
Data Science in Cosmology and Astrophysics
A cluster proposal submitted on 11-3-2017

Astronomy: Elena Donghia, Sebastian Heinz, Snezana Stanimirovic, Eric Wilcots
Physics: Yang Bai, Vernon Barger, Keith Bechtol, Daniel Chung, Sridhara Dasu, Lisa Everett, Gary Shiu, Wesley

Smith, Peter Timbie
Statistics: Yazhen Wang, Wei-Yin Loh, Anru Zhang

Center for High Throughput Computing Miron Livny

contact: Daniel Chung
danielchung@wisc.edu
608-265-3133 (office)

608-695-6317 (voicemail)
Department of Physics

University of Wisconsin-Madison
Madison, WI 53706

1

Topological Data Analysis for 
Cosmology and String Theory

Gary Shiu
University of Wisconsin-Madison



Big Data in Big Sciences

data volume schedule type funding budget estimate
SDSS 40 TB [3] 2000-2020 optical DOE/NSF $100M [4]
DESI 2 PB [5] 2019-2027 optical DOE/NSF $60M [6]
LSST > 60 PB [1, 7] 2020-2030 optical DOE/NSF $700M [8]
Euclid >10 PB [9] 2020-2027 optical/near-IR ESA $800M [10]

WFIRST >2 PB [12] 2023-2030 near-IR NASA $2B [11]
CMB-S4 104⇥Planck [13, 5] 2020-2027(?) [14] microwave DOE/NSF $1B(?)

SKA 4.6 EB [3, 15] 2019-2030(?) radio international $2.4B [16]

Table 2: Sample cosmological experimental data volume expected.

A positive answer to questions 1 and 2, as well as a definitive answer to question 3, are at the level of Nobel-prize-
worthy importance.

Another question in which significant progress may be made includes baryonic feedback and nonlinear physics in
galaxy formation. With current techniques, cosmological predictions for the phase space of galaxies can be robustly
made at a level that is useful to match with observations only when gravitational interactions dominate. Understanding
baryonic feedback (i.e. how baryon interactions with radiation, stellar objects, black holes, etc. affect dark matter
clustering) is important for extracting neutrino masses from weak lensing surveys (i.e. gravitationally lensed images
of galaxies)[2]. On the other hand, the CMBR lensing (lensing of CMBR due to the gravitational potential along
the line of sight) is not as sensitive to the baryonic feedback since CMBR lensing is more sensitive to galaxy cluster
structure a long time ago before strong gravitational clumping occurred and larger length scales where the baryonic
feedback effects are less important. Hence, due to the expected CMBR lensing data in the next decade, significant
progress may be made in understanding baryonic feedback through cross-correlating CMBR lensing and weak lensing.

Finally, there is a large number of other BSM physics phenomena that remain parts of the standard repertoire
of speculations and will be continually probed by future cosmological experiments, although it is difficult to state
as confidently when a defining progress will be made on these topics. These include non-gravitational dark matter
interactions, non-Gaussian primordial quantum fluctuations, non-adiabatic initial conditions, solitonic field configura-
tions, modifications of gravity/new long range forces, and primordial magnetic fields produced by early universe phase
transitions. These will not be discussed here for brevity.

2.1.2 Expected Data and Required Computational Cosmology Effort

Cosmological measurement experiments looking at the sky are becoming larger, more complex, more precise, and span
a huge energy range (e.g. LIGO measures order 10�13eV region of gravity waves from cosmological distances while
gamma ray bursts with measured photon energies of order MeV have been used to constrain cosmology). Because
cosmological measurements rely on global fits, cross correlating numerous large data sets and removing ever more
complex systematic errors is becoming increasingly complicated.

Table 2 gives a sense of the anticipated data volume in the near future. To appreciate the magnitude of the 100
PB scale anticipated in LSST and far surpassed by SKA, note that CERN’s LHC has collected 200 PB of raw data in
its first seven years of observation. It is clear that the cosmological observational data volume is growing exponen-
tially. It is also clear from the wide range of funding agencies and budgets involved, that these efforts are commonly
recognized to be of great importance. To be able to take advantage of this wealth of data for science at UW-Madison,
it is important to have research efforts that are dedicated to data manipulation, detailed large scale simulations, and
numerical computing.

To answer the questions presented in the last subsection, usually theoretical models are fit to data. To make such a
fit, it is common that detailed, expensive theoretical simulations are summarized in a sufficiently clever and compact
form. Afterward, a large Monte Carlo parametric exploration is needed to compare the summarized theoretical predic-
tions to data. The necessity of improving large dynamic range simulations requiring control of subgrid modeling and
feedback is particularly important for the large scale structure data which represent all of the experiments on Table 2
except CMB-S4. Although CMB-S4 computing requires up to O(1021) computing operations with current methods [1]
and can be handled with the existing technology, a reduction of this number is an interesting area of research because
greater science extraction is correlated with larger number of data explorations, and a larger number of explorations in
turn is correlated with a smaller computational overhead per data exploration.

Note that one should keep in mind that it is not just the volume of data that makes the extraction of the desired
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Table 1: A table taken from [1] summarizing projected computing needs for cosmology simulations and experiments.
Here PB stands for petabytes (⇠ 1015 bytes) and EB stands for exabytes (⇠ 1018 bytes). Analyzing large data sets and
constructing large theoretical simulations are ever-growing in importance.

1 Introduction
Data science is the methodical approach of processing and understanding large, complex data sets by combining the
methods of statistics, computer science, and logic with domain science to extract knowledge where simple observation
by human investigators would fail, where data sets become so overwhelming that even an army of scientists would be
no match to the onslaught of data. The methods that data science brings to bear carry commonalities across domain
science, making it a truly interdisciplinary field and a natural investment target for the faculty cluster hire initiative.

The fields of cosmology and astronomy are currently going through a data revolution, entering what is often called
the survey era. Starting with the Sloan Digital Sky Survey (SDSS) in 2000, astronomical observation has come to
rely more and more on large telescopes systematically observing large regions of the sky with ever deeper exposures
and ever increasing detail, adding spectral and temporal dimensions. These surveys produce exponentially increasing
amounts of data in the quest to understand the origin of the cosmic structure (see Table 1).

In order to answer some of the most important modern scientific questions, vast samples of astrophysical objects
must be observed with multiple experimental techniques and probes, both to reach the desired experimental sensitivi-
ties and to break degeneracies. The diagnostic power of the new massive surveys of the cosmos (described below) lies
in comparing the volume of high-dimensional data to increasingly sophisticated theoretical physics models. The
data mining complexity of this approach presents a qualitatively new challenge which can only be tackled by drawing
on synergistic advances in statistics and data science.

Some of the research activities in this interdisciplinary proposal (a collaboration of Physics, Astronomy, and
Statistics) are linked to Nobel-prize-worthy fundamental research, and through this collaboration, it is extremely
likely that the impact of the UW group in this global endeavor will be significant. Because the volume of data is
expected to be too large for traditional “human” analysis, innovative techniques relying on training machines and
novel stochastic methods must be developed.

The UW-Madison with its Center for High Throughput Computing (CHTC) is ideally positioned to successfully
solve the challenges of this large scale scientific computing problem. The CHTC leads the successful nationwide Open
Science Grid (OSG) collaboration and facilities, and has enabled building many national and international scientific
computing communities. In particular the CHTC has had a long and productive collaboration with physicists and
astronomers in the LHC experiments, IceCube, LIGO, and DES. The CHTC has also started working with NCSA on
their LSST computing needs, which as explained below is significant to the broad goals of the cluster hire.

In §2, we elaborate on the domain-specific science drivers, how data science is necessary to address them, and
explain why it is important for UW-Madison to have greater strength in this area through a cluster hire.

2 Research Description
2.1 Theoretical Cosmology
2.1.1 Science

One of the main goals of theoretical cosmology is to understand the origin of cosmic structure. This means that starting
with a hypothetical theory of initial conditions for the underlying field theory that governs the universe, we compute
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In terms of sheer volume, nothing trumps the volume of 
theoretical data of string vacua. A rough estimate gives:
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The Shape of Data
United States presidential election, 2016

November 8, 2016

538 members of the Electoral College

270 electoral votes needed to win

Turnout 55.7% (estimated)[1]  0.8 pp

 

Nominee Donald Trump Hillary Clinton
Party Republican Democratic
Home state New York New York
Running mate Mike Pence Tim Kaine
Electoral vote 304[a][2] 227[a][2]

States carried 30 + ME-02 20 + DC
Popular vote 62,984,825[3] 65,853,516[3]

Percentage 46.1% 48.2%

Presidential election results map. Red denotes states won by
Trump/Pence, blue denotes those won by Clinton/Kaine.

Numbers indicate electoral votes allotted to the winner of each
state. Faithless votes: Colin Powell 3 (WA), John Kasich 1 (TX),
Ron Paul 1 (TX), Bernie Sanders 1 (HI), Faith Spotted Eagle 1

(WA)

President before election

Barack Obama
Democratic

Elected President

Donald Trump
Republican

United States presidential election, 2016
The United States presidential election of 2016 was the 58th quadrennial American presidential election, held on
Tuesday, November 8, 2016. In a surprise victory,[4] the Republican ticket of businessman Donald Trump and Indiana
Governor Mike Pence defeated the Democratic ticket of former Secretary of State Hillary Clinton and U.S. Senator from
Virginia Tim Kaine. Trump took office as the 45th President, and Pence as the 48th Vice President, on January 20, 2017.
Concurrent with the presidential election, Senate, House, and many gubernatorial and state and local elections were also
held on November 8.

Voters selected members of the Electoral College in each state, in most cases by "winner-takes-all" plurality; those state
electors in turn voted for a new president and vice president on December 19, 2016.[a] While Clinton received about 2.9
million more votes nationwide, a margin of 2.1%, Trump won 30 states with a total of 306 electors, or 57% of the 538
available. He won the four perennial swing states of Florida, North Carolina, Ohio, and Iowa, as well as the three "blue wall"
stronghold states of Michigan, Pennsylvania, and Wisconsin, which had not been won by a Republican presidential
candidate since the 1980s. Leading up to the election, a Trump victory was considered unlikely by almost all media
forecasts. After the President-Elect's victory, some commentators compared the election to President Harry S. Truman's
victorious campaign in 1948 as one of the greatest political upsets in modern American History.[5][6]

In the Electoral College vote on December 19, seven electors voted against their pledged candidates: two against Trump and
five against Clinton. A further three electors attempted to vote against Clinton but were replaced or forced to vote again.
Ultimately, Trump received 304 electoral votes and Clinton garnered 227, while Colin Powell won three, and John Kasich,
Ron Paul, Bernie Sanders, and Faith Spotted Eagle each received one. Trump is the fifth person in U.S. history to become
president while losing the nationwide popular vote.[b] He is the first president without any prior experience in public service
or the military, as well as the wealthiest and the oldest at inauguration, while Clinton was the first woman to be the
presidential nominee of a major American party.

On January 6, 2017, the United States government's intelligence agencies concluded that the Russian government
interfered in the 2016 United States elections.[8][9][10] A joint U.S. intelligence review stated with high confidence that
"Russian President Vladimir Putin ordered an influence campaign in 2016 aimed at the US presidential election. Russia's
goals were to undermine public faith in the US democratic process, denigrate Secretary Clinton, and harm her electability
and potential presidency."[11] Investigations about potential collusion between the Trump campaign and Russian officials
were started by the FBI,[12] the Senate Intelligence Committee,[13] the House Intelligence Committee,[14] and a Special
Counsel appointed in May 2017.[15] President Donald Trump has criticized these intelligence conclusions, alleging a lack of
evidence, repeatedly calling them a "hoax" and "fake news".[16][17][18]
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were started by the FBI,[12] the Senate Intelligence Committee,[13] the House Intelligence Committee,[14] and a Special
Counsel appointed in May 2017.[15] President Donald Trump has criticized these intelligence conclusions, alleging a lack of
evidence, repeatedly calling them a "hoax" and "fake news".[16][17][18]
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Distribution of String Vacua
Flux vacua on rigid CY


[Denef-Douglas]

where the relevant constants µ0, µ1, µ2 and µ3 are given by

µ0 = i(2π)6(a0c0 − c0a0), µ1 = i(2π)6(c0a1 − c1a0 − d1b0),

µ2 = (2π)5|d1|2, µ3 = i(2π)6(c1a1 − a1c1 + d1b1 − b1d1).
(5.4)

One finds the following expression for the Kähler metric

gxx = −µ2

µ0
ln |x|2 +

!

|µ1|2

µ2
0

− 2µ2 + µ3

µ0

"

+O(|x| ln |x|). (5.5)

Then the curvature form is

Rxx =
1

4|x|2
1

(ln |x|+ C)2
, (5.6)

where the constant C is determined to be

C = 1− |µ1|2

2µ0µ2
+

µ3

2µ2
≈ −0.738. (5.7)

In computing Kähler covariantized derivatives with respect to ψ, it is also useful to note

that

∂xKψ = −µ1

µ0
− µ2

µ0
x ln |x|2 +O(x). (5.8)

5.2. Distribution of flux vacua
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Fig. 3: Each point is a vacuum on the x = 1−ψ complex plane. The monte carlo

simulation data is: number of random fluxes N = 5 × 107; random flux interval
f, h ∈ (−100, 100); complex structure ψ space region |x| < 0.04. There are 11249

vacua, but 6306 of them arise at |x| < .00001 and have been removed from the plot
(they would all cluster at the origin).
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techniques. In the approximation that the vacuum density is just the volume form on

moduli space, the surface area of the boundary will just be the surface area of the boundary

in moduli space. Taking the region R to be a sphere in moduli space of radius r, we find

A(S1)

V (S1)
∼

√
K

r

so the condition Eq. (5.2) becomes

L >
K

r2
. (5.3)

Thus, if we consider a large enough region, or the entire moduli space in order to find

the total number of vacua, the condition for the asymptotic vacuum counting formulas we

have discussed in this work to hold is L > cK with some order one coefficient. But if we

subdivide the region into subregions which do not satisfy Eq. (5.3), we will find that the

number of vacua in each subregion will show oscillations around this central scaling. In

fact, most regions will contain a smaller number of vacua (like S above), while a few should

have anomalously large numbers (like S′ above), averaging out to Eq. (5.1).

5.1 Flux vacua on rigid Calabi-Yau

As an illustration of this, consider the following toy
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Figure 6: Values of τ for rigid CY
flux vacua with Lmax = 150.

problem with K = 4, studied in [1]. The configuration

space is simply the fundamental region of the upper

half plane, parameterized by τ . The flux superpoten-

tials are taken to be

W = Aτ + B

with A = a1 + ia2 and B = b1 + ib2 each taking values

in Z+ iZ. This would be obtained if we considered flux

vacua on a rigid Calabi-Yau, with no complex structure

moduli, b3 = 2, and the periods Π1 = 1 and Π2 = i.

The tadpole condition NηN/2 ≤ L becomes

ImA∗B ≤ L (5.4)

One then has

DW = 0 ↔ τ̄ = −B

A
. (5.5)

Thus, it is very easy to find all the vacua and the value

of τ at which they are stabilized in this problem. We

first enumerate all choices of A and B satisfying the

bound Eq. (5.4), taking one representative of each orbit

of the SL(2, Z) duality group. As discussed in [1], this can be done by taking a2 = 0,

0 ≤ b1 < a1 and a1b2 ≤ L. Then, for each choice of flux, we take the value of τ from

Eq. (5.5) and map it into the fundamental region by an SL(2, Z) transformation. The

resulting plot for L = 150 is shown in figure 6.
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Flux vacua of an orientifold of 

CY hypersurface in WP41,1,1,1,4

[Giryavets, Kachru, Tripathy]

x=1-ψ plane

𝜏-plane

Toroidal Flux vacua with W=0

[DeWolfe, Giryavets, Kachru, Taylor]
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Fig. 5: Distribution of W = 0 vacua in complex structure fundamental domain
for L = 2000 for large values of Im τ .

are given by

max(Im τ) ∼
√

L

2
at Re τ = 0,±0.5 . (4.57)

The next peaks have height Im τ ∼
√

L/4 at Re τ = ±0.25. We also confirm numerically

that the distribution of vacua in the complex structure fundamental domain is in accord

with 1/(Im τ)2.
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Fig. 6: Void structure of distribution of W = 0 vacua in dilaton fundamental
domain for L = 600.
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Distribution of Large Scale Structure

Similar clustering and void features also appear in LSS:



Topological Data Analysis
• When the space of data is huge, we cannot simply “visualize” 

the structure of data. We need a systematic diagnostic tool. 
• Topological data analysis (TDA) is a systematic tool in applied 

topology to diagnose the “shape” of data.  
• To turn a discrete set of data points (point cloud) into a 

topological space, we need a notion of persistence.

Vary simplicial complexes formed 
by the point cloud with  
continuous parameters  
(filtration parameters)



Topological Data Analysis
• TDA is widely used in other fields, e.g., imaging, neuroscience, 

and drug design. It is well suited for machine learning.  
• From the persistent homology of the point cloud, we can test 

e.g., the effectiveness of drugs. Similarly, we can test: 

• A selector algorithm is often used due to the huge volume of 
data. We can test these algorithms on cosmological datasets 
and the string vacua.

String 
Compactifications

Desired  
Phenomenological 

 Features

Early Universe  
Theories

Pattern of LSS



Plan of this talk
• Introduce the basic concepts of topological data analysis: 

persistent homology, barcodes, and persistent diagrams. 
• Applying TDA to constrain primordial non-Gaussianities. 
• Back to the String Data Project. Computing the persistent 

homology of string vacua to analyze their structure.  
• This talk is based on several projects done in collaboration with

Alex Cole

“Persistent Homology and Local Non-Gaussianity”,      
A. Cole, GS, MAD-TH-17-11, to appear.


“Topological Data Analysis for the String Landscape”,  
A. Cole, GS, MAD-TH-17-12, work in progress.


…



• In      , simplices are vertices, 
edges, triangles, and tetrahedra 

• Simplicial complexes are 
collections of simplices that are: 

• Closed under intersection of 
simplices 

• Closed under taking faces of 
simplices 

• Combinatorial representations — 
easy calculations for computers

Source: Wikipedia, “Simplicial Complex”

R3

Simplicial Complexes



Simplicial Complexes

A Simplicial Complex Not a Simplicial Complex



• Given a simplicial complex, define a boundary operator        
that maps  p-simplices to (p-1)-simplices 

• We want to count independent p-cycles (i.e. p-loops) that 
are not boundaries of higher-dimensional objects 

• Group theoretic:                              ,                                   ,     

• Betti numbers: 

• 0-th Betti number is number of connected components 

• p-th Betti number is number of independent p-loops 

• In practice, homology calculation is a matrix reduction

@p

vs.

Hp ⌘ Zp/Bp

�p ⌘ rankHp

�0 = 1 �0 = 1

�1 = 1 �1 = 0

Zp = ker @p Bp = im @p+1

Simplicial Homology



• How to choose simplicial representation of our data? 

• Persistent homology: vary simplicial representation       of data 
with some filtration parameter       such that 

• Track each distinct feature’s lifetime (birth and death) 

• Intuition: “real” topological features persist, short-lived features 
are noise 

• Procedure is stable against perturbations to data [Cohen-Steiner 2005]

⌫1  ⌫2 =) ⌃⌫1 ✓ ⌃⌫2

⌫
⌃⌫

Persistence

































• Barcodes: 

• Each horizontal line represents an 
independent cycle contributing to a 
particular Betti number (i.e. a connected 
component, loop, void…) 

• Lines start at birth and end at death 

• To calculate Betti number, make vertical 
slice and count intersections 

• Persistence diagrams: 

• Scatter plot, each point representing an 
independent cycle 

• Calculate Betti number by counting “living” 
cycles

0.2 0.4 0.6 0.8 1.0
ν_Birth

0.2

0.4

0.6

0.8

1.0

ν_Death

Visualizing Persistent Homology



Persistence diagrams contain more information than 
Betti number curves! 

We can exploit this to improve 
CMB data analysis

Both PDs give the same  
Betti number curve



• Period of accelerated expansion in 
early universe 

• Solves flatness, horizon, and 
monopole problems 

• Predicts nearly scale-invariant, 
Gaussian curvature fluctuations 

• Source anisotropies in CMB, 
inhomogeneities in LSS 

• A myriad of models. Taxonomy done 
mostly through their observables (ns, r)

Inflation
[Starobinsky];[Guth];[Linde];[Albrecht, Steinhardt];…



• The lowest order correlation we can extract from the anisotropies is the power 
spectrum 

• For a Gaussian theory, the power spectrum dictates all higher-pt correlations. 

• However, the inflationary fluctuations are not perfectly Gaussian. 

• The leading non-Gaussianity is the bispectrum: 

• Scaling and symmetries imply that F(k1, k2, k3) is fixed by an overall size ~ fNL 
and its ‘’shape” F(1, k2/k1, k3/k1). 

• More powerful discriminator of inflationary models.

D
0
���R̂k1R̂k2

��� 0
E
= (2⇡)3PR(k1)�(k1 + k2)

Anisotropies 

�2
R =

✓
k3

2⇡2

◆
P 2
R / kns�1

h0| R̂k1R̂k2R̂k3 |0i = (2⇡)3 �3(k1 + k2 + k3)F (k1,k2,k3)



• The bispectrum for single field slow-roll inflation was computed 
in [Maldacena, ’02];[Acquaviva et al, ‘02]; its size is fNL ~ O(ε,η): 

• The bispectrum for general single field inflation was found to 
be parametrized by 5 parameters [Chen, Huang, Kachru, GS, ‘06]: 

• More shapes if the inflationary vacuum is non-Bunch Davis or 
the potential is oscillatory (e.g. axion monodromy).

Non-Gaussianities

Local shape
f local

NL

⇠ O(✏, ⌘, s)

Equilateral shape
fequil
NL ⇠ O(

1

c2s
� 1,�)

k3

k2

k3

k2



• Harmonic space: fits with templates of bispectrum, trispectrum, 
etc. One can define a “cosine” between distributions: 

• Some shapes are harder to find, e.g.,  

• Geometrical/topological: Minkowski functionals (for CMB: area 
fraction, length of boundaries, and genus of excursion sets) 

• Current bound on non-Gaussianity (Planck ’15):

Measuring Non-Gaussianity

cos(F1, F2) =
F1 · F2

(F1 · F1)
1/2

(F2 · F2)
1/2

Notice that in this range fφ∗ ≪ 1 is always satisfied.
The shape of resonant non-Gaussianity for axion monodromy inflation is shown in Fig-

ure 2 for b = 10−2, fφ∗ = 2× 10−2, and fixed k1 = k∗ = 0.002Mpc−1. We chose this value of
f because both the leading contribution and the subleading contribution in fφ∗ are clearly
visible. Notice that as the value of k1 changes, the phase of the oscillation changes.

fΦ" #0.02MP
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Figure 2: This plot shows the shape G(k1, k2, k3)/(k1k2k3) of resonant non-Gaussianity for
the linear potential of axion monodromy inflation with b = 10−2, fφ∗ = 2 × 10−2 and fixed
k1 = k∗ = 0.002Mpc−1. We use the notation x2 = k2/k1 and x3 = k3/k1. The triangle
inequality implies x2+x3 ≤ 1 and the quantity is symmetric under interchange of x2 and x3

so that we show in the plot only the region 1/2 ≤ x2 ≤ 1.

We find that our analytic result for f res agrees with the values obtained by numerical
integration in [13] at the per cent level.15

3.2. Consistency relation

As pointed out in [11] (see also [12]), in the limit in which one of the momenta, say, k3
is much less than the other two, which are then roughly equal, k3 ≪ k1 ≈ k2 = k, the
three-point function is related to the two-point function by a consistency relation

lim
k3→0

⟨R(k1, t)R(k2, t)R(k3, t)⟩ ≃ −|R(o)
k3
|2

1

H(tk)

d

dtk
⟨R(k1, t)R(k2, t)⟩ , (3.31)

15For the comparison, notice that [13] uses a momentum dependent quantity f̃NL. In the equilateral limit,

they extract their quantity fA = −f̃ (eq)
NL . This quantity is related to our f res according to fA = 10f res/9.
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Resonant shape 
(axion monodromy)

f local

NL

= 2.5± 5.7 fequil
NL = �16± 70



• Local shape of non-Gaussianity is generated by a local 
ansatz for primordial gravitational potential [Komatsu-Spergel] 

• One among many shapes, but simulations available [Wandelt-
Elsner] with results stored in spherical harmonics coefficients: 

• We first carried out TDA for this shape as a warmup, more in 
our pipeline.

� = �G + fNL

�
�2

G �
⌦
�2

G

↵�

`
max

= 1024 a`m = aG`m + fNLa
NG
`m

Local Non-Gaussianity
k3

k2



(Hotter points are 
deeper red)

Sublevel Filtration



⌫ = �1

Many distinct 
components, 

no loops

(Sublevel set in 
black)

Sublevel Filtration



⌫ = 0

Many loops, fewer 
distinct components

(Sublevel set in 
black)

Sublevel Filtration



⌫ = 1
One connected 

component, many 
loops have been filled 

in

(Sublevel set in 
black)

Sublevel Filtration



• Genus (Euler characteristic): 

• Analytic formula for Gaussian fields: 

• [Chingabam, Park, Yogendran, van de Weygaert]: 
consider Betti numbers instead 

• Demonstrated explicitly that Betti 
numbers contain more information about 
NG using simulations 

• Our project: make topological analysis 
stronger using persistence diagrams

�(⌫) = �0(⌫)� �1(⌫)

�G(⌫) / ⌫e�⌫2/2

Topological Measures



• Likelihood function: probability of data given non-Gaussianity 

• Sharpness of peak determines        

• Strategy: compute  

•    from                   ,   ,      from  

• Larger      corresponds to more sensitive statistic

P (d|fNL) / exp

✓
�1

2

(d� µ(fNL))
TC�1
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◆
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2
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�

A

d µ C fNL = 0fNL = 10

Cij =
NsimX

k

(d0,ki � µi)(d
0,k
j � µj)

Sensitivity to Non-Gaussianity



• Generate maps and select rectangular 
regions using HEALPIX 

• 2,000 maps for each level of NG, 
1024x1024 grids 

• Compute sublevel filtrations and persistent 
homology using R package TDA and 
Persistent Homology Algorithms Toolbox 
(PHAT) 

• Bin the histograms and perform likelihood 
analysis in Python

Numerical Pipeline



~1,500 bins

Input for likelihood analysis

Results



~1,500 bins

Input for likelihood analysis

Results



Betti number 
curves

Averages over 2,000 simulations

Normalized so �
max

= 1



• More than a factor of five increase! 

• Correspondingly better constraints for full data analysis 

• Persistence diagrams strengthen topological analysis significantly

A ⇠ ��1

APD0 = 0.02416

APD1 = 0.02225

A�0 = 0.00461

A�1 = 0.00172

Sensitivity to Non-Gaussianity
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techniques. In the approximation that the vacuum density is just the volume form on

moduli space, the surface area of the boundary will just be the surface area of the boundary

in moduli space. Taking the region R to be a sphere in moduli space of radius r, we find

A(S1)

V (S1)
∼

√
K

r

so the condition Eq. (5.2) becomes

L >
K

r2
. (5.3)

Thus, if we consider a large enough region, or the entire moduli space in order to find

the total number of vacua, the condition for the asymptotic vacuum counting formulas we

have discussed in this work to hold is L > cK with some order one coefficient. But if we

subdivide the region into subregions which do not satisfy Eq. (5.3), we will find that the

number of vacua in each subregion will show oscillations around this central scaling. In

fact, most regions will contain a smaller number of vacua (like S above), while a few should

have anomalously large numbers (like S′ above), averaging out to Eq. (5.1).

5.1 Flux vacua on rigid Calabi-Yau

As an illustration of this, consider the following toy
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Figure 6: Values of τ for rigid CY
flux vacua with Lmax = 150.

problem with K = 4, studied in [1]. The configuration

space is simply the fundamental region of the upper

half plane, parameterized by τ . The flux superpoten-

tials are taken to be

W = Aτ + B

with A = a1 + ia2 and B = b1 + ib2 each taking values

in Z+ iZ. This would be obtained if we considered flux

vacua on a rigid Calabi-Yau, with no complex structure

moduli, b3 = 2, and the periods Π1 = 1 and Π2 = i.

The tadpole condition NηN/2 ≤ L becomes

ImA∗B ≤ L (5.4)

One then has

DW = 0 ↔ τ̄ = −B

A
. (5.5)

Thus, it is very easy to find all the vacua and the value

of τ at which they are stabilized in this problem. We

first enumerate all choices of A and B satisfying the

bound Eq. (5.4), taking one representative of each orbit

of the SL(2, Z) duality group. As discussed in [1], this can be done by taking a2 = 0,

0 ≤ b1 < a1 and a1b2 ≤ L. Then, for each choice of flux, we take the value of τ from

Eq. (5.5) and map it into the fundamental region by an SL(2, Z) transformation. The

resulting plot for L = 150 is shown in figure 6.
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𝜏-plane

1,064,598 vacua 
473,801 simplices

e.g., for rigid CY 
voids correspond to  
degeneracy of vacua 

— relationship 
between topology 
of distribution and 

physics

TDA for String Vacua
“Topological Complexity”

Barcodes  
[Cirafici] 

Persistence 
Diagrams 
[Cole, GS] 



• We can’t realistically include all           vacua as vertices 

• Can sample the topology via the witness complex: 
• From the entire point cloud Z, choose a landmark set L as the complex’s 

vertices. Often chosen randomly or via sequential maxmin algorithm 

• Let             be the distance from some z∈Z to the (k+1)-nearest landmark 
point. Then, given filtration parameter    , the simplex                 is included 
in the witness complex if

10500

[l0l1 . . . lk]

mk(z)
⌫

Sampling in TDA

max {d(l0, z), d(l1, z), . . . , d(lk, z)}  ⌫ +mk(z)
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≠

dada 
≠mama 
≠data



Conclusions



Conclusions

• Applications of TDA to cosmological datasets and string vacua. 
• Persistent diagrams strengthen constraints on local non-

Gaussianities, and potentially other shapes & other observables. 
• Techniques we developed can be applied to analyze the structure 

of string vacua. We performed initial study of “featureless vacua”. 
• Next step is to examine the topology of string vacua point clouds 

with desired features, supplementing earlier work on statistics: 
• Enhanced symmetries [DeWolfe, Giryavets, Kachru, Taylor], … 
• Particle physics features [Marchesano, GS, Wang];[Dienes];[Gmeiner, 

Blumenhagen, Honecker, Lust, Weigand], [Douglas, Taylor], [AbdusSalam, 
Conlon, Quevedo Suruliz], …

• String Landscape vs the Swampland? [see Vafa’s talk]
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• Applications of TDA to cosmological datasets and string vacua. 
• Persistent diagrams strengthen constraints on local non-

Gaussianities, and potentially other shapes & other observables. 
• Techniques we developed can be applied to analyze the structure 

of string vacua. We performed initial study of “featureless vacua”. 
• Next step is to examine the topology of string vacua point clouds 

with desired features, supplementing earlier work on statistics: 
• Enhanced symmetries [DeWolfe, Giryavets, Kachru, Taylor], … 
• Particle physics features [Marchesano, GS, Wang];[Dienes];[Gmeiner, 

Blumenhagen, Honecker, Lust, Weigand], [Douglas, Taylor], [AbdusSalam, 
Conlon, Quevedo Suruliz], …
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