MATH 3150 Problem Set 5 Solutions Fall 2022

Be sure to fully justify your response to each problem.

1. (15 pts) Let (a,)nen be a sequence of real numbers. Suppose the series >~ | |a,| con-
verges. Show that the power series Y~ | a,z" converges uniformly on the interval [—1, 1]
to a continuous function.

Solution: Set f,(z) = Sr—f axz® for n > 2 and = € [~1,1]. Then for z € [~1,1], we
have |azz*| < |ag|, so from the Comparison Test it follows that Y ;- azz® converges for
all x € [—1,1]. Thus, f, — f, and since each f,, is a polynomial and hence continuous,
it suffices by 24.3 Theorem to show that f, converges uniformly to f.

For n > 2, set

o) n—1
R, = E Q — E Qg
k=1 k=1

Then since Z ay converges, it follows that lim,,_.., R, = 0.
k=1
We can now show that f, — f uniformly as follows. Given e > 0, since lim R,, = 0,
there is an N € N such that
R, <e forn>N.

Then for all z € [-1,1],

[f(z) = fulz)] =

00
Z aka:k
k=n
00
< Jana®|
k=n

oo
k=n

<€

This completes the argument that >~ a,z" converges uniformly on [—1,1] to a con-
tinuous function.

Here is an alternate solution. Since |azz*| < |ag| for all k > 1 and all z € [—1, 1], and
since >, |ax| < oo, the Weierstrass M-test (Theorem 25.7) guarantees that Y -, azz®
converges uniformly on [—1, 1]. That is, the sequence of partial sums, f,(z) = 22;11 apx”,
converges uniformly to the function f(z) = Y 7, axz” on [0,1]. Since each f, is a
polynomial function, and thus continuous, the limit f must also be continuous.

2. (15 pts) Show that |sin(z) — sin(y)| < |z — y| for all z,y in R.
Solution: The inequality holds for = = y, so assume x # y. Since sin(z) is differentiable
for all z € R with derivative equal to cos(x), the Mean Value Theorem applies to show
that given x # y there is a ¢ € R between x and y with

sin(z) — sin(y) = cos(c) - (x — y)



MATH 3150 Problem set 5, Fall 2022 2

Then we have
| sin(z) — sin)(y)[ = [ cos(c) - (z — )|
= Jeos(@)] [z — g
< |z —y| since |sin(c)| <1

3. (15 pts) Let f: [0,1] — R be a continuous function. Assume that f is differentiable on
(0,1) and that f(x)+xf'(x) > 0, for all z € (0,1). Show that f(z) > 0, for all z € [0, 1].

Solution: Consider the function g: [0,1] — R given by g(z) = xf(z). Since both
h(x) = z and f(x) are differentiable on (0,1), the function g is also differentiable on
(0,1), and, by the product rule,

g'(x) = f(x) + xf'(x).

Using the hypothesis that f(z)4xzf'(x) > 0, we conclude that ¢'(x) > 0, for all x € (0, 1),
and hence, ¢ is increasing on (0, 1).

On the other hand, since both h(z) = z and f(z) are continuous on [0, 1], the function
g is also continuous on [0, 1]. Moreover, g(0) = 0- f(0) = 0. Therefore, lim, o+ g(z) = 0.
Since g is increasing on (0,1), it follows that g(x) > 0 for x € [0,1). Finally, since
lim,_,;- g(x) = g(1), we conclude that g(z) > 0 for all z € [0, 1].

Observe now that f(z) = g(z)/x for x € (0,1]; since g(z) > 0 and z > 0 in that
interval, it follows that f(z) > 0 for « € (0, 1]. Finally, since f is continuous on [0, 1] and
the limit of a non-negative function is nonnegative, we have that

f(0) = lim f(z) =0
z—07F
In conclusion, f(z) > 0 for all z € [0, 1].

4. (15 pts) A fized point of a function f is a value x such that f(x) = x. Let f: (a,b) - R
be a differentiable function. Assume that f'(x) # 1, for all x € (a,b). Show that f has
at most one fixed point.

Solution: Suppose by contradiction that f has at least two fixed points in (a,b). De-
noting these two points by z; and x5, we have that f(z1) = z; and f(z3) = xs.

Now, since f is differentiable on (a, ), we may apply the Mean Value Theorem, which
guarantees there is an element ¢ € (xy, x5) such that

f(x2) — f(l'l)

!/
CcC) =
flo ==L
It follows from our assumptions that the right side of the above equation is equal to
To — T —1
To — Iq

Therefore, f’(¢) = 1. This contradicts the hypothesis that f'(z) # 1 for all x € (a,b),
and the proof is complete.

5. Let f(x) = In(z), let Zan(x — 1)" be the Taylor series for f around z = 1, and let
n=0

i
L

R,(z) be the remainder R, (r) =1In(z) — Y ag(z —1)* for z > 0.
0

B
Il
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(5)

(a) (10 pts) Using the formula for R,(z) in §31.3 Taylor’s Theorem (p. 250), find an

upper bound for |R,(x)|.
Solution: Let x > 0, then by 31.3 Taylor’s Theorem

_ ")

n!

Ry (z)
The first step is to find a formula for £ (y) where f(y) = In(y). We claim that

FP) = ()" -1y

for all n > 1. For n = 1, we have f((y) = y~! and equation (2) holds in this case.
If f™(y) = (=1)""[(n—1)!]y™, then since dy~"/dy = —ny "' we have

7o) = (<1 (= D) (=m)y
= (~1"[nlly~

and hence equation (2) holds for n + 1. Thus, by induction we have that equation
(2) holds for all n > 1.

The next step is to assume x > 0 is given and then find an upper bound for

(n—1)!

(x —1)" for some y between x and 1.

(n)
Rl =| 2P -1y -

1
-n — 1" = Z¢g " — 1"
- y " —1) Y lz — 1

Note that y~™ is a decreasing function of y (its derivative is negative, for example)
so over any interval the maximum value is taken on at the left hand endpoint.

We now consider two cases: £ > 1and 0 <z < 1.

If x > 1, then the left hand endpoint of the interval of points between x and 1 is 1,
and we have

_q1|n
[ | for x > 1

| R (2)] <
If 0 < x < 1, then the left hand endpoint of the interval of points between x and 1 is
x, and we have
[z — 1"
:L‘n

1_ n
( :v) for0<z <1

T

|Rn(x)’ <

<

S|~ 3|+

(b) (10 pts) Find all values of x > 0 for which it follows from your result in part (a) that

lim,, s oo Rp(x) = 0.
Solution: The first step is to find those values of r with r > 0 for which lim " /n = 0.

If 0 < r < 1, then limr" = 0 and hence limr"/n = 0 by the squeeze lemma. If
r = 1, then lim7"/n = lim1/n = 0. If » > 1, then by I’'Hospital’s rule we have
limr™/n = limIn(r)r™ = 4+o00. Thus, we have

lim — = ]
oo ifr>1

r" 0 if0<r<l1
n

If x > 1, it folllows from equations (4) and (6) that lim |R,(z)| =0 for 1 <z < 2.
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If 0 < 2 < 1, then it follows from equations (5) and (6) that lim |R,(X)| = 0 if

11—z
<1

T

1

-—-1<1

T
1
<2
T
>1
x‘ —
-2

Summary. From Taylor’s formula for the remainder R,(x) given in equation (3)
and the upper bounds for the magnitude of the reminder given in equations (4) and
(5), we shown have that the limit of the upper bound for the remainder is zero for
% < z < 2. Hence

1
lim|R,(z)| =0 for 3 <z <2
6. Let f be the function defined by

2 fort <0
f(t) = < sin(t) for 0 <t <m/2
t—7n/2+1 fort>mn/2.

(a) (4 pts) Determine F'(z / f(t)dt.

Solution: For z < 0, we have F(z) = [ 2dt = 2t|; =
For 0 < x < 7/2, we have F(z) = f sin(t) dt = — cos(t

For © > /2, we have

:/Oxf(t)dt

w/2 x
:/ f(t)dt + f(t)dt
0 /2
:1+/ (t—m/2+1)dt

/2
=1+ (/2= (n/2)t +1)[] /2
=1+4+2°/2— (7/2)x +x —[(7%)/8 — (7*) /4 + /2]
=222~ (7/2)x+x+ (7?)/8 —7/2+1

‘3 =1 — cos(x)

So we have
2x for x <0
(7) F(z) = {1 — cos(z) for 0 <z <m/2
2?2 — (n/2)x +x+ (7)) /8 —7/2+1 for x > 7/2
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(b) (4 pts) Sketch the graph of F.
Solution:

N

(c) (4 pts) At which points, if any, is F' not continuous?

Solution: Each of the functions listed in equation (7) is the restriction of a differen-
tiable (and hence continuous) function defined on R. Thus, the only possible points
at which F is not continuous are the points with = 0 and x = 7/2. For x =0

lim F(z) = lim 22 =0

z—0~ z—0~
lim F(zr)= lim 1 — =1- 0)=1—-1=0
lim (x) lim cos(x) cos(0)

and it follows that F'(z) is continuous at x = 0 since lim, ,o- F(z) = lim, o+ F ().
For z = 7/2

lim F(z)= lim 1—cos(x)=1—cos(r/2)=1-0=1

T—T/27 /27
: _ 2/ 2y /g
w_l;glz+ F(z) = x_1>17£1;12+a: /2—(n/2)x+ 2+ (7°)/8 —7/2+ 1
= (7%)/8 — (7)) /4 + /2 + (7°) /8 — 7/2 + 1
=1

and it follows that F'(x) is continuous at & = 7 /2 since lim,_, /o~ F'(x) = lim,_, 70+ F(z).
Summary. F(zx) is continuous at all values of z in R.

(d) (4 pts) At which points, if any, is F' not differentiable?

Solution: Each of the functions listed in equation (7) is the restriction of a differ-
entiable function defined on R. Thus, the only possible points at which F' is not
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differentiable are the points with = 0 and z = 7/2. For 2 =0

L FOO—FO) _ 200
z—0~ z—0 z—0-  — 0
=2
lim F(X)— F(0) _ lim 1 —cos(z) — 0
z—0t x—0 z—0t x—0
_ lim 1 — cos(x)
z—0+t X
d(1 — cos(x))
B dx atx =0
=sin(0) =0
It follows that F'(z) is not differentiable at z = 0 since
F(X)-F F(X)-F
i PO =FO) | FX) ~ ()
z—0~ z—0 z—07F z—0
For x = 7/2
F(X) — - -
LR - F(r/2) (1 cos(a) 1
Tz—mw/27 CU-7T/2 Tz—mw/27 x —7T/2

i —C08(@)
eom/2- T — T2

—cos(z) — (— cos(7/2))

= lim
T2~ x—7/2
_d(—cos(7))
dx at z =mw/2
=sin(n/2) =1
RO - F(r/2) /2 /e tat (/s —x/241] 1
z—m /21 ZL‘—7T/2 _ac—>7r/2+ ZL'—7T/2
dz?)2— (n)2)x 4+ x4+ (7?)/8 — 7 /2 + 1]
dx at ¢ =m/2
- x—7r/2—|— 1‘&(7(17:#/2
=1

Since

LR -F2) | FX)- F(r/2)
x—m/27 xr — 7T/2 x—m/2F X —71'/2
it follows that F is differentiable at x = 7/2 and F'(7w/2) = 1.

(e) (4 pts) Calculate F'(x) at those points where F' is differentiable.

Solution: Each of the functions listed in equation (7) is the restriction of an extended
function that is differentiable on R, so at all points other than x = 0 and = = /2
the derivative of F' is the derivative of the corresponding extended function. The
computations above show that F' is not differentiable at x = 0 and F’ is differentiable
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at x = /2 with F'(r/2) = 1. The following gives F’(z) at the values of x at which
F is differentiable.

2 forz <0
F'(x) = { sin(z) for 0 <z <m/2
r—7m/24+1 forx>m/2



