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Abstract

A new method for determining skeletons of 3D shapes is described.
It is a combination of the approach based on the ”grass-fire” technique
and Zhu’s approach based on first finding portions of the shape where its
width is approximately constant. The method specifically does not re-
quire presmoothing of the shape and is robust in the presence of noise. In
an appendix, a method based on variational calculus is formulated for de-
termining pruned, smoothed shape skeletons by minimizing a functional.

1 Introduction

Although a large number of papers have appeared on ways to determine shape
skeletons, until recently [3, 7, 8, 11, 18], these papers have dealt with 2D shapes
[4, 6, 10, 12, 15, 16, 17, 19]. Extension of these techniques to 3D shapes is
nontrivial since skeletons for 3D shapes consist of intersecting 2-dimensional
surfaces [7]. This paper presents a generalization of the method developed in
[17] to 3D shapes. The emphasis is on developing a computationally robust
method for determining shape skeletons in the presence of noise and the in-
evitable numerical inaccuracies inherent in computation on a discrete grid.

The usual definition of the skeleton of a 3D shape is that it is the locus of
the centers of maximal spheres contained in the shape. If the radii of these
spheres are recorded at the corresponding points on the skeleton, the shape can
be fully recovered as an envelope of the spheres centered on the skeleton with
radii recorded on the skeleton. Construction of the skeleton by drawing maximal
spheres at all points within the shape is clearly impractical and determining the
tangency between a sphere and a noisy shape boundary is problematic. An
alternative is the ”grassfire” technique in which the shape is imagined to be
filled with dry grass and a fire is started at the shape boundary. The time
of arrival of the grassfire front at a point equals the distance ρ of that point
from the shape boundary. The shape skeleton is the locus of points where
fronts from two or more directions meet. Alternatively, it is the discontinuity
locus of the gradient of the distance function ρ. When the colliding fronts
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come from opposite directions, the point of their collision can be determined
fairly accurately. As the angle between the front normals decreases, it becomes
numerically more and more difficult to detect their collision. It is even more
difficult to locate the singular points of the skeleton where more than two fronts
come together. Another difficulty is that the skeleton preserves the noise present
in the shape boundary in the form of numerous extraneous branches which must
be pruned. It is also necessary to identify and prune branches corresponding to
shape features which are deemed irrelevant for the task at hand.

An alternative to the approach described above is the one proposed by Zhu
[19] for 2D shapes. A 2D shape is viewed as a collection of ribbons which are
glued together. A ribbon is a part of the shape where the shape width is approx-
imately constant, so that, after some smoothing, the opposite boundaries of the
ribbon are nearly parallel. Chords may then be found which are approximately
orthogonal to the smoothed boundary. Zhu minimizes a functional designed to
determine optimal chords which are as closely normal to the smoothed bound-
ary as possible. The functional also incorporates terms such as a penalty for
parts of the shape in which proper chords cannot be found and a penalty for
having many short ribbon segments instead of a few long ones. The relative im-
portance of these desirable properties depends on the values of the parameters
in the functional. The centers of the chords define the medial axes of the rib-
bons which are then extended to form junctions in an optimal way. Note that
these junctions are not necessarily the points where the maximal discs touch
the shape boundary at two or more points. Instead, their location is governed
by criteria such as a minimal number of junctions and angles subtended by the
branches at the junctions. Parts of the shape which are neither ribbon-like nor
associated with junctions are ignored (pruned). It is not clear how to determine
a good initial approximation to start the minimization process, how to tune
the numerous parameters involved in the functional and how to generalize the
method to 3D shapes.

The approach proposed in this paper is a combination of the two approaches
described above and consists of three steps. The ”gray skeleton” of a shape
is defined in §2 by associating each point inside and outside the shape with a
numerical value which is a monotonic function of the angle at which the fronts
intersect. One half of this angle is what is called the object angle in the literature
[3,5]. We define this angle to be zero at points away from the skeleton. The first
important step is an accurate calculation of the object angle at every point based
on the observation that normals to the fronts may be determined by using fairly
large neighborhoods. An alternative method for calculating the object angle
based on the divergence theorem is given in [5]. Corresponding to Zhu’s chords,
we now have a set of boundary points associated with each point P on the gray
skeleton where the front normals at P intersect the shape boundary.

Gray skeletons contain numerous points associated with noise and its pruning
constitutes the second step which is described in §3. Parts of the shape with
slowly varying width are determined by thresholding the gray skeleton. Then,
branches of the thresholded skeleton are extended along the gray-skeleton in such
a way that they join up without picking up extraneous branches caused by noise.
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The method is illustrated by means of an example in §4. An alternative approach
to pruning the gray skeleton by contracting the shape boundary towards the gray
skeleton homotopically is described in [16].

Due to noise, the boundary of the skeleton obtained by the method described
above may have a tattered appearance. The skeleton may also have gaps and
short isolated branches. Regularization of the skeleton is the third step. In §5,
we propose an approach based on minimization of a functional. The 2D version
of this functional has been implemented in [17]; however, its 3D version involves
regularization of the skeleton boundary which is a space curve and has yet not
been implemented.

Zhu’s functional includes a term which penalizes wiggles in the skeleton. In
the appendix, we present an approach based on variational calculus for smooth-
ing (and pruning) shape skeletons by minimizing a functional which is analogous
to functionals used for segmenting gray-scale images.

2 Gray Skeleton

In this section, we define the gray skeleton Γ of a shape from which the topo-
logical skeleton K is extracted. A shape is simply an open bounded set D; its
boundary will be denoted by ∂D. The topological shape skeleton K is assumed
to have the regularity properties usually assumed in practice. For example, its
dimension is at most 2. We start with the distance function

ρ(P ) = max
X∈∂D

dist(X, P ) (1)

which may be computed quickly, for example, by Sethian’s fast marching algo-
rithm [1] which solves the eikonal equation ‖∇ρ‖ = 1 by the ”upwind” finite
difference scheme. We estimate the angle between the normals to the intersect-
ing fronts exploiting the property that the gradient lines of ρ are straight lines
except where they cross the shape skeleton [14]. The gradient line of ρ passing
through a point P off the shape skeleton connects P to the point Q on the shape
boundary nearest to P . The vector

−−→
QP is the radius of the maximal sphere at

P . It is normal to the fronts advancing to P . If P is a point of K where there
are exactly two boundary points, Q+ and Q−, nearest to P , the maximal sphere
centered at P touches the shape boundary only at Q+ and Q−. Exactly two
fronts intersect at P and the angle between their velocity vectors is equal to the

angle between the vectors
−−−→
Q+P and

−−−→
Q−P (Fig. 1). Let ϕ denote one half of the

angle between the vectors
−−−→
Q+P and

−−−→
Q−P ; it takes values between 0 and π

2
. If

the shape boundary is smooth at Q+, then the vector
−−−→
Q+P is orthogonal to the

shape boundary and ϕ is the angle between the chord
−−−−→
Q+Q− and the tangent

plane at Q+.

It is shown in [7] that the bisector of the angle between
−−−→
Q+P and

−−−→
Q−P is

tangent to the shape skeleton at P . Since ‖∇±ρ‖ = 1 where ∇±ρ denotes the
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Figure 1: Geometry of the distance function

gradients in the directions
−−−→
Q±P , we have

cosϕ =
dρ

ds
(2)

where ds denotes the infinitesimal arc-length along the skeleton in the direction
of the bisector. It is the projection of the gradients ∇±ρ onto the plane tangent
to the skeleton at P . Thus, the larger the value of ϕ, the slower the rate of
change in the width of the shape. We also have

sin ϕ =
1

2

∥

∥∇+ρ −∇−ρ
∥

∥ (3)

which is one half the jump in ∇ρ across the shape skeleton. The larger the
object angle ϕ, the larger the jump in ∇ρ, and the easier it is to detect the
corresponding portion of the shape skeleton.

Let ϕ = 0 in the complement of ∂D ∪ K where ∇ρ is continuously differen-
tiable. We define the gray skeleton, Γ, of the shape by letting its value equal
to sin ϕ. The gray skeleton is defined everywhere except on the set J of points
of K where the maximal sphere touches the shape boundary at more than two
points. ( J is assumed to have dimension ≤ 1. Our strategy is to determine
K/J from the gray skeleton in the complement of ∂D ∪ J and then extend it
over parts of J which lie in the closure of K/J . This strategy still leaves out
special cases such as circular cylinders and balls where the closure of K/J does
not contain all of J . Therefore, it would be useful to extend the definition of the
gray skeleton to all of K. An elegant method to define such an extension due to
Dimitrov, Damon and Siddiqi [5] is based on the notion of average flux. These
authors use the divergence theorem and calculate the average flux as a limit of
the surface integral of ∇ρ over spherical neighborhoods as the neighborhood size
shrinks to zero. A possible alternative method for calculating the average flux
is to integrate the laplacian of ρ in the sense of distributions. Only the singular
part of the laplacian (including its poles) contributes to the average flux and
since the singular part depends only on the object angles, it may be computed
accurately using large neighborhoods. In this paper, the purpose of calculating
Γ is to extract K from it and it is sufficient to use a simple approximation of Γ
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at a points in J . At a point P in J . we pick two points, Q+ and Q−, among the
set of boundary points nearest to P such that the object angle ϕ determined by

the vectors
−−−→
Q+P and

−−−→
Q−P is the largest possible and set Γ(P ) = sin ϕ. Note

that the set J may be quite large because there may be numerous intersecting
branches produced by noise. The suggested method amounts to either ignoring
or lumping together contribution of less important branches.

To estimate ϕ, we need to determine the gradient directions
−−−→
Q+P and

−−−→
Q−P

which are the directions in which the directional derivative of ρ is maximum
and equals 1. We compute the directional derivatives of ρ in all inward radial
directions at every point P in a given shape and determine the directions in
which it is nearly equal to 1. On a discrete grid there are only finitely many
radial directions available depending upon the size of the neighborhood N which
determines the numerical accuracy of ϕ.Since the gradient lines are straight lines
and ||∇ρ|| = 1, we may use fairly large neighborhoods. The algorithm in detail
is as follows:

Step 1: Scan the boundary ∂N of a neighborhood N of P . If R is a point
belonging to ∂N , the derivative of ρ in the direction

−→
RP is

DR(ρ) =
ρ(P ) − ρ(R)

∣

∣

∣

−→
RP

∣

∣

∣

(4)

Step 2: Determine the local maxima of DR(ρ) along ∂N . Among these
maxima, choose the ones which are approximately equal to 1 within the tolerance
determined by the size of N .

Step 3: If there is a single gradient direction at a point, we set ϕ = 0. If there
are two or more maxima chosen in Step 2, calculate the object angle between
rays corresponding to all possible pairs maxima and choose the largest value.

3 Pruning

A straightforward approach to pruning is by thresholding. A high threshold
results in a set of disconnected skeleton branches correspond to the shape parts
with slowly varying width. If the threshold is set too low, the skeleton will in-
clude branches due to noise. The following algorithm gets around this difficulty
by extending the branches of the thresholded skeleton along the gray skeleton
into the thicker parts of the shape, possibly forming junctions, without picking
up extraneous branches belonging to noise.

Step 1: Choose two thresholds θ and θ for angle ϕ with θ > θ.
Step 2: Threshold the gray skeleton by θ. This eliminates irrelevant branches

so that what remains corresponds to significant parts of the shape.
Step 3: Extend the branches of the thresholded skeleton in the direction of

increasing ρ provided that ϕ remains greater than θ throughout. The effect is
to extend the skeleton branches towards the more blobby or thicker parts of
the shape. As the branch is extended, it may encounter junctions with noise
(or protrusion) related branches, but these branches are not followed since they
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Figure 2: A 3D image

ascend from the junctions towards the shape boundary. If the value of θ is set
too high, some numerical difficulties may be encountered during this step due
to inaccuracies in the values of ρ and the discreteness of the grid. If the value
of θ is too high, ρ decreases very slowly along the skeleton branch; for example,
if θ = 75o, dρ

ds
= cos 75o = 0.258. Consequently, along the actual directions of

descent permitted by the grid, the rate of decrease in ρ may be smaller still.
Therefore, in searching for the lower values of ρ, the size of the neighborhood
should to be adjusted in order to ensure that it includes a direction of decreasing
ρ.

As long as θ is sufficiently low, the resulting skeleton is a connected set
since in theory, the skeleton is connected if θ = 0o. Since what is noise or
an extraneous feature must depend on the context, the values of thresholds θ
and θ must also depend on the context. The procedure is not too sensitive to
the choice of θ and θ except around certain critical values. Topological and
geometric changes in the skeleton of a shape at critical values of θ and θ reveal
critical features of the shape. For instance, in the case of the rectangle in Fig.
1, if θ > 45◦, the skeleton does not include the diagonal branches; the remaining
skeleton, namely the main axis, represents the shape as a pure ribbon. If θ and
θ are set sufficiently low, the skeleton will include the diagonal branches as well
as the branch emanating from the protrusion.

4 An Illustrative Example

The test shape is a multiheaded figure created from MRI slices of the human
head shown in Fig. 2.1 Figs. 3 and 4 depict several cross-sections of the gray
skeleton (left column), the pruned skeleton with θ = 70◦and θ = 45◦, (middle

1I thank Professor Jackie Shen of University of Minnesota for providing the MRI slices and

Professor Kaleem Siddiqi of McGill University for the 3D visualization depicted in Fig, 2.
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Figure 3: Gray skeleton and pruned Skeletons: Vertical sections
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Figure 4: Gray skeleton and pruned skeletons: Horizontal sections
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column), and the pruned skeleton with θ = 70◦ and θ = 30◦ (right column). The
points on the gray skeleton within 2 voxels of the shape boundary were removed
before thresholding as this portion was judged to be too noisy to be relevant.
Fig. 3 depicts 5 successive vertical sections going from front to back. Fig. 4
depicts 7 successive horizontal sections proceeding from the top of the triple head
to the ”neck”. Notice the effectiveness of pruning. With θ = 70◦and θ = 45◦,
the pruned skeleton consists of 3 connected components, one inside the shape
and two outside.(Extremely short components were removed, see §5.) With
θ = 70◦ and θ = 30◦, the pruned skeleton has a single connected component
inside the shape and a single component outside. Notice that as the shape get
less cylinder-like (small ϕ), the gray skeleton gets fuzzier reflecting the difficulty
in locating the skeleton accurately.

5 Regularization of the Skeleton Boundary

As mentioned in the Introduction, the boundary of the skeleton obtained by the
method described above may have a tattered appearance due to noise in the
data. It may also have gaps and and short isolated branches. To address these
defects, we define a regularizing functional

E (K) =

∫

K

(c − α) + β |∂K| (5)

where K is a subset of the gray skeleton Γ representing the pruned skeleton,
c = cosϕ is the cost function defined on the gray skeleton, α is a cost threshold,
∂K is the boundary of K and |∂K| is its length. If β = 0, E is minimized by
setting K equal to the set of points of the gray skeleton G where c ≤ α. If
β > 0, we may locally shorten ∂K even if it means extending K along G to
include voxels where c > α. Thus, minimization of E requires the techniques of
curve evolution on a surface. Details of this approach are being worked out.

6 Appendix

We present an approach based on variational calculus to determine a pruned,
smoothed skeleton directly by minimizing a functional. We exploit a basic
identity that the distance function satisfies [9]. Let

u = ∇(
1

2
ρ2) (6)

where ρ is the distance function. Since ‖∇ρ‖ = 1 and u = ρ∇ρ, ‖u‖ = ρ. It
follows that u satisfies the identity

u = ∇(
1

2
u · u) (7)

We have the following converse due to Gomes and Faugeras [9]:
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Proposition: Suppose u : Rn → Rn satisfies Identity (6) almost everywhere
and u is continuous at all points of the set M = u−1(0). Then, u = ∇(1

2
ρ2)

where ρ is the distance from M .
Taking into account that the identity fails where u is discontinuous, namely,

on the shape skeleton, we define the functional
∫

R−K

α

∥

∥

∥

∥

1

2
∇(u · u) − u

∥

∥

∥

∥

2

+ |K| (8)

subject to the condition that u = 0 on the shape boundary. Here R is an
open subset of Rn containing the shape, K is the discontinuity locus of u and
|K| is its volume (length, area, etc). The problem with this functional is that
∥

∥

1

2
∇(u · u) − u

∥

∥

2
= O(ρ2) and hence, the penalty for violationg Identity (6)

depends on its distance from ρ. To remedy this, we consider the normalized
functional

E (u, K) =

∫

R−K

α

∥

∥

∥

∥

∇‖u‖ −
u

‖u‖

∥

∥

∥

∥

2

+ |K| (9)

Since minimization of E balances the cost of the modifying or removing a seg-
ment of K against the cost of violating Identity (6), the result is a pruned and
smoothed skeleton K. The functional does not attempt to regularize the bound-
ary of K; inclusion of such a term would make the functional considerably more
difficult to implement. To apply the method of gradient descent, we use the
Ambrosio-Tortorelli appoximation of E:

Eλ (u, v) =

∫

R

{

α

∥

∥

∥

∥

∇‖u‖ −
u

‖u‖

∥

∥

∥

∥

2

(1 − v)2 +
λ

2
‖∇v‖

2
+

v2

2λ

}

(10)

The corresponding gradient descent equations are:

∂u

∂t
= βu + (1 − v)∇‖u‖ (11)

∂v

∂t
= ∇ · ∇v −

v

λ2
+

2α

λ
(1 − v)

∥

∥

∥

∥

∇‖u‖ −
u

‖u‖

∥

∥

∥

∥

2

(12)

where

β = (1 − v)

{

∇ · ∇‖u‖ −
u

‖u‖

}

− 2

(

∇‖u‖ −
u

‖u‖

)

· ∇v (13)

We illustrate this approach for determining shape skeletons by means of
an example of a 2D shape shown in Fig. 4. The top row shows the gray
skeleton and the skeleton obtained by pruning the gray skeleton. The bottom
row depicts the function v obtained using Eqs. 10 and 11 with two different
values of α. Just as in the case of segmentation functionals, two objections may
be raised against this approach: First, we have much less control over pruning
and smoothing of the skeleton than when we use the method of gray skeletons;
second, function v is spread out and we need a ridge finding method to locate
the skeleton precisely by following the ridges of v. Nonetheless, it is of interest
to formulate the problems of determining shape skeletons and of segmenting
images within the same variational framework.

10



Figure 5: Top row: Gray skeleton and pruned skeleton
Bottom row: Function v with two different values of α
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