may contain
junctions if is sufficiently high. For example, if it corresponds to
, then a protrusion skeleton will include a junction if it contains three

branches meeting each other at an angle . If it is desirable to exclude
skeleton junctions from protrusions, the following de�nition may be adopted.
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6 Summary

7 References

When a skeleton branch ends at a junction, it is termed a protrusion if in
a neighborhood of the junction, the branch (i) has values of below the
value of at the junction and (ii) has a point with value of below .
At each junction, on each branch which quali�es as a protrusion branch,
mark a point on it outside a small neighborhood of the junction. Call this
the endpoint of the branch. If a branch when tracked in the direction of
increasing terminates without meeting a junction, its terminal point also
is marked as an endpoint. Then, from each endpoint , �nd two points
on the shape boundary, and , by retracing the two directions of the

gradient of at back to the boundary. Draw the segmenting line .
Fig. 6 shows examples of segmented shapes.

Gray skeletons are introduced and a fast algorithm for computing and prun-
ing them is developed. As an application, procedures for segmenting shapes
and identifying protrusions are described.
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� �o o= 75 = 60Figure 3: Examples of Skeletons: (left), (right)

14



o o� , �= 75 = 60

Figure 4: Examples of axes of ribbon-like parts found using the segmenta-
tionfunctional. Left: Right:
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� �o o= 75 = 60

Figure 5: Protrusions (limbs) by the �rst method (§5.2)
Left: , Right:
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o o� �= 75 = 60

Figure 6: Alternate Protrusions (limbs) by the second method (§5.2)
Left: , Right:
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