
FILTERED KOSZUL DUALITY

DMYTRO MATVIEIEVSKYI

Abstract. In this talk we define the filtered Koszul dual A! of a complete filtered augmented
dg-algebra A. We will construct a quasi-equivalences between the categories A -mod and A! -comod
of correctly defined modules and comodules correspondingly. For an E2-algebra A with some
additional assumptions we show that H0(A!) is a Hopf algebra. The main reference for this talk is
[Cos13, Chapters 7, 8].

1. Filtered Koszul duality

1.1. Classic Koszul duality. Let A be an augmented E1-algebra. We define the Koszul dual
coalgebra A! as the derived functor C ⊗L

A C. That is a coaugmented dg-coalgebra that can be
computed by the bar resolution. Please, note that in the standard definition, the Koszul dual of A
should be an algebra. This algebra is linearly dual to the coalgebra A!.

The following is an important theorem of Tamarkin. The goal of this talk is to prove a slightly
generalized version of this theorem.

Theorem 1.1. Let A be an E2-algebra which is augmented as an E1-algebra. Then A! has a natural
structure of a Hopf algebra (up to coherent homotopy).

The following example is especially interesting for us. Let g be a nilpotent Lie algebra con-
centrated in cohomological degree 0, and U(g) be its universal enveloping algebra. We denote the
Chevalley-Eilenberg complex of g by CE(g). The following lemma is well-known and will be proved
later in a slightly bigger generality.

Lemma 1.2. We have an isomorphism of topological Hopf algebras (CE(g))! ' U(g)∨, where the
latter one is the linear dual to U(g) with the dual Hopf algebra structure.

Remark 1.3. In this talk we always assume an existence of topology on all vector spaces we have.
For example, we can talk about dual Hopf algebra structures without any additional assumptions.

1.2. Filtered Koszul duality. We want to establish Lemma 1.2 for a general Lie algebra g. For
this reason we will use the following approach.

Definition 1.4. A complete filtered cochain complex is a cochain complex V with a decreasing
filtration V = F 0V ⊃ F 1V ⊃ . . . by sub-cochain complexes such that V = lim←−V/F

iV . Morphisms
between complete filtered cochain complexes are the maps of complexes that preserve filtrations. A
morphism is said to be a quasi-isomorphism, it the induced map on the associated graded is a quasi-
isomorphism. We denote the category of complete filtered vector spaces by FVect, and the category
of complete filtered cochain complexes by dgFVect.

For two complete filtered cochain complexes V and W we define their tensor product V ⊗W by
lim←−(V/F iV )⊗ (W/F jW ) and endow it with a natural filtration. For a collection Vi ∈ dgFVect we

define their completed direct sum by ⊕Vi = lim−→(⊕Vi/F kVi). Note that ⊕Vi is the coproduct of the
collection Vi. These two operations make dgFVect a symmetric monoidal category.

Consider A ∈ Alg(dgFVect), i.e. a complete filtered cochain complex together with an associative
multiplication map A ⊗ A → A such that F iA · F jA ⊂ F i+jA. We are particularly interested in
the following two examples.
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Example 1.5. If g is a dg Lie algebra, then CE(g) ∈ Alg(dgFVect) with the filtration given by
F iCE(g) = Sym≥i(g∗[−1]).

We will use this example to show that this definition of dgFVect carries much more structure
then just taking the associated graded. For a g-module M we set CE(g,M) = CE(g)⊗M to be a
module over dg algebra CE(g). We have an induced filtration F iCE(g,M) = F iCE(g)⊗M .

Lemma 1.6. Let M , N be two g-modules. Then CE(g,M) and CE(g, N) are quasi-isomorphic
as complete filtered modules over dg-algebra CE(g) if and only if M is quasi-isomorphic to N as
g-modules.

Proof. Let f : CE(g,M)→ CE(g, N) be a quasi-isomorphism. By definition, we have a collection
of quasi-isomorphisms grk CE(g,M) = Λkg∗⊗M → Λkg∗⊗N = grk CE(g, N). For k = 0 we have
a quasi-isomorphism f : M → N . For k = 1 we have a quasi-isomorphism g∗ ⊗M ' g∗ ⊗N , that
shows that f is compatible with a g-module structure.

In the opposite direction the proof is straightforward. �

Example 1.7. For any Lie algebra the universal enveloping algebra U(g) has a natural filtration
such that FiU(g) is spanned by words of length ≤ i in the generators g. Dually, we get an increasing
filtration F iU(g)∨ = (U(g)/FiU(g)∨, and therefore U(g)∨ ∈ Alg(FVect).

Now suppose that A is augmented. We can define the filtered Koszul dual of A by A! =
lim←−(C ⊗L

A/F iA
C). Analogously to the classical case, this derived tensor product can be computed

by the bar complex, that is defined in the following way.
For a dg-algebra A we set BA = ⊕nA

⊗n[n] with the differential d = dA +dm, where dA(a1⊗a2⊗
. . .⊗an) = ±a1⊗ . . .⊗dai⊗ . . .⊗an and dm(a1⊗a2⊗ . . .⊗an) = ±(−1)ia1⊗ . . .⊗aiai+1⊗ . . .⊗an.
The signs here are defined by Koszul rule.

Proposition 1.8. Let g be any Lie algebra. Then, CE(g)! ' U(g)∨ as Hopf algebras.

Proof. The filtration from Example 1.5 extends to a decreasing filtration on CE(g)!. To compute
lim←−(⊕n(CE(g)/FmCE(g))⊗n[n]) we consider the spectral sequence E•pq of the filtration. For q < m

we have E0
pq =

⊕
k1+k2+...k−q=p Λk1(g∗)[k1]⊗ . . .⊗Λk−q(g∗)[k−q]. Note that this spectral sequence is

bounded and therefore converges E∞pq → Hp+q((CE(g)/FmCE(g))!). We have E0
p• is the complex

Λ1(g∗)⊗ Λ1(g∗)⊗ . . .⊗ Λ1(g∗)→ . . .→ Λ−q(g∗), so E1
pq = Sp(g∗) if q = −p and 0 else. All further

differentials in the spectral sequence are trivial, so taking the limit we get an isomorphism of
associative algebras H0(CE(g)!) ' Ŝ(g∗), where the latter one stands for the completed symmetric

algebra of g∗. We have an isomorphism of commutative algebras U(g)∨ → Ŝ(g∗) induced from the
PBW map of coalgebras φ : S(g)→ U(g). Therefore CE(g)! ' U(g)∨.

Both coproducts are induced from the coproduct in the tensor coalgebra, so this is an isomor-
phism of Hopf algberas. �

2. Filtered Koszul duality for FVecth

2.1. Generalities and the main results. We want to show that Koszul duality from Section 1
is actually a duality. To be more precise, we have an equivalence of categories A -mod ' A! -comod
for correctly defined subcategories of modules and comodules respectively. We will prove it in a
more general setting. Let FVecth be the category of free complete filtered modules over C[[h]], i.e.
objects in FVecth are of the form V ⊗C[[h]], where V ∈ FVect. Moreover, for V ∈ FVecth we want
hF kV ⊂ F k+1V . We define morphisms in FVecth as maps of C[[h]]-modules that respect filtration.
Let C = K(FVecth) be the dg category of cochain complexes of objects in FVecth, and let Cb ⊂ C
be a full sub dg category of objects, such that each graded piece is bounded above and below as a
cochain complex.
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Note that dg categories C and Cb are enriched in itself. For V , W ∈ C we define the filtration
F k Hom(V,W ) on the cochain complex of morhpisms by F k Hom(V,W ) = {f ∈ Hom(V,W ), f(F iV ) ⊂
F i+kW for all i}.

Then hF k Hom(V,W ) ⊂ F k+1 Hom(V,W ), and Hom(V,W ) = lim←−Hom(V,W )/F k Hom(V,W ),

so Hom(V,W ) ∈ C.
For an algebra A ∈ Alg(Cb) we always demand it to have an isomorphism A/F 1A ' C. For a

coalgebra C ∈ Coalg(Cb) we demand an isomorphism C/F 1C ' C. Let us make some definitions
that will be used throughout the talk.

Definition 2.1. Let A be as above. We say that an A-module M is free, if it is of the form
M = A⊗ V for an object V ∈ Cb. We say that M is quasi-free, if it admits an increasing filtration
0 = G0M ⊂ G1M ⊂ . . . by sub A-modules, such that M = lim−→GiM , and GiM/Gi−1M is a free
A-module. We denote the dg category of quasi-free A-modules by A -mod.

Definition 2.2. Let C be as above. We say that a C-comodule M is cofree, if it is of the form
M = C⊗V for an object V ∈ Cb. We say that M is quasi-cofree, if it admits a decreasing filtration
M = G0M ⊃ G1M ⊃ . . . by sub A-comodules, such that M = lim←−M/GiM , and GiM/Gi+1M is a
cofree A-comodule. We denote the dg category of quasi-cofree A-comodules by C -comod.

Definition 2.3. We define an A∞A-module as V ∈ Cb, with a collection of maps µn : A⊗n ⊗ V →
V [1−n] for n ≥ 2 satisfying the standard A∞-identity, that is

∑
(−1)r+stmu(1⊗r ⊗ms⊗ 1⊗t) = 0.

Note that this is equivalent to giving the differential on BA⊗V that is compatible with the comodule
structure over the coalgebra BA. We denote the dg category of A∞A-modules by A∞A -mod, where
the morphisms are A∞-maps.

The following is the plan of this talk and simultaneously the list of the main results.
1) We construct the Koszul dual A! = C[[h]]⊗L

A C[[h]], and a quasi-equivalence of the categories

A -mod ' A! -comod.
2) Let Fin(A! -comod) be the full subcategory of A! -comod consisting of M ∈ A! -comod, such

that H∗(grM/(h)) is of finite total dimension. Set Perf(A) to be the full subcategory of perfect
modules in A -mod. Then the previous equivalence restricts to a quasi-equivalence Perf(A) '
Fin(A! -comod).

3) Suppose that A is an E2-algebra, H i(A!) = 0 if i 6= 0, and H0(A!) is C[[h]]-flat. Then
there is a Hopf algebra structure on H0(A!), and a quasi-equivalence of monoidal dg categories
A -mod ' H0(A!) -comod.

2.2. Quasi-free modules. In this subsection we want to explain why we want to work with quasi-
free modules. We have the following proposition.

Proposition 2.4. Let A be an algebra in Cb. Then, every quasi-isomorphism f : M → N of
quasi-free A-modules is a homotopy equivalence. The analogous statement holds for quasi-cofree
comodules.

Proof. We will prove the proposition for quasi-free modules over an algebra. The coalgebra case is
analogous. We need the following lemma.

Lemma 2.5. Let N,M1,M2 be quasi-free A-modules, and f : M1 → M2 be a quasi-isomorphism.
Then the map Hom(N,M1)→ Hom(N,M2) is a quasi-isomorphism.

Proof. For any module M we have Hom(N,M) = Hom(lim−→GkN,M) = lim←−Hom(GkN,M). We

will show that the map Hom(GkN,M1)→ Hom(GkN,M2) is a quasi-isomorphism using induction
on k. Since GkN/Gk−1N is free, the natural map Hom(GkN,M)→ Hom(Gk−1N,M) is surjective.



4 DMYTRO MATVIEIEVSKYI

Therefore we have the following commutative diagram.

0 // Hom(GkN/Gk−1N,M1) //

��

Hom(GkN,M1) //

��

Hom(Gk−1N,M1) //

��

0

0 // Hom(GkN/Gk−1N,M2) // Hom(GkN,M2) // Hom(Gk−1N,M2) // 0

It induces a map between the long exact sequences of cohomologies, where 5-lemma gives us the
desired result. �

To deduce the proposition we look at the quasi-isomorphism Hom(N,M)
f◦→ Hom(N,N). For

IdN ∈ Hom(N,N) we have a unique up to homotopy g ∈ Hom(N,M), such that f ◦g IdN . That is a
right homotopy inverse to f , and therefore quasi-isomorphism. Considering the quasi-isomorphism

Hom(M,N)
g◦→ Hom(M,M) we find a right homotopy inverse to g, which must be homotopic to

f . �

2.3. The main property of the Koszul duality. For a dg algebra A over C it is well-known
that under some assumptions the categories A -mod of A-modules and A! -comod of A!-comodules
are quasi-equivalent. In this section we will prove an analogue of this theorem for A ∈ Alg(Cb).

Theorem 2.6. There are quasi-equivalences of dg categories A -mod ' A∞A -mod ' A! -comod.

Proof. Let 1 stand for C[[h]], the unit object in Cb. Recall that A is augmented as C[[h]]-algebra, i.e.
we have A = 1⊕ Ā for some non-unital algebra Ā. The reduced bar complex BA := ⊕nĀ

⊗n[n] =∏
n Ā
⊗n[n] gives a model for A!. For every m, the corresponding graded piece is bounded, so

A! ∈ Cb.
Let us first construct a quasi-equivalence A∞A -mod ' A! -comod. For an A∞A-module N we

set N ! = A!⊗N = ⊕nĀ
⊗n[n]⊗N . The A∞A-module structure on N gives a differential dN ! on N !,

so N ! is a dg A!-comodule. We have to check that N ! is a quasi-free A!-module. Since N ∈ Cb, we
have a decreasing filtration F iN , and N = lim←−N/F

iN . We set GiN ! = A!⊗F iN to be a decreasing

filtration of N ! by sub-A!-comodules. By construction, N ! = lim←−N
!/GiN !, and GiN !/Gi+1N ! is a

free A!-comodule. Therefore N ! ∈ A! -comod.
To finish the proof of the second quasi-equivalence of Theorem, we want to show that every

quasi-cofree A!-comodule is homotopy equivalent to a one obtained as above. For M ∈ A! -comod
we consider its free resolution of A!-comodules. That is a A!-comodule of the form A! ⊗ V for
V ∈ Cb that is quasi-isomorphic to M . It is enough to show that A! ⊗ V can be obtained from an
A∞A-module or, equivalently, endow V with the structure of A∞A-module. The differential d on
A! ⊗ V is defined by the collection of maps dk : Ā⊗k ⊗ V → V . This collection of maps endows V
with a structure of A∞A-module.

Now we focus on the quasi-equivalence A -mod ' A∞A -mod. Every A-module M has a natural
structure of A∞A-module. We have to show that for any quasi-free A-modules M and N the natural
map HomA -mod(M,N)→ HomA∞A -mod(M,N) is a quasi-isomorphism, and that any A∞A -mod is
homotopy equivalent to a strict A-module.

We define the standard bar resolution BM = ⊕n≥0A ⊗ Ā⊗n ⊗ M [n]. Note that we have a
natural quasi-isomorphism BM →M . An argument similar the one for N ! above shows that BM
is a quasi-free A-module. Therefore, by Lemma 2.5 HomA -mod(BM,N) → HomA -mod(M,N) is a
quasi-isomorphism. Note that HomA -mod(BM,N) = HomA∞A -mod(M,N) by the definition of a
morphism of A∞A-modules, so HomA -mod(M,N)→ HomA∞A -mod(M,N) is a quasi-isomorphism.

Now let M be a A∞A-module. Then BM is a quasi-free A-module, and there is a homotopy
equivalence between BM and M . �
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2.4. Quasi-equivalence between categories of perfect modules and finite comodules. Let
us introduce some new notations. We say that V ∈ Cb is finite if H∗(grV/(h)) is of finite total
dimension. Let M = V ⊗C[[h]] A for V ∈ Cb be a free A-module. We say that M is of finite rank if

V is finite as an object in Cb.
An A-module M is perfect if the grA-module grM is quasi-isomorphic to the one obtained from

free grA modules of finite rank by a finite number of iterated cones. We denote the full sub dg-
category of perfect A-modules by Perf(A). As in the classical case, Perf(A) is equivalent to the full
subcategory of dualizable objects.

We say that an A!-comodule N is finite if it is finite as an object in Cb. We denote the full sub
dg-category of finite A!-comodules by Fin(A!).

Proposition 2.7. The quasi-equivalence of Theorem 2.6 restricts to a quasi-equivalence Perf(A) '
Fin(A!).

Proof. Consider M ∈ Perf(A). We have to check that M ! = 1⊗L
AM is finite. From the construction

of the filtration on M ! we have grM ! = 1⊗L
grA grM . The functor 1⊗L

A sends cones to cones, and
the cone of two finite comodules is a finite comodule. Therefore it is enough to show that for
M = V ⊗C[[h]] A we have M ! ∈ A! -comod if V is finite.

We have grM = grA⊗C[h] grV . Therefore, grM !/(h) = (1⊗L
grA grM)/(h) = grV/(h), so M ! is

finite. It is easy to see that we can obtain any finite A!-comodule in this way.
Now suppose that 1 ⊗L

C[[h]] M is finite for some M ∈ A -mod. We want to show that M is

perfect. Let us consider a free resolution of grM as a grA-module. It gives a quasi-isomorphism
grA⊗C V ' grM . Note that gr(1⊗L

A M)/(h) = grV/(h), so V is finite.
Let V i be the i-th graded component of V . Note that V i = 0 for i < 0, and H∗(V i) = 0 for i >>

0. The differential on V ⊗grA is given by the collection of maps di : V i → V i⊕
⊕

0≤j<i V
j⊗gri−j A.

We define the increasing filtration F i(V ⊗ grA) = ⊕j≤iV
j ⊗ grA. Note that this is a filtration

by dg grA modules. Since H∗(V i) = 0 for i >> 0, we have F k(V ⊗ grA) = V ⊗ grA for k big
enough. Therefore we have a finite filtration of grM , such that the associated graded parts are free
grA-modules. So M is perfect. �

3. Koszul dual of E2 algebra is a Hopf algebra

3.1. Equivalence between C -comod and H0(C) -comod. The main goal of this section is to
prove the following proposition.

Proposition 3.1. Let C ∈ Coalg(Cb) be a coalgebra, such that H i(C) = 0 for i 6= 0, and H0(C) is
a flat C[[h]]-module. Then there is a equivalence of dg categories C -comod ' H0(C) -comod.

Proof. The proof consists of two steps. We will first produce a coalgebra D ∈ Coalg(Cb), and
coalgebra maps C → D and H0(C) → D that are quasi-isomorphisms. After that we show that
if a coalgebra map C → D is a quasi-isomorphism, then there is a quasi-equivalence C -comod →
D -comod.

Let d stand for the differential in C, and Ci for the piece in i-th cohomological degree. We define
a cochain complex D by Di = Ci for i > 0, Di = 0 for i < 0, and D0 = C0/ Im d. We have a
natural map C → D. Note that the kernel is a coideal in C, so this map endows D with a correctly
defined coalgebra structure. Since H0(C) is C[[h]]-flat, D is C[[h]]-flat, so D ∈ Coalg(Cb). The
natural embedding H0(C)→ D is a coalgebra map, so we are done with the first step.

Now let C, D be coalgebras in Cb, such that C/F 1C = C = D/F 1D, and Φ : C → D be a
quasi-isomorphism. Let C̄ and D̄ be the kernels of the corresponding counit maps. We define the
functors Φ∗ : C -comod→ D -comod and Φ∗ : D -comod→ C -comod in the following way.

Recall that for a left comodule M and a right comodule N over a coalgebra C we can define
the cotensor product M �C N in the following way. Let ∆M and ∆N be the comodule structures.
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Then we have two maps ∆M ⊗ id, id⊗∆N : M ⊗ N → M ⊗ C ⊗ N . We set M �C N to be the
equalizer.

For M ∈ C -comod we set Φ∗(M) = M �R
DD =

∏
(M ⊗ D̄⊗n⊗D)[−n] to be the cobar resolution

of M as a D-comodule. As for the bar construction, the differential here is the sum of two pieces.
The first one is applying the differentials of M and D to every multiplier. The second one is using
the coalgebra structure.

Dually, for N ∈ D -comod we set Φ∗(N) = N �R
D C.

We want to show that there are natural quasi-isomorphisms IdC -comod ' Φ∗Φ∗ and Φ∗Φ
∗ '

IdD -comod. We will construct the first one, the second is analogous.
Let M be a C-comodule. We have natural quasi-isomorphisms M ' M �R

C C as C-comodules

and M ' Φ∗(M) = M�R
DD as D-comodules. Applying the functor Φ∗ we get a quasi-isomorphism

M �R
D C ' Φ∗Φ∗M . It remains to construct a quasi-isomorphism M �R

C C →M �R
D C.

Let M�4CC be a cosimplicial object, whose n-simplices are M⊗C̄⊗n�C, and face and degeneracy

morphisms are the classical maps on cobar construction. Note that M �R
C C is the totalization of

M �4C C. Similarly, let M �4D C be a cosimplicial object, whose n-simplices are M ⊗ D̄⊗n�C. The

quasi-isomorphism Φ : C → D induces a map of cosimplicial complexes M �4C C →M �4D C that
is a levelwise quasi-isomorphism. Therefore the map on totalizations is a quasi-isomorphism. �

3.2. Koszul dual of E2-algebra. In this section we will prove the main theorem of the talk. We
need the following proposition.

Proposition 3.2. Let A ∈ Alg(Cb) be an augmented E2-algebra. Then the category A -mod is
monoidal up to homotopy.

Proof. In this proof we follow [CG16, Section 8.2]. We aim to explain, why this fact should be true
and how the proof should look like instead of giving the formal proof, so we omit details about
∞-issues that arise here.

Let Cat be the (∞, 2)-category of all ∞-categories. For any monoidal category C we have a full
subcategory AlgE1

(C) of algebra objects up to homotopy. We have a functor LMod• : AlgE1
(C)→

LModC(Cat) that sends an E1-algebra A ∈ C in the category of left modules over A.
We have the following proposition due to Lurie.

Proposition 3.3. [Lur] AlgEn
(C) ' AlgEn−1

(AlgE1
(C)).

Let us apply the functor AlgE1
to the functor LMod. Then we get a functor LMod2

• : AlgE2
(C)→

AlgE1
(LModC(Cat)). We have a natural forgetful functor AlgE2

(C) → AlgE1
(C). It induces the

following commutative diagram.

AlgE2
(C)

��

AlgE1
(LMod•)

// AlgE1
(LModC(Cat))

��
AlgE1

(C)
LMod• // LModC(Cat)

Therefore the category LMod(A) of the left A-modules has a monoidal structure (up to homotopy)
coming from the multiplication in AlgE1

(LMod•)(A). �

Suppose that H i(A!) = 0 for i 6= 0, and H0(A!) is C[[h]]-flat. Then by Theorem 2.6 and
Proposition 3.1 we have a quasi-equivalence A -mod ' H0(A!) -comod, so the former one induces
a monoidal structure from the one on A -mod. We want to show that it induces a Hopf algebra
structure on H0(A!).

Theorem 3.4. Let A be as above. Then H0(A!) is a Hopf algebra.
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We need the standard Tannaka-Krein formalism to deduce the theorem. Let us recall its frame-
work following [Eti+16].

Let C be a monoidal category. Let Vect be the monidal category of vector spaces. Suppose
that we have a fiber functor F : C → Vect, i.e. an exact faithfull functor endowed with a natural
isomorphism JX,Y : F (X)⊗ F (Y ) ' F (X ⊗ Y ) for every pair X, Y of objects in C.

For the pair (C, F ) we can define a coalgebra Coend(F ) := (⊕X∈CF (X)∗ ⊗ F (X))/E, where E
is generated by elements of the form y∗ ⊗ F (f)x− F (f)y∗ ⊗ x for x ∈ F (X), y∗ ∈ F (Y )∗ and f ∈
Hom(X,Y ). If C is monoidal, Coend(F ) has an algebra structure. Indeed, Coend(F ) = End(F )∨.
On End(F ) we have a coalgebra structure given in the following way.

We have a functor F × F : C × C → Vect, and a universal category C � C, such that the product
of any two right exact functors C → Vect uniquely factors through C�C. Let F �F : C�C → Vect
be the corresponding functor. Note that we have End(F � F ) = End(F ) ⊗ End(F ). We set
∆(a)X,Y = J−1X,Y aX⊗Y JX,Y . That is a correctly defined coproduct, that induces an algebra structure

on Coend(F ). Moreover, if C is rigid, then Coend(F ) admits an antipode.
Now let H be a Hopf algebra. We define the category H -comod of left H-comodules. It has a

monoidal structure coming from the product on H. The natural forgetful functor to Vect is a fiber
functor.

Theorem 3.5. [Eti+16, Theorem 5.4.1]
The assignments (C, F )→ H = Coend(F ), H → (H -comod,Forget) are mutually inverse bijec-

tions between the set of rigid monoidal categories with a fiber functor F , up to monoidal equivalence
and isomorphisms of monoidal functors, and the set of Hopf algebras up to isomorphism.

Proof of Theorem 3.4.We will use this formalism in slightly bigger generality. Composing Sec-
tion 1 and Proposition 3.1 we get the quasi-equivalence A -mod ' H0(A!) -comod that induces a
monoidal up to homotopy structure on H0(A!) -comod. Let H0(A!) -comod0 be the category of free
non-dg H0(A!)-modules. Since any quasi-free module is a limit of finite extensions of free modules,
the monoidal structure on H0(A!) -comod can be constructed from the one on H0(A!) -comod0.
Costello’s idea is to show that this monoidal structure coincides with the original one, so the
monoidal up to homotopy structure on H0(A!) -comod is actually a strict monoidal structure.

Since A → C[[h]] is a map of E2-algebras, the corresponding forgetful functor A -mod → Cb is
a monoidal functor. Therefore we have an exact faithful monoidal functor H0(A!) -comod → Cb.
Applying Theorem 3.5 we get a bialgebra structure on H0(A!). Restricting additionally to the
category Fin(H0(A!)) ' Perf(A), we have a left dual for every object, soH0(A!) admits an antipode.
�
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