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Throughout this presentation we fix a closed symmetric monoidal
Grothendieck category V and a small V-category .

The category of enriched functors [C,V] is a Grothendieck V-category with
a set of generators {V(c ,�)↵ gi | c 2 Ob C, i 2 I}, where {gi}I is a set of
generators of V. We shall refer to the category [C,V] as the Grothendieck

category of enriched functors.

Basic examples are given by categories of additive functors (B,Ab) or
DG-modules ModA over a DG-category A. An advantage of working with
[C,V] is that we can recover some well-known theorems for Grothendieck
categories in the case where V = Ab. Another advantage is that V can
also contain some rich homological or homotopical information, which is
extended to the category of enriched functors [C,V].

Plenty of examples come from algebraic geometry, where V is a
Grothendieck category of Nisnevich or etale sheaves with specific transfers.
Such Grothendieck categories do not have projective generators.
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Theorem

Suppose A is a full V-subcategory of a small V-category C. Define a

localizing subcategory

SA := {Y 2 [C,V] | Y (a) = 0 for all a 2 A} ⇢ [C,V]. There is a

recollement

SA [C,V] [A,V]i

iR

iL

r

rR

rL

with functors i , r being the canonical inclusion and restriction functors

respectively. The functors rL, rR are the enriched left and right Kan

extensions respectively, iR is the torsion functor associated with the

localizing subcategory SA.

Grigory Garkusha, Darren Jones Recollements for derived categories of enriched functors and triangulated categories of motives3 / 11














































































For our purposes, which make use of Serre localization, we use the
following equivalent form

Theorem

There is a recollement

SA [C,V] [C,V]/SA
i

iR

iL

`

`R

`L

with functors iL, i , iR being from Theorem above. The functor ` is the
localization functor, `R is the inclusion and `L := rL � (` � rL)�1

.

This follows from the fact that [C,V]/SA ⇠= [A,V], due to Al Hwaaer and
G.
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We extend these recollements into the triangulated case:

Theorem

There exists a recollement of triangulated categories

EA D[C,V] D[A,V]◆

◆R

◆L

⇢

⇢R

⇢L

where EA :=
�
Y 2 D[C,V] | Hn

�
Y (a)

�
= 0 for all a 2 A and n 2 Z

 
, ◆ is

the inclusion, ⇢ is the restriction.
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Further suppose Q ⇢ [C,V] is a localizing subcategory, it is not readily
apparent when such a recollement is compatible with Q-localization.

We identify some conditions where this is possible. Namely, we assume:

D
�
[C,V]/Q

�
is compactly generated and the functor induced by the

exact Q-localization functor respects compact objects;

the localizing subcategory SA satisfies the strict Voevodsky property

with respect to Q.
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Definition (V -property)

Consider a Grothendieck category D, and any two Serre localizing
subcategories Q,S ⇢ D. We say that S satisfies the Voevodsky property

with respect to Q if the full subcategory in D of Q-local objects

SQ = {SQ | S 2 S}

is a subcategory of S, i.e. the Q-localization SQ of any object S 2 S is in
S.
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Lemma. Let S, Q be two localizing subcategories of a Grothendieck 
category D. If S satisfies the Voevodsky property with respect to Q, then the 
subcategory S^Q is localizing in the quotient Grothendieck category D/Q.



Consider the triangulated functor

k : D(D/Q) ! D(D)

taking Z 2 D(D/Q) to its K-injective resolution kY in D(D/Q) regarded
as a complex of D(D).

Definition (strict V -property)

We say that S satisfies the strict Voevodsky property with respect to Q if
S satisfies the V -property with respect to Q and the restriction of

k : D(D/Q) ! D(D)

to
EQ := {Z 2 D(D/Q) | H⇤

D/Q(Z ) 2 SQ}

lands in E := {Y 2 D(D) | H⇤(Y ) 2 S}, i.e. the D-homology objects of
the K-injective resolutions of the complexes from EQ belong to S.
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With these properties identified, and the assumptions of the previous
theorems in hand, we are able to show that there is a recollement:

Theorem

There exists a recollement of triangulated categories

EQ
A D

�
[C,V]/Q

�
D
�
[C,V]/JA

�
,◆Q

◆QR

◆QL

�Q

�Q
R

�Q
L

where EQ
A is the full subcategory containing chain complexes with

homology belonging to the Q-localization of SA, and JA is the smallest

localizing category containing Q and SA in [C,V].
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In practice the preceding theorem is related to Voevodsky’s triangulated
categories of motives in the following way.

We can identify the middle category with the derived category for the
Grothendieck category Shv(C) of Nisnevich sheaves with reasonable
transfers C on smooth algebraic varieties Sm/k .

The left category is Voevodsky’s fundamental triangulated category of
motives DMe↵

C (k).

We use the celebrated Voevodsky theorem, that computes the functor ◆QL
as the Suslin complex C⇤.

Thus we have the following recollement
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Theorem

Suppose C is a strict V -category of correspondences. There exists a

recollement of triangulated categories

DMe↵
C (k) D

�
Shv(C)

�
D
�
Shv(C)/SQ

A1

�
,◆Q

◆QR

C⇤

�Q

�Q
R

�Q
L

where SQ
A1 is some localizing Serre subcategory of Shv(C), C⇤ is the Suslin

complex functor, the functor �Q
is induced by the SQ

A1-localization functor

Shv(C) ! Shv(C)/SQ
A1 , ◆

Q
is inclusion, and �Q

R is induced by the

K-injective resolution functor.
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