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INFINITESIMAL FINITENESS OBSTRUCTIONS

STEFAN PAPADIMA1 AND ALEXANDER I. SUCIU2

Abstract. Does a space enjoying good finiteness properties admit an algebraic model

with commensurable finiteness properties? In this note, we provide a rational homotopy

obstruction for this to happen. As an application, we show that the maximal metabelian

quotient of a very large, finitely generated group is not finitely presented. Using the

theory of 1-minimal models, we also show that a finitely generated group π admits a

connected 1-model with finite-dimensional degree 1 piece if and only if the Malcev Lie

algebra mpπq is the lower central series completion of a finitely presented Lie algebra.

Contents

1. Introduction and statement of results 1

2. Algebraic models and finiteness obstructions 3

3. Malcev Lie algebras, derived series, and Hall–Reutenauer bases 7

4. Cohomology jump loci, finiteness properties, and largeness 10

5. A functorial 1-minimal model map 15

6. A complete finiteness obstruction for finitely generated groups 21

References 22

1. Introduction and statement of results

1.1. Finite cdga models. A recurring theme in topology is to determine the geometric

and homological finiteness properties of spaces and groups. A prototypical such question

is to determine whether a path-connected space X is homotopy equivalent to a CW-

complex with finite q-skeleton, for some 1 ď q ď 8, in which case we say X is q-

finite. Another question is to decide whether a finitely generated group π admits a finite

presentation, or, more generally, a classifying space Kpπ, 1q with finite q-skeleton.
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2 STEFAN PAPADIMA AND ALEXANDER I. SUCIU

A fruitful approach to this type of question is to compare the finiteness properties of

the spaces or groups under consideration to the corresponding finiteness properties of

algebraic models for such spaces and groups. To formulate our motivating question, we

need some terminology.

Let A be commutative differential graded algebra (for short, a cdga) over a field k of

characteristic 0. By analogy with the aforementioned topological notion, we say that A

is q-finite if it is connected (i.e., A0 “ k ¨ 1) and
ř

iďq dim Ai ă 8. Furthermore, we say

that two cdgas A and B have the same (homotopy) q-type (written A »q B) if there is a

zig-zag of cdga maps connecting A and B, with each such map inducing isomorphisms

in homology up to degree q and a monomorphism in degree q ` 1.

We say that a cdga A is a q-model for a space X if it has the same q-type as Sullivan’s

cdga of piecewise polynomial, complex-valued forms on X. The basic question that we

shall address in this paper is the following.

Question 1.1. When does a q-finite space X admit a q-finite q-model A?

An important motivation for this question comes from work of Dimca–Papadima [10]

and Budur–Wang [6], who discovered some deep connections between the finiteness

properties of algebraic models for spaces and the structure of the corresponding coho-

mology jump loci.

Observe that X is 1-finite if and only if the group π “ π1pXq is finitely generated;

moreover, if X is 2-finite, then π is finitely presented. Further motivation for consider-

ing Question 1.1 comes from an effort to understand whether the maximal metabelian

quotient π{π2 of a finitely presented group π is also finitely presentable.

1.2. Finiteness obstructions. Our first result (which will be proved in §2.4), provides

an infinitesimal obstruction to a positive answer to the above question.

Theorem 1.2. Let X be a space which admits a q-finite q-model. If MqpXq is the Sullivan

q-minimal model cdga of X, then dim HipMqpXqq ă 8, for all i ď q ` 1.

In [7], Budur and Wang found a completely different finiteness obstruction, involving

the structure of the cohomology jump loci for rank 1 local systems on X. Namely, if X

is as above and q-finite, then all the irreducible components passing through the origin

of those jump loci (in degree at most q) are algebraic subtori of the character group of

π1pXq. As shown in Example 4.6, our infinitesimal obstruction may be subtler than this

jump loci test.

As an application of Theorem 1.2, we produce a large class of finitely generated groups

whose maximal metabelian quotients have no good finiteness properties, either at the

level of presentation complexes, or at the level of 1-models. First, some quick definitions.

A group G is said to be very large if it has a free, non-cyclic quotient; the group G is

merely large if it has a finite-index subgroup which is very large. Our result (which will

be proved in §3.4), may be stated as follows.
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Theorem 1.3. Let G be a metabelian group of the form G “ π{π2, where π is a finitely

generated, very large group. Then:

(1) G is not finitely presentable.

(2) G does not admit a 1-finite 1-model.

Consequently, if π is a group as in Theorem 1.3, then the derived subgroup G1 is not

finitely generated. We observe in Example 4.10 that the condition that the group π be

very large cannot be relaxed to it only being large.

1.3. Malcev and holonomy Lie algebras. In the last part of this paper, we turn to

studying the finiteness properties of Lie algebras. We start in §5 by analyzing the holo-

nomy Lie algebra, hpAq, associated to a 1-finite cdga A. Using the Chevalley–Eilenberg

cochain functor C , we define a functorial 1-minimal cdga, pC phpAqq, and a natural cdga

transformation, fA : pC phpAqq Ñ A. Our main technical result (which we prove in §5.5),

reads as follows.

Theorem 1.4. The classifying map fA is a functorial 1-minimal model map for A.

As an application, we prove in Corollary §5.7 the following: If a finitely generated

group π admits a 1-finite 1-model A, then the Malcev Lie algebra mpπq is isomorphic

to the lower central series (LCS) completion of the holonomy Lie algebra hpAq. This

recovers a result from [3], which in turn generalizes a result from [4].

Finally, we use Theorem 1.4 to prove in §6 the following theorem, which provides a

complete answer to Question 1.1 in the case when q “ 1.

Theorem 1.5. A space with finitely generated fundamental group π admits a 1-finite 1-

model if and only if the Malcev Lie algebra mpπq is the LCS completion of a finitely

presented Lie algebra.

2. Algebraic models and finiteness obstructions

2.1. Differential graded algebras. We shall fix throughout a ground field k of charac-

teristic 0. A commutative, differential graded algebra (cdga) over k is a positively-graded

k-vector space, A “
À

iě0 Ai, endowed with a graded-commutative multiplication map

¨ : Ai bA j Ñ Ai` j, and a differential d : Ai Ñ Ai`1 satisfying dpa¨bq “ da¨b`p´1qia¨db,

for every a P Ai and b P A j. We let A “ pA
.
, dq denote such an object. Let ZipAq “

kerpd : Ai Ñ Ai`1q, BipAq “ impd : Ai´1 Ñ Aiq, and HipAq “ ZipAq{BipAq. The co-

homology of the underlying cochain complex, H.pAq, is a commutative, graded algebra

(cga); we let bipAq “ dim HipAq be its Betti numbers.

Fix an integer q ě 1. (We will also allow q “ 8, although we will usually omit q

from terminology and notation in that case.) We say that two cdgas A and B have the

same (homotopy) q-type if there is a zig-zag of cdga maps from A to B,

(1) A A1

ϕ1
oo

ϕ2
// ¨ ¨ ¨ Ak´1

oo
ϕk

// B ,
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with each map ϕ j being a q-equivalence, i.e., inducing isomorphisms in homology up to

degree q and a monomorphism in degree q ` 1. (If q “ 8, the maps ϕ j are also called

quasi-isomorphisms.) Clearly, if A »q B, then bipAq “ bipBq for all i ď q.

Let
Ź

V be the free graded-commutative algebra generated by the graded vector space

V “
À

ią0 V i. Following [39, 25], we say that a cdga is q-minimal if it is of the form

p
Ź

V, dq, where the differential structure is the inductive limit of a sequence of Hirsch

extensions of increasing degrees, and V i “ 0 for i ą q, if q ‰ 8.

A q-minimal model map for a cdga A is a q-equivalence p
Ź

V, dq Ñ A with p
Ź

V, dq
q-minimal. Every cdga A with connected homology admits such a map. Moreover, the

isomorphism type of the cdga p
Ź

V, dq is uniquely determined; this cdga is called the

q-minimal model of A, and is denoted by MqpAq. It is readily seen that two cdga’s with

connected cohomology have the same q-type if and only if their q-minimal models are

isomorphic.

2.2. Algebraic models for spaces and groups. Given a topological space X, we let

Ω
.pXq be Sullivan’s algebra [39] of piecewise polynomial, complex-valued forms on

X. This is a functorially defined cdga with the property that H.pΩpXqq – H.pX,Cq, as

graded rings. When X is a smooth manifold, ΩpXq » ΩdRpXq, de Rham’s algebra of

smooth C-forms on X. Furthermore, if X is a simplicial complex, then ΩpXq » ΩspXq,

the algebra of piecewise polynomial, C-forms on the simplices of X.

We say that a cdga pA, dq is a q-model for X if A »q ΩpXq. By considering the clas-

sifying space X “ Kpπ, 1q of a group π, and replacing X by π in both terminology and

notation, we may speak about q-minimal models, q-types and finiteness properties of

groups, in the sense from Question 1.1. If A is q-finite and A »q ΩpXq, then clearly

bipXq “ bipAq ă 8, for all i ď q (or all i, if q “ 8). Moreover, if π “ π1pXq is the fun-

damental group of a path-connected space X, then any classifying map X Ñ Kpπ, 1q in-

duces an isomorphism between the corresponding 1-minimal models, M1pXq – M1pπq.

A continuous map f : X Ñ Y is said to be a rational homotopy equivalence if the

induced map f ˚ : H.pY,Qq Ñ H.pX,Qq is an isomorphism. Clearly, such a map induces

an equivalence ΩpYq » ΩpXq. Consequently, the existence of a q-finite q-model for a

space X is an invariant of rational homotopy type (and thus, of homotopy type).

Unless otherwise specified, all spaces we consider here will be path-connected, and

will have the homotopy type of a CW-complex; for short, we will call such objects CW-

spaces. Oftentimes, the geometry of a CW-space forces the existence of a finite model

for it. Examples of spaces having finite models include quasi-projective manifolds, com-

pact solvmanifolds, Kähler manifolds, Sasakian manifolds, and principal bundles with

compact, connected structural group over finite CW-complexes having finite models; see

for instance [10, 14, 32] and references therein.

2.3. Nilpotent spaces and formal spaces. A CW-space X is said to be nilpotent if the

fundamental group π “ π1pXq is nilpotent and acts unipotently on πnpXq for all n ą 1.
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Nilpotent spaces provide a class of examples for which the answer to Question 1.1 is

unobstructed.

Theorem 2.1 ([39]). Let X be a nilpotent CW-space.

(1) If all the Betti numbers of X are finite, then X admits a q-finite q-model, for all

1 ď q ă 8.

(2) Moreover, if dim H.pX, kq ă 8, then X admits a finite model.

Proof. Sullivan proved in [39] that the minimal model of a nilpotent CW-space with

finite Betti numbers is of the form M pXq “ p
Ź

V, dq, where V is a graded vector space

of finite type. Hence, M pXq is of finite type, as a graded vector space, from which claim

(1) follows.

Assume now that HąnpXq “ 0, for some n ą 0. Pick a vector space decomposition,

M npXq “ ZnpM pXqq ‘ Cn. Plainly, the direct sum J “ M ěn`1pXq ‘ Cn is an acyclic

differential graded ideal of M pXq. By construction, ΩpXq » M pXq{J, and the cdga

M pXq{J is finite; thus, claim (2) is also verified. �

A space X is said to be q-formal if ΩpXq »q pH.pX,Cq, d “ 0q. For this interesting

class of spaces, the answer to Question 1.1 is again unobstructed: clearly, if a space X is

q-formal and q-finite, then it has the q-finite q-model pH
.pX,Cq, d “ 0q.

2.4. On the Betti numbers of minimal models. We now go beyond nilpotent rational

homotopy theory and formal spaces. We fix 1 ď q ă 8.

Lemma 2.2. Given a q-finite cdga A, there is a natural equivalence A »q Arqs, where

Arqs is a finite cdga, and Arqsąq`1 “ 0.

Proof. The construction is in two steps. First, we replace A by the cdga A{Aąq`1. Since

clearly the natural projection, A ։ A{Aąq`1, is a q-equivalence, we may suppose in the

second step that Arqsąq`1 “ 0. Next, we put

(2) Arqs :“
à
iďq

Ai ‘

ˆ
dAq `

i` j“q`1ÿ

i, jďq

Ai ¨ A j

˙
.

Plainly, Arqs is a sub-cdga of A. By construction, the natural inclusion, Arqs ãÑ A, is

a q-equivalence, and Arqs is finite. �

Theorem 2.3. Assume that either ΩpXq »q A with A q-finite, or X is pq ` 1q-finite. Then

bipMqpXqq ă 8, for all i ď q ` 1.

Proof. In the first case, we may assume by Lemma 2.2 that the cdga A is actually finite.

Since ΩpXq »q A, the differential graded algebra MqpXq is the q-minimal model of A.

The claim follows from the discussion in §2.1.

In the second case, the claim follows directly from the existence of a q-equivalence

MqpXq Ñ ΩpXq. �
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Corollary 2.4. Let π be a finitely generated group. Assume that either π has a 1-finite

1-model, or π is finitely presented. Then b2pM1pπqq ă 8.

Proof. Observe that π is finitely generated (resp., finitely presented) if and only if π

admits a classifying space X “ Kpπ, 1q which is 1-finite (resp., 2-finite). The claim

follows at once from the above theorem, by setting q “ 1. �

2.5. Equivariant algebraic models. Let Φ be a finite group acting freely on a space Y ,

and let X “ Y{Φ be the orbit space. Our next goal is to compare the algebraic models

associated to Y and X, and understand how the answer to Question 1.1 for one space

affects the answer for the other one.

We start by setting up the category Φ-cdga (over k): the objects are cdgas A endowed

with a compatible Φ-action, while the morphisms are Φ-equivariant cdga maps A Ñ B.

Given a Φ-cdga A, we let AΦ be the sub-cdga of elements fixed by Φ; there is then

a canonical cdga map AΦ Ñ A. By definition, a q-equivalence A »q B in Φ-cdga

(1 ď q ď 8) is a zigzag of Φ-equivariant q-equivalences in cdga.

Lemma 2.5. If A »q B in Φ-cdga, then AΦ »q BΦ in cdga.

Proof. It is readily seen that the fixed points functor ´Φ commutes with homology. Thus,

this functor takes equivariant q-equivalences to q-equivalences. �

As is well-known, every CW-complex X has the homotopy type of a simplicial com-

plex K; moreover, if X has finite q-skeleton, so does K; see [19, Theorem 2C.5]. Fix

such a triangulation of X, and lift it to the cover Y . The corresponding simplicial Sulli-

van algebras are then related, as follows:

(3) ΩspXq “ ΩspYqΦ.

Using now Lemma 2.5, we obtain the following result.

Proposition 2.6. Let X be a CW-space, and let Y Ñ X be a finite Galois cover, with

group of deck transformationsΦ. Let A be a Φ-cdga over C.

(1) SupposeΩpYq »q A in Φ-cdga, for some 1 ď q ď 8. Then ΩpXq »q AΦ in cdga.

(2) If, moreover, A is q-finite, then AΦ is q-finite.

As a consequence, if Y admits an equivariant q-finite q-model, then X admits a q-finite

q-model. The Φ-equivariant equivalence hypothesis from Proposition 2.6(1) cannot be

completely dropped. Nevertheless, we venture the following conjecture.

Conjecture 2.7. Let X be a connected CW-space, and let Y Ñ X be a finite Galois cover

with deck group Φ. Suppose that Y has finite Betti numbers. Let A be a Φ-cdga, and

assume that there is a zig-zag of quasi-isomorphisms connectingΩpYq to A in cdga, such

that the induced isomorphism between H.pY,Cq and H.pAq is Φ-equivariant. Then AΦ is

a model for X.
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In the formal case this conjecture holds, and leads to the following result (see also [2,

§2.2]).

Proposition 2.8. Suppose Φ is a finite group acting simplicially on a formal simplicial

complex Y with finite Betti numbers. Then the orbit space X “ Y{Φ is again formal.

Proof. We deduce from [26, Corollary 2.9] and the remark following it that the space Y

is formal if and only if ΩpYq » pH.pYq, d “ 0q in Φ-cdga. This equivalence is based on

the Halperin–Stasheff approach to formality from [18].

Using the natural equivalence Ω » Ωs, we now infer from Lemma 2.5 that ΩspYqΦ »
pH
.pYqΦ, d “ 0q in cdga. Observing that equality (3) holds in this broader setup (where

the Φ-action is not necessarily free), we conclude that ΩspXq » pH.pXq, d “ 0q in cdga.

Since ΩpXq » ΩspXq, we are done. �

Example 2.9. Recall that a quasi-projective variety is a Zariski open subset of a projec-

tive variety. We will say that a space X is a quasi-projective manifold if it is a connected,

smooth, complex quasi-projective variety. As shown by Morgan [25], every manifold

of this sort admits a finite model ApX,Dq; such a ‘Gysin’ model depends on a smooth

compactification X for which the complement D “ XzX is a normal crossings divisor.

Suppose now that Y Ñ X is a finite cover of a quasi-projective manifold X. Then Y

is also a quasi-projective manifold, as shown for instance in [15, Lemma 4.1]. Suppose

further that Y Ñ X is a finite Galois cover, with deck groupΦ. As shown in [16, 21], one

may find a compactification Y such that the corresponding Gysin model A “ ApY ,Dq is

a Φ-equivariant model for Y . With this choice, all the hypotheses of Proposition 2.6 are

verified, for q “ 8.

3. Malcev Lie algebras, derived series, and Hall–Reutenauer bases

We devote this section to a proof of Theorem 1.3.

3.1. Malcev Lie algebras. We start by recalling some notions from [33, Appendix A]

(see also [28, 37]). A Malcev Lie algebra is a Lie algebram over a field k of characteristic

0, endowed with a decreasing, complete k-vector space filtration F “ tFiuiě1 such that

F1 “ m and rFi, F js Ă Fi` j, for all i, j, and with the property that the associated graded

Lie algebra, grpmq “
À

iě1 Fi{Fi`1, is generated in degree 1.

For example, the completion pL of a Lie algebra L with respect to the lower central

series (LCS) filtration Γ “ tΓipLquiě1, endowed with the canonical completion filtration

F, is a Malcev Lie algebra. (Note that the LCS filtration on L coincides with the de-

gree filtration, in the case when L is positively graded and the degree 1 component L1

generates L as a Lie algebra.)

In [33], Quillen associates to every group π, in a functorial way, a Malcev Lie algebra,

denoted bympπq. This object, called the Malcev completion of π, captures the properties

of the torsion-free nilpotent quotients of π. Here is a concrete way to describe it. The
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group algebra kπ has a natural Hopf algebra structure, with comultiplication given by

∆pgq “ g b g, and counit the augmentation map. Let I be the augmentation ideal of

kπ. One verifies that the Hopf algebra structure on kπ extends to the I-adic completion,
xkπ “ limÐÝr

kπ{Ir. Finally, mpπq coincides with the Lie algebra of primitive elements in

xkπ, endowed with the inverse limit filtration.

For a finitely generated group π, there is a natural duality between mpπq and M1pπq
[39]: the cdga M1pπq is the inductive limit limÝÑi

C pm{Fiq, where C is the Chevalley–

Eilenberg cdga cochain functor applied to finite-dimensional Lie algebras [9].

3.2. Filtered formality and finiteness properties. We recall from [37] that a group π is

said to be filtered formal if mpπq – pL as filtered Lie algebras, where the Lie algebra L is

graded and generated in degree 1, of the form L “ L{J, with L a finitely generated, free,

graded Lie algebra and J Ď Lě2 a graded Lie ideal generated in degrees 2 and higher.

We denote by p¨qpkq the k-th term of the derived series of groups and Lie algebras.

It follows from [28, Theorem 3.5] and [37, Theorem 1.7] that the groups Fn{F
pkq
n are

filtered formal, with corresponding Lie algebras L “ Ln{L
pkq
n , where Ln denotes the free

Lie algebra on n generators and Fn is the free group on n generators.

Here is our first result tying certain finiteness properties of algebraic objects associated

to a group π, under a filtered formality assumption.

Proposition 3.1. Let π be a finitely generated, filtered formal group, so that mpπq –
pL, where L “ L{J is a graded Lie algebra generated in degree 1 and J Ď Lě2. If

b2pM1pπqq ă 8, then dimpJ{rL, Jsq ă 8.

Proof. By the aforementioned duality between mpπq and M1pπq, the following holds:

bkpM1pπqq ă 8 if and only if the inverse limit limÐÝi
Hkpm{Fiq is a finite-dimensional

k-vector space, where Hkp´q stands for Lie algebra homology, and F “ tFiuiě1 is the

canonical inverse limit filtration on m “ mpπq.

Our filtered formality assumption on the group π yields Lie algebra isomorphisms

(4) m{Fi – L{pLěi ` Jq,

for all i ě 1. Moreover, the isomorphism pL – m induces identifications L{ΓipLq – m{Fi,

which yield compatible Lie algebra maps L Ñ m{Fi. Passing to homology, we obtain a

natural homomorphism to the inverse limit,

(5) ϕ : H‚pLq // limÐÝi
H‚pm{Fiq .

Let us focus now on degree ‚ “ 2, where a well-known formula of Hopf (see [20])

gives identifications

(6) H2pLq “ J{rL, Js and H2pm{Fiq “ pLěi ` Jq{pLěi`1 ` rL, Jsq.

Since all vector spaces in sight are graded and the map ϕ respects degrees, we infer that

the map ϕ2 is injective. Putting things together completes the proof. �



INFINITESIMAL FINITENESS OBSTRUCTIONS 9

3.3. Hall–Reutenauer bases. Once again, let Ln be the free Lie algebra on the (totally

ordered) alphabet t1, . . . , nu, and let L2
n be its second derived Lie subalgebra. We analyze

below a certain quotient of L2
n; the Hall–Reutenauer bases constructed in [34, Theorem

5.7, p. 112] will be particularly well-adapted to our purposes.

Proposition 3.2. For n ě 2, the graded vector space L2
n{rLn,L

2
ns is infinite-dimensional.

Proof. Given elements h1, . . . , hk P Ln, we denote by rh1, . . . , hks P Ln the iterated

bracket r. . . rrh1, h2s, . . . , hks. We set H0 :“ t1, . . . , nu, and define inductively

(7) Hi :“ trh1, . . . , hksu ,

where k ě 2, h1, . . . , hk P Hi´1, and h1 ă h2 ě ¨ ¨ ¨ ě hk. We pick a total order on

the trees indexing the elements of Hi, compatible with degrees in Ln (that is, h ă h1 if

degphq ă degph1q), and decree that h ą h1, for h P Hi´1 and h1 P Hi. As shown in [34]

the Lie monomials from
Ť

iěℓ Hi, form a basis for the vector space L
pℓq
n , for all ℓ.

Let L “ LA be the free Lie algebra on the alphabet A, and J Ď L an ideal. A

straightforward induction on degree establishes an equality of vector spaces, rL, Js “
rA, Js. By a split surjectivity argument, it will be enough to check that

(8) dim
L2

rA,L2s
“ 8 ,

where A “ tx, yu with x ă y. Note that the Lie algebra L “
À

i, j Li, j is naturally

bigraded, where i is the x-degree and j is the y-degree.

Clearly, H0 “ tx, yu. It follows from (7) that

(9) H1 “ trxypxqs | p ě 1, q ě 0, p ` q ě 1u ,

where rxypxqs denotes rx,

phkkikkj
y, . . . , y,

qhkkikkj
x, . . . , xs. In particular, x-degphq ě 1, for all h P H1.

Induction on i ě 1 based on definition (7) shows that

(10) x-degphq ě 2i´1, for all h P Hi .

In particular, all elements of the Hall–Reutenauer basis of L2 have x-degree ě 2.

Consequently, if the vector space L2{rA,L2s is trivial in degree i ` 2, then necessarily

ady induces a surjection L2
2,i´1 ։ L

2
2,i. Hence,

(11) dimL2
2,i ď dimL2

2,i´1 .

Next, we compute dimensions in (11). We infer from (10), together with (7) and (9),

that the following elements form a basis of L2
2,i

:

(12) trrxyp`1s, rxyq`1ss | 0 ď p ă q and p ` q “ i ´ 2u .

Therefore,

(13) dimL2
2,i “

#
k if i “ 2k ` 1,

k ´ 1 if i “ 2k.
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Consequently, the graded vector space L2{rA,L2s must be non-zero in all odd degrees

5 and higher, since otherwise (13) would contradict (11). This verifies claim (8), thereby

completing our proof. �

3.4. Proof of Theorem 1.3. Let π be a finitely generated group. By assumption, there

is an epimorphism ϕ : π ։ Fn, for some n ě 2. Since the group Fn is free, the map ϕ

admits a splitting. Hence, the induced homomorphism, ϕ̄ : π{π2
։ Fn{F2

n, is again a split

epimorphism. By the homotopy functoriality of the 1-minimal model construction, the

map ϕ̄ induces a cdga map,

(14) ϕ̄˚ : M1pFn{F2
nq // M1pπ{π2q ,

which is a split injection up to homotopy.

Suppose now that the conclusion of the theorem does not hold, i.e., suppose that the

group π{π2 is finitely presentable, or that it admits a 1-finite 1-model. It then follows

from Corollary 2.4 that b2pM1pπ{π2qq ă 8. Since, as we saw above, the map ϕ̄˚ is split

injective (up to homotopy), and since homology is a homotopy functor, we conclude that

(15) b2pM1pFn{F2
nqq ă 8.

Now, since the group Fn{F2
n is filtered formal and (15) holds, Proposition 3.1 implies

that dimpL2
n{rLn,L

2
nsq ă 8. But this contradicts Proposition 3.2, and so we are done. l

4. Cohomology jump loci, finiteness properties, and largeness

4.1. Cohomology jump loci. Let X be a path-connected space with fundamental group

π “ π1pXq. The cohomology jump loci with coefficients in rank 1 complex local systems

on X are powerful homotopy-type invariants of the space, that have been the subject of

intense investigation in recent years, see for instance [12, 30, 10, 6]. These loci sit inside

the complex algebraic group pπ :“ Hompπ,Cˆq, and are defined for all i, r ě 0 by

(16) V
i

r pXq “ tρ P pπ | dim HipX,Vρq ě ru ,

where Vρ is the associated local system. When the space X is q-finite, the characteristic

varieties V i
r pXq are Zariski closed subsets of the character group pπ, for all i ď q and

r ě 0, see [31]. It is easily seen that the the sets V i
r pXq with i ď 1 and r ě 0 depend

only on the group π “ π1pXq.

Now let π be a finitely generated group, and define V i
r pπq :“ V i

r pKpπ, 1qq for i, r ě 0.

It is known that the sets V i
r pπq with i ď 1 and r ě 0 depend only on the maximal

metabelian quotient π{π2 (see e.g. [11, 23]); more precisely, the following equality holds,

(17) V
i

r pπq “ V
i

r pπ{π2q.

The characteristic varieties have several useful naturality properties. For instance,

suppose ϕ : π։ G is an epimorphism. Then the induced morphism on character groups,

ϕ˚ : pG Ñ pπ, is injective and sends V 1
r pGq into V 1

r pπq for all r ě 0. Likewise, suppose

that H ă π is a finite-index subgroup. Then, as noted in [27, Lemma 3.6], the inclusion
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α : H Ñ π induces a morphism α̂ : pπ Ñ pH with finite kernel, which sends V i
r pπq to

V i
r pHq for all i, r ě 0.

For the free groups Fn of rank n ě 2, we have that V 1
r pFnq “ pCˆqn for r ď n ´ 1

and V 1
n pFnq “ t1u. In general, though, the jump loci of a group can be arbitrarily

complicated.

Example 4.1. Let f P Zrt˘1
1
, . . . , t˘1

n s be an integral Laurent polynomial with f p1q “ 0.

Then, as shown in [38], there is a finitely presented group π with πab “ Zn such that

V 1
1

pπq coincides with the variety Vp f q :“ tt P pCˆqn | f ptq “ 0u.

4.2. A finiteness obstruction. Let A be a connected cdga. Clearly, H1pAq “ Z1pAq.

For every ω P H1pAq, the operator dω :“ d ` ω ¨ is a differential on A.. The resonance

varieties R i
rpAq are defined, for all i, r ě 0, as the infinitesimal jump loci

(18) R
i
rpAq “ tω P H1pAq | dim HipA, dωq ě ru .

When the cdga A is q-finite, these sets are Zariski closed subsets of the affine space

H1pAq, for all i ď q and r ě 0, The following key result is a particular case of [10,

Theorem B].

Theorem 4.2 ([10]). Let X be a q-finite space which admits a q-finite q-model A. There

is then a local analytic isomorphism between the germ at 1 of π1pXqp and the germ at 0

of H1pAq, that identifies the germ at 1 of V i
r pXq with the germ at 0 of R i

rpAq, for all i ď q

and r ě 0.

Recent work of Budur and Wang [7], building on the aforementioned theorem, pro-

vides a very strong finiteness obstruction for spaces, based on the geometry of their

characteristic varieties.

Theorem 4.3. If X is q-finite and has a q-finite q-model, then each irreducible component

of V i
r pXq passing through the identity 1 P pπ is an algebraic subtorus of the character

group of π “ π1pXq, for all i ď q and r ě 0.

This theorem follows from [7, Corollary 2.2] and Theorem 4.2, and refines [10, Theo-

rem C(2)]; see also [7, Theorem 1.3(1)]. The Budur–Wang jump loci finiteness obstruc-

tion from Theorem 4.3 may be used to give a negative answer to Question 1.1, even for

spaces X which are finite CW-complexes.

Example 4.4. Let f be an integral Laurent polynomial in n ě 2 variables, and assume its

zero set in pCˆqn contains the origin 1, is irreducible but is not an algebraic subtorus; for

instance, take f ptq “
řn

i“1 ti ´ n. Letting π be a finitely presented group with V 1
1 pπq “

Vp f q as in Example 4.1, we infer from Theorem 4.3 that the finite presentation complex

of π admits no 1-finite 1-model.

Conversely, the existence of a 1-finite 1-model for a finitely generated group π does

not necessarily imply that π is finitely presented.
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Example 4.5. Let Y be a finite, connected CW-complex which is non-simply connected

yet has b1pYq “ 0, and let π be the Bestvina–Brady group associated to a flag triangu-

lation of Y . It is proved in [29, §10] that π is finitely generated and 1-formal, but not

finitely presented.

As the next family of examples illustrates, our infinitesimal finiteness obstruction from

Theorem 2.3 is stronger than the Budur–Wang obstruction from Theorem 4.3, even in the

case when q “ 1.

Example 4.6. Consider the free metabelian group π “ Fn{F2
n with n ě 2. The free group

Fn “ π1p
Žn

S 1q has a finite, formal classifying space; thus, Theorem 4.3 applies to Fn. It

follows that the varieties V i
r pπq – V i

r pFnq pass the Budur–Wang test for i ď 1 and r ě 0.

On the other hand, as we saw in the proof of Theorem 1.3, we have that b2pM1pπqq “
8, and so the group π admits no 1-finite 1-model.

4.3. Largeness. Following Gromov [17], a finitely generated group π is said to be large

if there is a finite-index subgroup H ă π such that H surjects onto a free, non-cyclic

group. In this definition, there is no loss of generality in assuming H Ÿ π is a normal

subgroup. In general, it is a difficult problem to decide whether a group is large. In [22],

Koberda gives the following largeness test for groups admitting a finite presentation.

Theorem 4.7 ([22]). A finitely presented group π is large if and only if there exists a

finite-index subgroup K ă π such that V 1
1

pKq has infinitely many torsion points.

As noted in [23], the finite presentation assumption is crucial for this test. For instance,

taking again π “ Fn{F2
n with n ě 2, the variety V 1

1
pπq “ pCˆqn has infinitely many

torsion points, though the group π is solvable, and thus not large.

Also in [23], the authors introduce the notion of RFRp group (for p a prime). The

class of groups which are RFRp for all primes p includes all groups of the form π1pCq,

for C a smooth complex curve with χpCq ă 0, and all right-angled Artin groups. Using

the criterion from Theorem 4.7, they obtain the following generalization of an old result

of Baumslag and Strebel.

Theorem 4.8 ([23]). Let π be a finitely generated group which is non-abelian and RFRp

for infinitely many primes p. Then π{π2 is not finitely presented.

Using a similar method, we may give an alternate proof of Theorem 1.3(1).

Proposition 4.9. Let π be a finitely generated, very large group. Then π{π2 is not finitely

presented.

Proof. By assumption, there is an epimorphism ϕ : π ։ Fn to a free group of rank

n ě 2. The induced morphism, ϕ̂ : pFn ãÑ pπ, embeds V 1
1

pFnq “ pCˆqn into V 1
1

pπq. Thus,

this variety, which coincides with V 1
1

pπ{π2q, contains infinitely many torsion points. If

the group π{π2 were finitely presented, then, by Theorem 4.7, it would be large. But

this is impossible, since π{π2 is solvable, and subgroups of solvable groups are again

solvable. �
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It is now natural to ask whether the above result holds in the more general setting of

large groups. More precisely: Let π be a finitely generated, large group; is it true that

the maximal metabelian quotient π{π2 is not finitely presented? As the next family of

examples shows, the answer to this question is negative.

Example 4.10. Let π “ π1 ˚ π2 be the free product of two non-trivial finite groups, of

orders m1 and m2, with m1m2 ą 4. By [36, Proposition 4, p. 6], the kernel of the natural

surjection, π1 ˚π2 ։ π1 ˆπ2, is a free group F of rank pm1 ´1qpm2 ´1q ą 1. Hence, π is a

large group. On the other hand, π1 contains F as a subgroup of finite index. Therefore, π1

is finitely generated; hence, the abelian group π1{π2 is finitely generated, as well. Since

π{π1 is also a finitely generated abelian group, we infer that π{π2 is finitely presented.

4.4. Large quasi-projective groups. We now turn to the question of deciding whether

a quasi-projective group (i.e., a group that can be realized as the fundamental group of a

quasi-projective manifold) is large. It turns out that a complete answer to this question

can be given in terms of D. Arapura’s theory of “admissible” maps to curves.

A map f : X Ñ C from a quasi-projective manifold X to a smooth complex curve C

is said to be admissible if it is regular, surjective, and has connected generic fiber. It

is easy to see that the homomorphism on fundamental groups induced by such a map,

f7 : π1pXq Ñ π1pCq, is surjective. We denote by E pXq the family of admissible maps to

curves with negative Euler characteristic, modulo automorphisms of the target.

Deep work of Arapura [1] characterizes those positive-dimensional, irreducible com-

ponents of the characteristic variety V 1
1

pXq which contain the origin of the character

group π1pXqp: all such components are connected, affine subtori, which arise by pull-

back of the character torus π1pCqp along the homomorphism f7 : π1pXq Ñ π1pCq induced

by some map f P E pXq.

Suppose now that C is a smooth complex curve with χpCq ă 0. It is readily seen

that the fundamental group π “ π1pCq surjects onto a free, non-abelian group; con-

sequently, π is large. More generally, we have the following characterization of large,

quasi-projective groups.

Proposition 4.11. Let X be a quasi-projective manifold. Then:

(1) π1pXq is large if and only if there is a finite cover Y Ñ X such that E pYq ‰ H.

(2) π1pXq is very large if and only if E pXq ‰ H.

Proof. We only prove part (1); the proof of part (2) is entirely similar.

Assume first that the group π “ π1pXq is large. There is then a finite-index subgroup

G ă π and an epimorphism ϕ : G ։ F, where F is a free group of rank n ě 2. Let

Y Ñ X be the finite cover corresponding to G; by the discussion in Example 2.9, Y is

again a quasi-projective manifold. Arguing as in the proof of [1, Corollary 1.9], we see

that the induced morphism on character groups, ϕ˚ : pF ãÑ pG, takes V 1
1 pFq – pCˆqn to a

positive-dimensional subvariety of V 1
1

pYq passing through 1. The irreducible component

of V 1
1 pYq containing this subvariety, then, corresponds to an admissible map in E pYq.
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Conversely, suppose that there is a finite cover Y Ñ X supporting an admissible map

f : Y Ñ C, where χpCq ă 0. Composing the induced homomorphism f7 : π1pYq ։
π1pCq with a surjection π1pCq ։ Fn (n ě 2), we obtain an epimorphism π1pYq ։ Fn,

thereby showing that π1pXq is large. �

As noted in Example 2.9, a quasi-projective manifold X has the homotopy type of

a finite CW-complex admitting a finite model. Among other things, this very useful

property provides a concrete test for the fundamental group of X being very large, i.e.,

admitting an epimorphism onto a free, non-cyclic group. (Clearly, this property implies

that b1pXq ą 0.)

As noted in Proposition 4.11(2), the group π1pXq is very large if and only if E pXq ‰
H. Assume that b1pXq ą 0. Again by Arapura theory [1], this geometric test for very

largeness has the following interpretation in terms of cohomology jump loci: E pXq “ H
if and only if the analytic germ at 1 of V 1

1 pXq equals t1u.

4.5. Resonance and largeness. To conclude this section, we rephrase the last condition

in terms of resonance varieties. Let A be a Gysin model for X, or any one of the more

general Orlik–Solomon models constructed by Dupont [13]. In either case, let us note

that all resonance varieties of A have positive weights, i.e., they are invariant with respect

to a Cˆ-action on H1pAq with positive weights.

Proposition 4.12. Let X be a quasi-projective manifold with b1pXq ą 0. Let A be any

Orlik–Solomon model of X. Then π1pXq is very large if and only if R1
1pAq ‰ t0u.

Proof. As we already know, π1pXq is not very large if and only if the analytic germ at

1 of V 1
1 pXq equals t1u, or equivalently, by Theorem 4.2, the germ at 0 of R1

1pAq equals

t0u. Since R1
1
pAq has positive weights, all its irreducible components pass through 0.

The argument from the first paragraph of [10, §9.23] shows then that the aforementioned

local equality is equivalent to the global equality R1
1pAq “ t0u. �

Remark 4.13. In practice, the geometric test for very largeness from Proposition 4.11

may be very difficult to implement, while the alternative test involving characteristic

varieties requires an explicit presentation for the fundamental group. On the other hand,

once an Orlik–Solomon model A has been constructed, the property that R1
1
pAq “ t0u

can be tested concretely, using standard tools from computational commutative algebra.

The practical value of the infinitesimal test from Proposition 4.12 is well illustrated by

the next class of examples.

Example 4.14. Let Σg be a compact, connected Riemann surface of genus g, and let

X “ FΓpΣgq be the partial configuration space associated to a finite simple graph Γ.

More concretely, if n is the number of vertices of Γ, then FΓpΣgq is the complement in Σn
g

of the union of the diagonals zi “ z j, indexed by the edges of Γ.

No presentation is available for the fundamental group πΓ,g “ π1pFΓpΣgqq, for arbitrary

graph Γ and genus g. On the other hand, as noted in [3], the quasi-projective manifold
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FΓpΣgq admits an easily computable Orlik–Solomon model A. Computing the resonance

variety R1
1
pAq leads to a complete, explicit description of E pFΓpΣgqq; such a description

is given in [3, Theorem 1.1], for all g ě 0 and for all finite graphs Γ. In particular,

E pFΓpΣgqq “ H, that is, πΓ,g is not very large, if and only if either g “ 1 and Γ has no

edges, or g “ 0 and Γ contains no complete subgraph on 4 vertices.

5. A functorial 1-minimal model map

We devote this section to the proof of Theorem 1.4, and derive a topological interpre-

tation.

5.1. Holonomy Lie algebras. Given a 1-finite cdga A, let Ai “ HompAi, kq be the dual

vector space. Let µ˚ : A2 Ñ A1 ^ A1 be the dual to the multiplication map µ : A1 ^ A1 Ñ
A2, and let d˚ : A2 Ñ A1 be the dual of the differential d : A1 Ñ A2.

Definition 5.1 ([24]). The holonomy Lie algebra of a 1-finite cdga A “ pA., dq is the

quotient of the free Lie algebra on the k-vector space A1 by the ideal generated by the

image of BA “ d˚ ` µ˚:

(19) hpAq “ LpA1q{pimpBAqq.

Clearly, this construction is functorial. Observe that the Lie algebra hpAq depends only

on the cdga Ar1s constructed in Lemma 2.2, i.e., on the sub-cdga

(20) k ¨ 1 ‘ A1 ‘ pdpA1q ` µpA1 ^ A1qq

of the truncation Aď2. In particular, hpAq is finitely presented.

In the case when d “ 0, the above definition coincides with the classical holonomy

Lie algebra of K.T. Chen [8]. In this situation, the Lie algebra hpAq inherits a natural

grading from the free Lie algebra LpA1q, compatible with the Lie bracket. Consequently,

hpAq is a finitely-presented, graded Lie algebra, with generators in degree 1 and relations

in degree 2.

In general, though, the ideal generated by impBAq is not homogeneous, and the Lie

algebra hpAq is not graded. Here is a concrete example, extracted from [10, Example

5.8] and [24, Example 4.4].

Example 5.2. Let A be the exterior algebra on generators x, y in degree 1, endowed with

the differential given by dy “ 0 and dx “ x ^ y, and let sol2 be the Borel subalgebra of

sl2. Then hpAq – sol2 does not admit a graded Lie algebra structure.

5.2. Holonomy and flat connections. Next, we recall from [10] and [24] another (bi-

functorial) construction which will be important to us. For a cdga A and a Lie algebra

g, let F pA, gq be the set of g-valued flat connections on A, i.e., the set of those elements

ω P A1 b g satisfying the Maurer–Cartan equation,

(21) dω` 1
2
rω,ωs “ 0.
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Suppose now that A is 1-finite. By [24, Proposition 4.5], the natural isomorphism

A1 b g
–

ÝÑ HompA1, gq induces a natural identification,

(22) F pA, gq
–

// HomLiephpAq, gq .

Assume also that g is finite-dimensional. We let then C pgq “
` Ź
g˚, dq be the

Chevalley–Eilenberg complex of g, that is, the cdga whose underlying graded algebra

is the exterior algebra on g˚, and whose differential is the extension by the graded Leib-

nitz rule of the dual of the signed Lie bracket, d “ ´β˚, on the algebra generators, see

e.g. [20]. We then have a natural isomorphism A1 b g
–

ÝÑ Hompg˚, A1q, which, by [10,

Lemma 3.4], induces a natural identification,

(23) F pA, gq
–

// HomcdgapC pgq, Aq .

We will also consider the cochain functor pC , defined on finitely generated Lie algebras

and taking values in 1-minimal cdga’s. This functor associates to a finitely generated Lie

algebra h the inductive limit of cdga’s

(24) pC phq “ limÝÑ
n

C ph{Γnq.

The 1-minimality property of pC phq is a consequence of the well-known fact that C

sends finite-dimensional central Lie extensions to Hirsch extensions of cdga’s.

5.3. A classifying map. As before, let A be a 1-finite cdga, with holonomy Lie algebra

h “ hpAq. By (22), the identity map of h may be identified with the ‘canonical’ flat

connection,

(25) ω “
ÿ

i

x˚
i b xi P F pA, hpAqq,

where txiu is a basis for A1 and tx˚
i u is the dual basis for A1. This gives rise to a compat-

ible family of flat connections, tωn P F pA, h{Γnquně1. Using the correspondence (23),

we obtain a compatible family of cdga maps, fn : C ph{Γnq Ñ A. Passing to the limit, we

arrive at a natural cdga map,

(26) f : pC phpAqq // A .

Our goal in this section is to show that this map is as an infinitesimal analog of the

classifying map X Ñ Kpπ1pXq, 1q. More precisely, we will prove the following theorem.

Theorem 5.3. For any 1-finite cdga A, the classifying map f : pC phpAqq Ñ A is a 1-

minimal model map.

To prove this theorem, we have to show that H1p f q is an isomorphism and H2p f q is

a monomorphism. It will be convenient to assume that A is finite and Aą2 “ 0. By

naturality and the discussion from §5.1, there is no loss of generality in doing so.
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We will use duality and the dual Chevalley–Eilenberg complex, which computes the

untwisted Lie algebra homology H.pgq of an arbitrary Lie algebra g. This chain complex

has the form tBn :
Źn
gÑ

Źn´1
guně0, with differentials

(27) Bnpx1 ^ ¨ ¨ ¨ ^ xnq “
ÿ

iă j

p´1qi` jβpxi ^ x jqx1 ^ ¨ ¨ ¨ ^ pxi ^ ¨ ¨ ¨ ^ px j ^ ¨ ¨ ¨ ^ xn .

This chain complex is functorial: given a morphism of Lie algebras, ϕ : g Ñ h, the

following diagram commutes,

(28)

Źn
g

Bn
//

Źn
ϕ

��

Źn´1
g

Źn´1
ϕ

��Źn
h

Bn
//
Źn´1

h

for each n ě 1. Furthermore, both vertical arrows are surjective when ϕ is an epimor-

phism.

We will come back to the proof of Theorem 5.3 in §5.5, after proving a couple of

technical lemmas.

5.4. Two stability properties. By definition, the generating vector space V of a 1-

minimal cdga p
Ź

V, dq has an increasing, exhaustive filtration tVnuně1 starting at V1 “ 0,

with the property that each p
Ź

Vn, dq is a sub-cdga and each inclusion p
Ź

Vn, dq ãÑ
p
Ź

Vn`1, dq is a Hirsch extension. We call such a filtration a defining filtration for

p
Ź

V, dq. Defining filtrations having the following two stability properties will be im-

portant for our approach:

(I) For all m ą n ą 1, the natural inclusion Vn ãÑ Vm induces an isomorphism

H1
` Ź

Vn, d
˘ –

ÝÑ H1
` Ź

Vm, d
˘
.

(II) For all m ą n, the kernel of the map H2p
Ź

Vn, dq Ñ H2p
Ź

Vm, dq coincides with

the kernel of the map H2p
Ź

Vn, dq Ñ H2p
Ź

Vn`1, dq.

Let h be a finitely generated Lie algebra.

Lemma 5.4. The defining filtration Vn “ ph{Γnq˚ on the 1-minimal cdga pC phq satisfies

properties (I) and (II).

Proof. We will translate the stability properties for the defining filtration tVnuně1 on
pC phq in terms of Lie algebra homology, and use the commuting diagrams (28) in degrees

n ď 3, for the two canonical Lie projections, p : h{Γm ։ h{Γn`1 and q : h{Γn`1 ։ h{Γn.

Property (I) is equivalent to the claim that the natural map ph{Γmqab Ñ ph{Γnqab is an

isomorphism, a claim which is obvious for m ą n ą 1. Property (II) is equivalent to

having an inclusion,

(29) im
`
H2ph{Γn`1q Ñ H2ph{Γnq

˘
Ď im

`
H2ph{Γmq Ñ H2ph{Γnq

˘
.
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We will verify this inclusion in a stronger form, with h replacing h{Γm in (29). To this

end, we start with an element en P
Ź2ph{Γnq with B2penq “ 0. If rens P im H2pqq, we may

find en`1 P
Ź2ph{Γn`1q with B2pen`1q “ 0 and fn P

Ź3ph{Γnq such that
Ź2pqqen`1 “

en ` B3 fn.

Now lift fn to fn`1 P
Ź3ph{Γn`1q via

Ź3pqq. Replacing en`1 by en`1 ´ B3 fn`1, we

see that we may suppose that fn “ 0. Next, lift en`1 to e P
Ź2phq via

Ź2ppq. Since

B2pen`1q “ 0, we infer that B2e P Γn`1. By the definition of the LCS filtration [35],

Γn`1 “ βph ^ Γnq. This implies that B2e “ B2e1, where e1 P h ^ Γn, and thereforeŹ2pq ˝ pqpe1q “ 0. Therefore, B2pe ´ e1q “ 0 and
Ź2pq ˝ pqpe ´ e1q “ en. Hence,

rens P im H2pq ˝ pq, which completes the proof. �

Next, we examine the requirement that

(30)

ker
`
H2p fnq : H2

C ph{Γnq Ñ H2A
˘

Ď ker
`
H2pqq : H2

C ph{Γnq Ñ H2
C ph{Γn`1q

˘
,

where H2pqq is the map induced by the canonical Lie projection, q : h{Γn`1 ։ h{Γn.

Recall that the cdga A is supposed to be finite with Aą2 “ 0. Dualizing, we infer that the

existence of inclusion (30) is equivalent to the existence of the inclusion

(31) im
`
H2pqq : H2ph{Γn`1q Ñ H2ph{Γnq

˘
Ď im

`
H2p fnq : H2A Ñ H2ph{Γnq

˘
.

By construction, the dual of the restriction of the map fn : C ph{Γnq Ñ A to the space

of algebra generators of the source, f ˚
n : A1 Ñ h{Γn, coincides with the composition

pn ˝ ι. Here, ι is the canonical inclusion A1 “ L1 ãÑ L, where L denotes the free Lie

algebra on A1, and pn : L։ h{Γn stands for the canonical Lie projection.

The following commuting diagram describes the map between chain complexes in low

degrees induced by the cochain map fn : C ph{Γnq Ñ A,

(32)

0 //

��

Ź3ph{Γnq

B3

��

A2

Ź2ppnιqµ
˚

//

d˚

��

Ź2ph{Γnq

B2

��

A1

pnι
// h{Γn .

We denote by K Ď A2 the kernel of d˚. It follows from diagram (32) that the mapŹ2ppnιqµ
˚ sends K into kerpB2q, and thus induces a map r

Ź2ppnιqµ
˚s : K Ñ H2ph{Γnq.

Again by duality, (31) is equivalent to the existence of the inclusion

(33) im
`
H2pqq : H2ph{Γn`1q Ñ H2ph{Γnq

˘
Ď im

`
r
Ź2ppnιqµ

˚s : K Ñ H2ph{Γnq
˘
.

Consider the map from Definition (19), B “ BA : A2 Ñ L1 ‘ L2, where we use the Lie

bracket β to identify
Ź2
L1 with L2. Note that the map pn : LÑ h{Γn is the composition
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of the canonical Lie projections h ։ h{Γn and p : L ։ h. We will repeatedly use the

commuting diagrams (28) for ϕ “ p, in degrees up to 3. Consider the linear map

(34) B1 :“
Ź2ppq ˝ µ˚ : K Ñ

Ź2phq.

We first claim that the composition B2 ˝ B1 is the zero map. Indeed, for y P K we have

that

(35) β ˝
Ź2ppqµ˚y “ p ˝ βµ˚y “ p ˝ By “ 0.

Lemma 5.5. If A is a finite cdga with Aą2 “ 0, then the induced map rB1s : K Ñ H2phq
is surjective.

Proof. We pick finite bases, txiuiPI for A1 and tyλuλPΛ for A2. By construction, h “ L{r,
where r is the Lie ideal generated by Byλ. For a length q multi-index J “ pi1, . . . , iqq P Iq

and an element r P L, we abbreviate adxi1
˝ ¨ ¨ ¨ ˝ adxiq

prq P L by adJprq. Clearly, r is

additively generated by adJpByλq with q ě 0.

We start with an element e P
Ź2
h with the property that B2e “ 0. We pick a lift f PŹ2

L, via
Ź2ppq. Since βe “ 0, we have that β f P rXLě2. Write β f “

ř
cJ,λ adJpByλq.

Since β f P Lě2, clearly
ř

λPΛ cH,λd
˚yλ “ 0. Hence, the element y “

ř
λPΛ cH,λyλ

belongs to K.

If J has positive length, we set pJ1 :“ pi2, . . . , iqq. Clearly, the element

(36) f 1 :“
ÿ

qą0,λPΛ

cJ,λxi1 ^ ad pJ1
pByλq

belongs to L1 ^ r, and

(37) β f 1 “
ÿ

qą0
λPΛ

cJ,λ adJpByλq .

On the other hand, β f “ β f 1 ` βµ˚y, since y P K. Hence, B2p f ´ f 1 ´ µ˚yq “ 0, andŹ2ppqp f ´ f 1 ´ µ˚yq “ e ´ B1y, by construction.

Using the fact that the free Lie algebra L has vanishing homology in degrees greater

than 2 [20], we may find an element v P
Ź3
L such that f ´ f 1 ´ µ˚y “ B3v. We infer

that e ´ B1y “ B3u, where u “
Ź3ppqv. Hence, res “ rB1ys, as asserted. �

5.5. Proof of Theorem 5.3. Once again, let f : pC phpAqq Ñ A be the cdga map from

(26). We have to show that H1p f q is an isomorphism and H2p f q is a monomorphism. In

both cases, we will use the fact that

(38) Hi
` pC phq

˘
“ limÝÑ

n

Hi pC ph{Γnqq .

For i “ 1, by Lemma 5.4(I) and duality, we need to verify that H1p f2q is an isomor-

phism. For n “ 2, note that in diagram (32) we have that B2 “ 0 and p2ι is surjective.

Hence, we are left with checking that H1p f2q is an injection. So, we assume that p2ιy “ 0,
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i.e., y P A1 belongs to r modulo Γ2 in the free Lie algebra L. It follows that necessarily

y P impd˚q, and we are done.

For i “ 2, note that property (30) readily implies the injectivity of H2p f q. The dis-

cussion from the preceding subsection reduces our proof to checking property (33). To

verify the last property, pick an arbitrary element rens P im H2pqq. By property (29)

in strong form, rens “ H2pp1
nqres for some res P H2phq, where p1

n : h ։ h{Γn denotes

the canonical Lie projection. By Lemma 5.5, res P imrB1s. Putting things together, we

conclude that rens P impr
Ź2ppnιqµ

˚s : K Ñ H2ph{Γnqq, and we are done. l

5.6. Topological interpretation. A 1-minimal cdga p
Ź

V, dq admits a canonical defin-

ing filtration, tWnuně1, inductively defined by W1 “ 0 and

(39) Wn`1 “ d´1

|V
p
Ź2

Wnq .

It is easy to check by induction that the inclusion Vn Ď Wn holds for all n ě 1, and for

any defining filtration tVnuně1.

Lemma 5.6. A defining filtration for the 1-minimal cdga p
Ź

V, dq is canonical if and

only if it has the stability properties (I) and (II).

Proof. First observe that H1p
Ź

Vnq “ Vn X W2, for all n ě 1.

Assume now that Vn “ Wn, for all n. Then clearly Vn X W2 “ Vm X W2 “ W2 for all

m ą n ą 1, which proves (I). To check (II), let us start with an element α P
Ź2

Wn with

the property that α “ dvm with vm P Wm. Clearly, vm P Wn`1, and we are done.

Conversely, let us assume that properties (I) and (II) hold, and let us prove by induction

that Wn Ď Vn, for all n ě 2. By (I), Vn X W2 “ V2 X W2 for all n ě 2, which shows

that W2 Ď V2. For the induction step, start with an arbitrary element vn`1 P Wn`1.

Then vn`1 P Vm for some m ą n. We infer that dvn`1 P
Ź2

Vn, by the construction

of the canonical filtration and the inductive hypothesis. Since the cohomology class

rdvn`1s P H2p
Ź

Vnq goes to zero in H2p
Ź

Vmq, property (II) implies that dvn`1 “ dun`1,

for some un`1 P Vn`1. Therefore, vn`1 ´ un`1 P W2 Ď Vn`1. Hence, vn`1 P Vn`1, and

we are done. �

As an application, we recover in the next corollary a theorem of Berceanu, Măcinic,

Papadima, and Popescu [3, Theorem 3.1], a theorem which itself generalizes a result of

Bezrukavnikov [4, Lemma 3.1 and Proposition 4.0] (see also [5, §4.3] for a summary of

[4]).

Corollary 5.7. If A is a 1-finite 1-model of π, then the Malcev Lie algebra mpπq is

isomorphic to the LCS completion of the holonomy Lie algebra hpAq.

Proof. We start by recalling Sullivan’s duality result [39] for Malcev Lie algebras and

1-minimal models of finitely generated groups (see also [10, §6] and [37, §6]). By

dualizing the canonical filtration of M1pπq, we obtain a tower of central extensions of
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finite-dimensional nilpotent Lie algebras,

(40) ¨ ¨ ¨ // // mn`1
// // mn

// // ¨ ¨ ¨ // // m1 “ t0u .

Then mpπq is isomorphic to the inverse limit of the tower (40), endowed with the inverse

limit filtration.

Our assumptions imply that the group π and the cdga A have the same 1-minimal

model. By Theorem 5.3 and Lemmas 5.4 and 5.6, the above Lie tower is isomorphic to

the Lie tower

(41) ¨ ¨ ¨ // // hpAq{Γn`1
// // hpAq{Γn

// // ¨ ¨ ¨ // // hpAq{Γ1 “ t0u ,

whose inverse limit is the LCS completion of hpAq. This completes the proof. �

6. A complete finiteness obstruction for finitely generated groups

For q “ 1, the finiteness property from Question 1.1 depends only on the finitely

generated group π “ π1pXq. More precisely, it depends only on its 1-minimal model

M1pπq, or equivalently, on the Malcev Lie algebrampπq. In this situation, we completely

solve Question 1.1, as follows.

Theorem 6.1. A space with finitely generated fundamental group π admits a 1-finite 1-

model if and only if the Malcev Lie algebra mpπq is the LCS completion of a finitely

presented Lie algebra.

The rest of this section will be devoted to a proof of this theorem. We start with some

preparatory notation and a lemma. Let L “ LpxiqiPI be a finitely generated free Lie

algebra. For each k ě 1 and each k-tuple J “ pi1, . . . , ikq P Ik, set |J| “ k, and define

(42) βpJq :“ adxi1
˝ ¨ ¨ ¨ ˝ adxik´1

pxik q P Lk.

An easy induction shows that each graded piece Lk is generated by the Lie monomials

βpJq with |J| “ k.

Lemma 6.2. Let L “ L{r be a finitely presented Lie algebra. Then L admits an equiva-

lent finite presentation P , having only ”linear plus quadratic” relations.

Proof. The fact that L is finitely presented allows us to find an integer N ě 2 and con-

stants cJ
λ
, where 1 ď |J| ď N and λ P Λ withΛ finite, with the property that the Lie ideal

r is generated by the elements rλ :“
ř

J cJ
λ
βpJq.

For each n ě 2, let us define a finite Lie algebra presentation Pn as having generators

yJ indexed by 1 ď |J| ď n, and relators yJ ´ ryi1 , y pJ1
s, indexed by 2 ď |J| ď n, where

pJ1 :“ pi2, . . . , ikq. Furthermore, let us define a finite Lie algebra presentation P by

adding to the relators from PN the elements ρλ :“
ř

1ď|J|ďN cJ
λ

yJ for λ P Λ.

The Lie presentations Pn and Pn´1 are related by the morphisms of presentations

φ : Pn´1 Ñ Pn and ψ : Pn Ñ Pn´1. The map φ sends the generator yJ to yJ for each

J, while ψ sends the generator yJ to yJ for each J with |J| ă n, and maps yJ to ryi1 , y pJ1
s
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if |J| “ n. It is straightforward to check that the associated Lie algebra morphisms are

inverse to each other.

We infer that the Lie algebra morphism κ : L Ñ LN which sends xi to yi is an iso-

morphism, where LN denotes the Lie algebra associated to PN . On the other hand, a

straightforward induction shows that κ sends βpJq to yJ , for all J with 1 ď |J| ď N. Fi-

nally, for each λ P Λ the relator rλ is identified by κ with the element ρλ. This completes

the proof. �

Proof of Theorem 6.1. For the forward implication, let π “ π1pXq be a finitely

generated group, and assume π has a 1-finite 1-model A. By Lemma 2.2, we may assume

that A is finite with Aą2 “ 0. Denote by h “ hpAq the holonomy Lie algebra of A.

Clearly, the Lie algebra h is finitely presentable. By Corollary 5.7, the Malcev Lie algebra

m “ mpπq is the LCS completion of h, and we are done.

Conversely, suppose that mpπq is the LCS completion of a finitely presented Lie alge-

bra L as above. Note that all relators of the presentation P from Lemma 6.2 are elements

of Lď2, by construction. By dualizing this presentation, we obtain a finite cdga A with

Aą2 “ 0, whose differential d : A1 Ñ A2 is dual to the degree one part of the relator

map, and with multiplication µ : A1 ^ A1 Ñ A2 dual the degree two part of the relator

map. By construction, the holonomy Lie algebra h “ hpAq is isomorphic to L. Moreover,

Theorem 5.3 implies that pC phq »1 A.

On the other hand, ΩpXq »1 M1pπq, as noted before. It is therefore enough to check

that the cdga’s pC phq and M1pπq are isomorphic. Exploiting the fact that both cdga’s

are inductive limits of cdga towers of Hirsch extensions, this may be seen as follows.

The dual of the tower for pC phq is by construction the Lie tower th{Γn`1 Ñ h{Γnuně1.

Furthermore, our assumption thatmpπq – pL implies that the dual of the tower for M1pπq

is isomorphic to tL{Γn`1 Ñ L{Γnuně1. Hence, pC phq – M1pπq, thereby establishing our

claim, and completing the proof. l
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